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Abstract

This study investigated the cubic intuitionistic fuzzy set of TM-algebra as a
generalization of the cubic set. First, a cubic intuitionistic ideal and a cubic intuitionistic
T-ideal are defined, followed by a discussion of their properties. Furthermore, the level
set of a cubic intuitionistic TM-algebra is defined, and the relationship between a cubic
intuitionistic level set and the cubic intuitionistic T-ideal is established. A novel definition of
a cubic intuitionistic set under homomorphism is proposed, and several significant results
are demonstrated.
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1. Introduction

Atanassov introduced the concept of "intuitionistic fuzzy sets" in his
publication [1]. Jun and Kim [7] studied intuitionistic fuzzy ideals on BCK
algebras, and Tong and Guan [17] introduced the idea of intuitionistic
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distribution numbers. Mostafa and Kareem [13] studied an intuitionistic fuzzy n-
fold KU-ideal of KU algebra. Many authors introduced intuitionistic fuzzy sets
and applied them in many structures (see [2, 3, 4, 5 and 10]).

Jun, Kim, and Kang [8] studied the concept of a cubic set of BCK/BCI
algebras. Yaqoob et al. introduced a cubic KU algebra, which is an extension of
fuzzy KU ideas in KU algebras [18]. Some research papers presented the idea of
cubic sets in different ways (see [6, 11, 14, 15, and 16]).

In this paper, we will look at the concepts of a cubic intuitionistic ideal and
a cubic intuitionistic T-ideal, as well as some of its features. We define the level
set of a cubic intuitionistic TM-algebra and establish the relationship between a
cubic intuitionistic level set and a cubic intuitionistic T-ideal. We also present a
novel definition of a cubic intuitionistic ideal under a homomorphism.

2. Basic Concepts

Definition 2.1: [12] The triple order (#,* ,0) is called a TM-algebra, where “0”
is a constant, “ *” is a binary operation and H # ¢, if: Vgo,d,n € H

(tmy) %0 = g,

(tmy) (o *d) *x (p*n) =n=d.

The relation < is defined o < d & g *d = 0. Then, the following are

fulfilled. Vgo,d,n € H

a) fpxp =0,

b) px(p=+d) =4

o (@xn)*+(d=*n)<gp=d,
d (@D x*n=@=n)=d

Definition 2.2: [12] A set ¢ # S € H is called a TM-subalgebra if gpxd € S
whenever ,d € H.

Definition 2.3: [12] A set ¢ # 1 € H is called an ideal if, for all $o,d € H .
i) 0€S,
i) If pxdeS,deS=>p€S.

Definition 2.4: [12] A set ¢ # S € H is called a T-ideal, if
i) 0€S
i) vp,dneXH,(pxd)xn)eSdePp=>px*neES.

Definition 2.5: [12] Let 7 and I’ be two TM-algebras. A mapping f: H - H'
is called a homomorphism TM-algebra if (0 * d) = (@) * f(d) ,Vé,d € H.

Definition 2.6: [8] An interval valued fuzzy set on His given by
{(, [0 (9), WU (9]}, Vg € I, where w!(p) and wY(p) are two fuzzy
sets in H such that w’ () < wY (). All closed sub intervals of [0,1] is denoted
by D[0,1] and @& () = [w!(p), wY ()], Vg € H, where @:H - D[0,1].
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Definition 2.7: [8] A cubic set in a non-empty set H is the form

A ={$, Dy, p\: € I) where &, : 7 - D[0,1] is a fuzzy function of an
interval valued and p, is a fuzzy function such that p,: H — [0,1].

The main idea of this paper is the intuitionistic fuzzy set. We will mention
the basic definitions provided by [9].

Definition 2.8: [9]: A nonempty subset 2 = {($,w5,0;):0 EH} is an
intuitionistic fuzzy set of H, where w5:H — [0,1] is refers to a degree
membership, 05:H — [0,1] is refers to a degree non-membership of the
elementp € H,and 0 < w,+0,<1,Vp EH.

Definition 2.9: [9] A subset 2 = (w5, 5) of H is named an intuitionistic fuzzy
subalgebra if Vg,d € H.

() w3(p *d) = min{wy (), w5(d)},
(i) 0:(¢ *d) < max{0;(g), 05(D)}.

Definition 2.10: [9] For any t,s € [0,1], the set U(w,,t)={p € H :
w,(p) =t} is named an upper t-level of w, and the set L(d,5) =
{¢p € H : 01($) < s} is named a lower s-level of 9.

3. Cubic intuitionistic-ideals of a TM-algebra

The set 2={(,@5(g),0:())} is refers to an interval-valued
intuitionistic fuzzy set, where @-:H — D[0,1] is a degree membership and
04:H — D[0,1] is a degree non-membership of the element o € H, where
@5 + 0y < D[0,1].

Definition 3.1: A cubic intuitionistic set (CIS) in H is the structure

Y ={(p,2p),y(@)): o €K}, where 2 is an interval-valued
intuitionistic set such that 2 ={ € H, @, (%), 05($)}, @5 + 05 < D[0,1]and ¥
is an intuitionistic fuzzy set inH s. t. y = {< ,5,($),p,($) >: 0 € H]},
where 0 < f,(9) +p, () <1V EH.

Definition 3.2: A (CIS)y =<2,y > of a TM-algebraH is named a (CI)-
subTM-algebra if Vgo,d € H

) @y *A) = rmin{@, (), 3,()}, 0, (p * ) < Tmax{ga(@), 0- (E[)}
i) By ( *d) = min{B, (), B,(@},p, (0 * d) < max{p, (), p, (D).

Proposition 3.3: If ¢ is a (CI)-sub TM-algebra #, then @,(0) = @,(g),
a](o) < 63(8/‘)) and B]/(O) 2 ﬁy(p)' py(o) < Py(S’J)'VKO EH.

Proof: The proof is straight forward.

Definition 3.4: A (CIS) ¢ is named a Cl-ideal if, V o,d € H.
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i) @2(0) = @,(¢),0:(0) < 91() andB,(0) = B, (), p,(0) < p, ().
i) @(p) = rmin{@,(p * d), 3,(D}, 0, (p) < rmax{gj(go xd), 0 (a)}
and B, ($) = min{B, (¢ * ), B, (@)}, p, (%) < max{p, (o * d), p, ().

Definition 3.5: A (CIS) ¢ =< 1,y > is named a CIT-ideal if, Vg,d,n € H.
i) @1(0) = @1(),0:(0) < 05(0) andpB,(0) = B, (), p, (0) < p, ().
i)  @(p *n) = rmin{@,((p * d) *n), B2 (D)},
01(po x1m) < rmax{gn((@ *d) * 1), 5:(8)} and
B, (% * 1) = min{B, (% * ) *n), B, (@)},
py (2 * m) < max{p, (g * ) * 1), p, (D)}

Proposition 3.6: Let Y =< 2,y > be a CIT-ideal of TM-algebra H and o < d,
then  @,() = @1(d), 01(9) < 01(d) and B, (9) = B, (D), p,($) < py (D),
forall Vo, d € H.

Proof: Let o < d, then  * d = 0. Now, since Y is a CIT-ideal, then
@1($) = @5(p * 0) = rmin{@,((p * d) * 0), @1 (d)}
= rmin{@, (g * d), @, (d)} = rmin{@,(0), @1(d)} = @-(d). And

02() = 05(0 % 0) < Tmax{gj((@ *d) * 0)' 53(3)}

= rmax{gj(go x d), 53(6[)} = rmax{gj(o), 53(8)} = 0,(d).

Also, B, () = B, (g + 0) = min{B,((o xd) = 0), 8, (D)}

= min{B, (¢ * @), B, (@)} = min{B,(0), B, (@} = B,(d). And

py () = py (0 % 0) < max{p,((g *d) * 0), p, (D)}

=max{p, (9 * ), p, (@} = max{p,(0), p, @} = p, ().

Theorem 3.7: Each a CIT-ideal in TM-algebra H must be a Cl-ideal.

Proof: V¢,d,minH, let P be CIT-ideal of H, then

@1 (g *m) = rmin{ﬁ:((&o «d) * T])' 5:(3)}.

01(p *m) < rmax{d,((g » ) * 1), 9,(d)} and

B, (g *n) = min{B,((¢ * d) *n), B, (@},

py (2 * 1) < max{p((p * d) *n), p,(@)}. Putn = 0, we get

@+ () = rmin{@,(p = d), @, (D)}, 02() < rmax{53(go *d), 53(8)} and

By () = min{B, (g = d), B, ()}, p,(#) < max{p,($ = d),p,(d)}, theny) is
Cl-ideal.
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The converse of Th.3.7 is not always true, the following example shows
that.

Let H = {0, s, d, g} be a set defined by the following

* | 0 s d |g
0 0 0 |g |d
s s 0 g d
d |d |d |0 |g
g |g |g |d |0

Then (H,* ,0) is a TM-algebra. Define a (CIS) ¥ =< 23,y > as follows

@ ~{lion 1 poa
o -{oroe i pea
s ={o, 1 eTeE
ORI P A el

Then v is a Cl-ideal, but not a CIT-ideal since @4(d * s) < rmin{aj((d *
9) *5),@3(9)} :(d *s) = rmax{s((d  g) *s),32(9)} and B,(d *s) <
min{B,((d * g) * s), B, (9)}, py(d * 5) = max{p,((d * g) * 5), p, (9)}-

Definition 3.8: Let Y =< 2,y > be a (CIS) of a TM-algebra H. Then the set
K@;t,7,s,m) = {p € H:@3(p) 2 T,0:(0) < 7 and B,() =

s,py () < m} is called a Cl-level set of ¥, for any £,7 € D[0,1] and s,m €

[0,1]. Where @($) + 01(%) < D[0,1] and 0 < B, ($) + p, (%) < 1, for all

e .

Theorem 3.9: The structure Y =<2,y > is a CIT-ideal in H if and only if
every nonempty Cl-level set K(;t,7,s,m) is a T-ideal in 3, for any t,7 €
D[0,1] and s,m € [0,1].

Proof: Suppose that 1 is a CIT-ideal and o € H .

Letg € K(; E,7,s,m), then @5(0) = @;(p) = £ 0:(0) < 05(p) <
7 and B,(0) = B,(p) = 5,p,(0) < p, () <m. Thus 0 € KQO; i, 7, s,m).
Now, Let ,d,n € I such that ((50 * d) * n) € K(;t,7,s,m) and

d € K(y; t,7,s, m) implies

@~ (p * 1) = rmin{@,(( * A) * M), @1(@D)} = rmin{t, &} = L,

0:(p * 1) < rmax{9,((g = d) * 1), 9,(A)} = rmax{F, #}=F and

By ($ *m) = mi n{[)’y((go *d) * n),ﬁy(a)} = min{s, s} = s, also

py(2* 1) < max{p,(( * @) *n),p, (@)} = max(m,m} = m.
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Thus, (g * d) € K(; t,7,s,m). Hence K(y; t,7, s, m) is T-ideal of 7.
Conversely, suppose that K (i; , 7, s, m) is a nonempty T-ideal of 7.
For all £,7 € D[0,1] and s, m € [0,1], assume that

@,(0) < @3(),0:(0) > 05() and B,(0) < B, ($€),p,(0) > p,(§)
If we take £; = %{53(0) + @.(p)}, 71 = %{5: (0) + 0:(¢)}, and

517 %{,6’],(0) +B, @)} my = %{Py(o) +p,(@)}, then @,(0) < <

@a($0),04(0) > 71 > 9,() and B, (0) < 51 < B, (), p,(0) > m; > p, ()
Hence o € K(; t,7,s,m) but 0 ¢ K(y; t,7,s, m), this is contradiction.
So, forall pp € H

@1(0) = @($€),05(0) < 0:() and B,(0) = B, (%), p,(0) < p, () .
Now, suppose that there exist ,d,n € H such that
D1 (p *7) < rmin{ﬁj((go *d) * n), 53(8)},
3 * ) > rmax{3a((p * @) ), 3@} and
By (0 x ) < min{B, ((% ) 1), B, (D)},
py (9 *1) > max{p,(( *d) *n),p,(@)}. Take
£ = 2{@:(p * ) + rmin{@,(( * &) *n), @ @)})},
7y =~ {82(p * ) + rmax{d:((p » @) «n), 6x(D)}}.
And s; = ~{B,( *n) +min{B,((® * &) x7), B, @)}},
m; = ~{p,( *n) + max{p,(( D) *n), p, @D}}
Such that (£,7) € D[0,1] and s ,m € [0,1] , then
W1 *m) < < Tmin{aa((@ *d) = n). 5:(8)}3
04(p *m) > 7 > rmax{éj((go *x d) * n), 53(?:[)} and
By (0 *m) < sy <min{B,(( *d) *n), B, (@},
py (9 * 1) >my >max{p,((p *d) *n),p, @} .
Then g *n & K@;t,7,s,m), ((50 xd) *n) € K(y;t,7,s,m) andd €
K(y; t,7,s,m), this is a contradiction.
It follows that v is a CIT-ideal.

4. Homomorphism of cubic intuitionistic-ideals

Definition 4.1: Let g:H — H' be homomorphism of two TM-algebras
H and H'. For any a (CIS) iy =< 21,y > of H. Define a new (CIS)

Y9 = (p,@7,07, By, py) of H as follows &3 (%) = @.(g()),
95 () = 92(g(9)) and B} (9) = By(9(8)). py () = p,(g()), Ve € H.
Theorem 4.2: Let H and H' be two TM-algebras and g:H — H' be an

epimorphism from H into H'. Then Y = (§',@,, 04, By, py) is a. CIT-ideal of
H' ifand only if %9 = (0,®7,07,B5,py) is a CIT-ideal of 3.
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Proof: Since g is an onto mapping, then 3 € H, such. that g() = ', for any
#' € H'. Now, we have

@ (0) = @5(g(0)) = @,(0") = @5 (p") = @,(g()) = &I (p) ,
07(0) = 05(g(0)) = 05(0") < 05(") = 9,(g($)) = 95 () and
BI(0) = B,(9(0)) = B,(0) = B,(9") = B,(9(®)) = BS (%),
pd(0) = p1(g(0)) = p1(0") < p2(") = p2(9(9)) = p3 ().

Now, Letgo,n € H and ,d’' € H', then there existsd € K, s.t. g(d) =
d'. Then @3 (0 1) = @3(g (P *m)) = @1 (g(P) * g(M)) = rmin{@,(g () *
@)+ g(), @:(@) = rmin(@:((9p) = 9@) + gn), FA(g@)) =
rmin{@d ((p + @) ), 2@}, 2@ +*n) = dx(g(@ *n) = 62(g() *
g@)) < rmax{0,((g(p) *a’) * g)), 05(@")} = rmax{0:((g(®) * g(@))
* g(n)), 32(g (@)} = rmax {35 (( @) * 1)), 35 (@)}.

B (0 xm) = Br(g(0 *m) = Bx(g () * g(m)) = min{B((g(p) * ') *
gm), @)} = min{Bs((g() * g()) * g)), B2(9(00))} = min {BS (0 *
a) «n)), pS (@)}, and

pd (@ *n) = p2(g@ *m) = p2(g(@) * g(m)) < max{ps((g(g) » ') =
gm), p2(@)} = max{ps((9(0) * g<a)) + g(), pa(9(@)} = max {p? (g +
d) * n)) (E[)} Hence Y9 = (50, wz, y,py) is a CIT-ideal of. L.

Conversely, since g: H — H' is an onto, then Vg',d',n' € H', A0, d,n €
H st glp) =g, g(d=4d and g(n) =n'. It follows that a)z(g(go) *
gm) =a:(gp *n) = @3 (P *n) = Tmm{ 5‘7((50 xd) *n),a (@} =
rmin {63 ((g () * g(@) g(n)) : w:(g(a))} . And

8:(g(9) * gm) = Bx(g(2 * ) = 3 (@ * 1) < rmax{9 (g * @) »
n), 35@)} = rmax {85 ((g(v) * g@) * g(m)) >(9 (@) }. Also,

B(g(®@) * g(m) = - (gl *m)) = BY (g * ) = min{BJ ((p * )

n), B3(@} = min{p: ((g(®) * @) * g)), f2(g(@))}, and

p2(g(@) x gm) = pa(g(g *m) = pf (0 * 1) < max{pd (( * @) *
n), p§ @} = max{ps ((90)  g@) = )., p3 (9(@)}.

Henceyp = (', @y, 0,4, By, py) is a CIT-ideal of H'.

5. Discussion and Conclusion

We studied cubic intuitionistic structures on TM-algebra as a
generalization of the cubic set of TM-algebra. We discussed a few properties of
this concept and investigated some related results. Cubic intuitionistic T-ideals
and the homomorphism of new cubic intuitionistic fuzzy sets in a TM-algebra
are defined. The future work is to study cubic intuitionistic fuzzy ideals for
other algebraic structures. Also, we can examine the notion of a cubic
intuitionistic fuzzy graph for a TM-algebra.
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