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Some classes of permutation polynomials of the form 1 2 11 ( )( )( )s qq sx x bx a++ + +
1 2 11 ( )( )( )s qq sx x bx a++ + +  over 2
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Abstract
Permutation polynomials hold significant relevance in the practical applications of 

finite fields. Presently, they constitute a pivotal focus in contemporary research endeavors. 
This paper undertakes the classification of permutation binomials and trinomials of the form 

1 2( 1) ( 1)( )s q s qx x b a+ ++ +  over 2 ,
q
  with 1 = 3.s  We explore these polynomials with variations in 

,b  considering the cases where = 0b  or 0b ≠  with 2 = 1s  and 2 = 2.s  
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1.  Introduction

Consider the finite field q  contains q elements. The polynomials 
over finite field attract many researchers due to their applications in 
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engineering and technology. Various types of polynomials such as 
linearized polynomials, irreducible polynomials, normal polynomials and 
skew polynomials are discussed in literature, one may refer to [3], [10], 
[20], [38], [39], [48], [58]. A polynomial is a permutation polynomial if the 
mapping function : q qf    is one-one and onto that is a bijection. 
Permutation polynomials find extensive applications in various fields, 
including cryptography, coding theory and combinatorial design, see [11], 
[12], [28], [35], [47]. The study of permutation polynomials has gained 
significant attention in recent research. For a comprehensive understanding 
of permutation polynomials(PPs) and their latest advancements, one may 
refer to [25], [36], [37], [40], [41], [55].

Permutation binomials and permutation trinomials possess a compact 
and concise structure, making them suitable for implementation in 
cryptography and coding theory. Recent research by various authors has 

focused on PPs of the type 
1

( )
q

drx g x
−

 satisfies |( 1)d q −  over .q  The 

polynomial 1( ),qxg x −  with ( )g x  =  2 ,xa +  3xa +  and 5xa +  to be 
permutation over 2q

  respectively are determined by Hou [21], Hou and 
Lappano [26], and Lappano [30] respectively. Continuing this work, Hou 
[22], [23] has provided a complete characterization of polynomials in the 
type xh(xq–1), where a + bx + x2 over 2 .

q
  The permutation polynomial and 

complete permutation polynomials from linearized polynomials are 
discussed in [50].

Akbary et al. [1], initially introduced the concept of the index of a 
polynomial in the context of the distribution of permutation polynomials 
over finite fields. This parameter has been proved useful in studying 
various properties, including Carlitz rank [27], character sum bounds [42] 
and value set size bounds [53]. Instead of classifying permutation 
polynomials by their degrees, researchers have explored their classification 
based on indices [4], [5], [13], [16], [18], [24], [31], [32], [33], [51], [56], [57], 
[61], [62]. Several authors have proposed criteria for polynomials of the 
form ( )r sx f x  to be permutation polynomial, see [52, 46, 2, 54, 63] for 
further details. Gupta and Sharma [18] have constructed four new classes 
of the form 1( )qrx g x −  to be permutation over 22 m  along with related 
conjectures concerning permutation polynomials over finite fields with 
even characteristic, which are subsequently proved by Zha et al. [62]. 
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Özbudak and Temür [44], [45] classified the polynomials 3 33 ( qx x − + 1qbx −

+ ),c  3 (1x + 1qax − + 2( 1) )qbx −  and 3(1x + 2 2qbx − + 3 3 )qcx −  to be permutation 
over 2 .

q


The sparse polynomials is of the type 
1

1( )
nq
qrx g x
−
−  with index 1.q −  

Recent studies have explored the possibility of sparse polynomials being 
permutation polynomials by various authors in [8], [9], [59], [60], [65]. The 
problems related to complete permutation monomial of sparse polynomials 
are studied in [6], [7], [8], [9], [15], [59], [60]. Sharma and Gupta [49] have 
determined PPs of the type 1( )

kprx g x +  over 2 ,kp
  considering ( )g x  of 

degree 1 and 2, and different values of r, with certain restrictions on 
coefficients. Furthermore, Gupta et al. [19] have identified permutation 
binomials and trinomials over .nq


Li et al. have provided an explanation of PPs of degree six or seven 

over 
2k  in [29]. Fan [14] classified the PPs of degree 7 over ,kp

  where p  
is an odd prime, employing exceptional polynomials.

Motivated by the aforementioned research, this paper focuses on the 
study of PPs of the type ( )G x = 1( 1)( s qx x + + 2 ( 1)s qbx + + )a  over 2 .

q
  To 

establish the permutation property of the polynomial, we utilize PPs of 
degree seven over kp

  as introduced by Fan [14]. The paper is organized 
into five sections. The subsequent section provides an overview of the 
necessary preliminaries for this study. In Section 3, we set = 0b  in ( ),G x  
resulting in the binomial ( )A x = 1( ),qxh x +  where ( )h x = 1sx a+  over 2 .

q
  

Here, we investigate ( )A x  over 22 k  to satisfy permutation property and 
subsequently investigate ( )A x  as a permutation binomial over finite fields 
with > 409.q  Section 4 discusses the classification of ( )G x = 1( 1)( s qx x + +

2 ( 1)s qbx + + )a  as a permutation trinomial of two types: ( )i  when 1 = 3s  and 

2 = 1s  ( )ii  when 1 = 3s  and 2 = 2.s  Finally, Section 5 concludes work done 
in the paper.

2. Preliminaries

Throughout the paper, we use the symbol ≡  for equivalent 
polynomials, the symbol ≅  for linearly related polynomials and PP stands 
for permutation polynomial. 
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Lemma 2.1: [29] Let 2 8.k ≥  If 0(mod 3),k ≡  then there does not exist PPs over 

2k  of degree 7. Otherwise, every PP of degree 7 over 
2t  is equivalent to 7x  or 

to 7x + 5x + .x  When = 4,k  then PP is equivalent to one of the given below: 
7 3 4 6

7 5 4

7 5 4 14 3 12 3 8

7 5 5 4 2 3 12 2 5

7 5 7 4 5 2 3

,
,

,
,

,

x x x
x x x

x x x x x x
x x x x x x

x x x x x

g g

g g g g
g g g g

g g g

+ +

+ +

+ + + + +

+ + + + +

+ + + +

7 3 4 6

7 5 4

7 5 4 14 3 12 3 8

7 5 5 4 2 3 12 2 5

7 5 7 4 5 2 3

,
,

,
,

,

x x x
x x x

x x x x x x
x x x x x x

x x x x x

g g

g g g g
g g g g

g g g

+ +

+ +

+ + + + +

+ + + + +

+ + + +

where g  satisfies 4
21 [ ].x x x+ + ∈  

Definition 2.1: [19] If there exist ,U V  and non-zero , qS T∈  satisfies 
( ) = ( ) .f x Sg Tx U V+ +

Then, the polynomials ( )g x  and ( )f x  in q  are said to be linearly 
related. 

When ( )G x  in [ ]q x  is a PP over kq
  for infinitely many k, then ( )G x  

is called an exceptional polynomial. 

Lemma 2.2: [43] Every exceptional polynomial ( )g x  of degree 7 over q  such 
that gcd ( ,7) = 1,q  ( )≅  is linearly related to 

7 5 2 3 37 14 7 ,x x x xb b b− + −

where *
qb∈  if 1 (mod 7)q ≡ ±  or = 0b  if 1 (mod 7).q ≡ −  

Lemma 2.3: [17] Every exceptional polynomial ( )g x  of degree 7 over 
7k  is 

linearly related to 7( )x≅  or to 
6

( )d dx x b−  where {1, 2, 3}d∈  and *
7kb∈  such that 

7 1( )
6 1.

k
db

−

≠  

Lemma 2.4: [14] If 409,kp ≤  then a non-exceptional PP of degree 7 exists over 
.kp

  

Remark 2.1: In [14], if 3,k ≥  then all the PPs of degree 7 are exceptional 
over 

7
.k  
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Lemma 2.5: [64] Let l be some positive integer such that l divides 1.q −  Then 
1

( )
q

lrx g x
−

 is a PP over q  if and only if gcd 1( , ) = 1q
lr −  and 

1

( )
q

lrx g x
−

 is a PP over 

.lm  

Corollary 2.1: [34] If > 1n  such that n divides 1,q −  then PP of degree n does 
not exist over q . 

3. Classification of permutation binomial over 2q


Consider the polynomial of the type

3 3 1( ) = ( ) (1)q qC x x x bx a+ ++ +

over finite fields 2q
  has been investigated in the present section.

Setting = 0b  in equation (1), gives the binomial 
3 3( ) = ( ) (2)qC x x x a+ +

over 2 .
q
  Because gcd (1, 1) = 1.q +  Using Lemma 2.5, ( )C x = 3 3( )qx x a+ +  

permutes 2q
  if and only if 1( )C x = 13( )qx x a ++  is a PP over *

q  as *
1 = .q qm − 

We represent polynomial 13
1( ) = ( )qC x x x a ++  of degree 7 which is 

obtained as follows:
For ,qa∈  we have 

13
1

16 3

17 4

( ) = ( )
= ( ( ) )
= ( ) .

q

q q

q q

C a
a a a

a a a

a a a

a a a
a a a

+

+

+

+

+ + +

+ + +

Hence, 1( )C x  permutes q  if and only if 
7 4

2 1 2( ) = (3)C x x A x A x+ +

is a PP over ,q  where 1 = qA a a+  and 1
2 = .qC a +  

Theorem 3.1: Let k be a positive integer and = 2 .kq  Then, for 2
* ,
q

a∈  
3 3( ) = ( )qC x x x a+ +

is a PP over 22 k  if and only if

i)	 2 1 = 0,a a+ +  when = 2.q  
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ii)	 1a ≠  when = 4.q  

iii)	 3 2 2 3 = 1,q qa a+ ++  when > 8q  and 0 (mod 3).m ≡  

Proof: Since gcd (1, 1) = 1,q +  by Lemma 2.5, ( )C x = 3( 1)( qx x + + )a  permutes 

q  if and only if 2( )C x = 7x + 4
1A x + 2A x  is a PP over .q

Case 1: For = 2,q  2( )C x ≡ 1 2(1 )A A+ + x 2(mod ).x x+  2( )C x  permutes 

q  if and only if 11 A+ + 2 0,A ≠  this implies 11 A+ + 2 = 1,A  that is 
2( 1)a a a+ + = 0.  Since 0,a ≠  therefore 2 1 = 0.a a+ +

Case 2: For = 4,q  2( )C x ≡ 1 2(1 )A A x+ + 4(mod ).x x+  2( )C x  permutes q  
if and only if 11 A+ + 2 0,A ≠  that is if and only if 1.a ≠

Case 3: For 8,q ≥  if 0k ≡ (mod 3)  then 7| 1,q −  there does not exist PP of 
degree 7 by Corollary 2.1. So, for > 8q  and 0k ≡ (mod 3),  by Lemma 2.1, 
the PP of degree 7 over q  is equivalent to 7x + 3 4xg + 6 ,xg  i.e. 

7 3 4 6
2( ) , (4)C x x x xg g≡ + +

where g  satisfies 4
21 [ ].x x x+ + ∈  Through comparing the coefficients in 

equation (3) and equation (4), we get 3
1 =A g  and 6

2 = .A g  From the values 
of 1A  and 2 ,A  we obtain the condition 3 2 2 3 = 1.q qa a+ ++  

Theorem 3.2: Let = > 409kq p  such that 0 1 (mod7).q or≡  For 2
* ,
q

a∈  
3( 1)( ) = ( )qC x x x a+ +

is not a PP over 2 .kp
  

Proof: Utilizing Lemma 2.5, ( )C x  is a PP over 2q
  if and only if 2( )C x  

is a PP over .q  By Lemma 2.4, 2( )C x  permutes q  if and only if the 
polynomial 2( )C x  is an exceptional in .q  By Lemma 2.2, 2( )C x  permutes 

q  if and only if 2( )C x ≅ 7 57x xb− + 2 314 xb − 37 xb  for some *
qb∈  or 7x  

when 1q ≡ − (mod 7).  Let us analyze the cases below:

Case 1: When 7
2( ) ,C x x≅  so there exist ,U V  and non-zero , qS T∈  satisfy 

7
2( ) = ( ) . (5)C x V S Tx U+ +
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Through equating the corresponding coefficients in equation (3) and 
equation (4), we get 

7 6 5 2 4 3

3 4 2 5 6 7

= 1, 7 = 0, 21 = 0, 35 = 0, (6)
35 = 0, 21 = 0, 7 = 0, = 0.
ST UT S T U S T U S

T U S T U S TSU SU V+

Since 0,ST ≠  therefore 67 = 0UT S  gives 7 = 0.U  Also, 0q ≡
(mod 7),  so = 0.U  Substituting = 0U  in 6

2 = 7A U TS  shows that 1 = 0,qa +  
which leads to the contradiction = 0.a

Case 2: When 2( )C x ≅ 7 57x xb− + 2 314 xb − 37 ,xb  so there exist ,U V  and 
non-zero , qS T∈  satisfy 

3 2 3 5 7
2( ) = ( 7 ( ) 14 ( ) 7 ( ) ( ) ). (7)C x V S Tx U Tx U Tx U Tx Ub b b+ − + + + − + + +

Through equating the corresponding terms in equation (3) and 
equation (7), we get 

7 6 5 2 5

4 3 4 3 4 3 2 2 3
1

5 2 3 2 2 2

6 4 2 3
2

7 5 2 3 3

= 1,7 = 0, 21 7 = 0,
= 35 35 , 35 70 14 ,

(8)21 70 42 = 0,
= 7 35 42 7 ,

7 14 7 = 0.

ST UT S T U S S T
A T U S T US T U S T U S T S

U ST U ST UST
A TSU wTU S TU S TS
SU U S U S US V

b
b b b

b b
b

b b b

−
− − +

− +
− + −

− + − +

Since 0,ST ≠  therefore 67 = 0UT S  gives 7 = 0.U  Also, 0q ≡ (mod 7),  
so = 0.U  Insert = 0U  in 5 221T U S − 57S Tb = 0,  we obtain = 0,TSb  which 
contradicts *, , .qT Sb ∈  

4. Classification of permutation trinomials over 2q


The polynomials of the type 

3 3 1( ) = ( )q qC x x x bx a+ ++ +

and 

3 3 2 2( ) = ( )q qD x x x bx a+ ++ +

over 2q
  has been investigated in the present section.

First, take the trinomial 

3 3 1( ) = ( )q qC x x x bx a+ ++ +
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over 2 .
q
  Utilizing Lemma 2.5 as gcd (1, 1)q + = 1,  then ( )C x = 3( 1)( qx x + +

1qbx + + )a  permutes 2q
  if and only if and 1( )C x = 3(x x + bx + 1)qa +  is a 

PP over *
q  as *

1 = .q qm − 
The polynomial 13

1( ) = ( )qC x x x bx a ++ +  is represented in a simplified 
polynomial of degree 7 obtained as follows:

For ,qa∈  we have 
13

1
1 16 4 3 2

1 17 5 4 3 2

( ) = ( )
= ( ( ) ( ) )
= ( ) ( ) ( ) .

q

q q q q

q q q q q q

C b a
b b a a b a

b b a a b ab ba a

a a a a

a a a a a
a a a a a a

+

+ +

+ +

+ +

+ + + + + +

+ + + + + + + +

By taking, 1 = ,qA b b+  2 = ,qA a a+  
1

3 = ,qA b +

 4 = qA a b  +  
qb a and

1
5 = .qA a +  So, 1( )C x  permutes q  if and only if 

7 5 4 3 2
2 1 2 3 4 5( ) = (9)C x x A x A x A x A x A x+ + + + +

is a PP over .q

Theorem 4.1: Let 1k ≥  be a integer and = 2 ,kq  then for 2
*, ,
q

a b∈  the trinomial 
3 3 1( ) = ( )q qC x x x bx a+ ++ +

is a PP over 2q
  if and only if 

(i)	 Either =b a  or 2( ) ( ) 1 = 0,b a b a+ + + +  when = 2.q  

(ii)	�  2( )a b+ + 4( 1)a b g+ + = 0  or 2( )b a+ + 10( 1)b a g+ + = 13 ,g  where g  
satisfies 4x + x + 1 ∈ 2[ ],x  when > 8q  and 0 (mod 3).k ≡ . 

Proof: 3( 1) 1( ) = ( )q qC x x x bx a+ ++ +  permutes 2q
  if and only if 2( )C x  

permutes .q

Case 1: For = 2,q  2( )C x ≡ 1(1 A+ + 2 3A A+ + 4 5 )A A+ x(mod 2 )x x+  is a 
PP if and only if 5A + 4A + 3A + 2A + 1A + 1 ≠ 0,  this implies 5A + 4A
+ 3A + 2A + 1A = 0,  that is (1 + ( )b a+ + 2( ) )b a+ ( )b a+ = 0.  Therefore, 
either =b a  or 1 + ( )b a+ + 2( )b a+ = 0.

Case 2: For = 4,q  2( )C x ≡ 3
3A x + 2

1 4( )A A x+ + 5 2( )A A+ x 4(mod ).x x+  
As, then there is no PP of degree 3 over q  by Corollary 2.1. So, 3 = 0A  
implies that 1 = 0qb +  i.e. = 0,b  which contradicts * .qb∈
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Case 3: For 8,q ≥  if 0k ≡ (mod 3)  then 7| 1q −  there does not exist PP of 
degree 7 by Corollary 2.1. For > 8q  and 0k ≡ (mod 3),  the PP of degree 7 
is equivalent to one of the polynomials in Lemma 2.1.

Subcase 1: Consider 7 3 4 6
2( ) ,C x x x xg g≡ + +  it follows that 3 = 0A  that is 

= 0,b  which contradicts * .qb∈

Subcase 2: Consider 7 5 4
2( ) .C x x x x≡ + +  Consequently, 3 = 0A  i.e. = 0,b  

which contradicts * .qb∈

Subcase 3: Consider 7 5 4 14 3 12 2 8
2( ) ,C x x x x x x xg g g g≡ + + + + +  where g  

satisfies 4
21 [ ].x x x+ + ∈

By comparing terms with identical powers, we obtain 
14 12 8

1 2 3 4 5= 1, = , = , = , =A A A A Ag g g g

12= . (10)q qa b b a g+

Thus, 

= 1, (11)qb b+

= . (12)qa a g+

Multiplying equation (11) with a and equation (12) with b and adding 
the resulting equations, we arrive at 

= . (13)q qab a b a bg+ +

Using equation (16), we get 
12= . (14)a bg g+

From the values of 3A  and 5 ,A  we obtain 
2 14 2 8= and = . (15)b b a ag g g+ +

Adding equation (14) and equation (15) 
2 4( ) ( 1) = 0.a b a b g+ + + +

Subcase 3: Consider 7 5 4 14 3 12 2 8
2( ) ,C x x x x x x xg g g g≡ + + + + +  where g  

satisfies 4
21 [ ].x x x+ + ∈
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By comparing terms with identical powers, we obtain 
5 2 12 5

1 2 3 4 5= 1, = , = , = , =A A A A Ag g g g

12= . (16)q qa b b a g+

Thus, 

= 1, (17)qb b+

5= . (18)qa a g+

Multiplying equation (17) with a and equation (18) with b and adding 
the resulting equations, we arrive at 

= . (19)q qab a b a bg+ +

Using equation (16), we get 
5 12= . (20)a bg g+

From the values of 3A  and 5 ,A  we obtain 
2 2 2 5 5= and = . (21)b b a ag g g+ +

Adding equation (20) and equation (21) 
2 10 13( ) ( 1) = .a b a b g g+ + + +

Subcase 5: Consider 7
2( ) .C x x≡  Here, we conclude that 3 = 0A  and 5 = 0,A  

consequently, = 0a  and = 0,b  which is a contradiction.

Subcase 6: Consider 7 5
2( ) .C x x x x≡ + +  Then, 3 = 0A  implies that = 0,b  

which is a contradiction. 

Theorem 4.2: Let = > 409kq p  such that 0 1q or≡ (mod 7).  For 2
*, ,
q

a b∈  
3( 1) 1( ) = ( )q qC x x x bx a+ ++ +

is not a PP over 2 .
q
  

Proof: For = > 409,kq p  with 0,1q ≠ (mod 7),  Utilizing Lemma 2.5, ( )C x  is 
a PP over 2q

  if and only if 2( )C x  permutes .q  Further, using Lemma 2.4, 
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2( )C x  permutes q  if and only if the polynomial 2( )C x  is an exceptional 
in .q

Also, using Lemma 2.2, 2( )C x  permutes q  if and only if 2( )C x ≅ 7x  
or 1q ≡ − (mod 7)  or 2( )C x ≅ 7 57x xb− + 2 314 xb − 37 ,xb  for some * .qb∈

Case 1: When 7
2( ) ,C x x≅  then there exist ,U V  and non-zero , qS T∈  

satisify 
7

2( ) = ( ) .C x V S Tx U+ +

By comparing terms with identical powers, we obtain 
7 6 2 5 3 4

1 2
4 3 5 2 6 7

3 4 5

= 1,7 = 0, = 21 , = 35 ,
= 35 , = 21 , = 7 , = 0.

ST UST A U ST A U ST
A U ST A U ST A U ST U S V+

Since 0,ST ≠  then 67 = 0UST  implies that 7 = 0.U  Also, 0q ≡

(mod 7),  therefore = 0.U  By putting = 0U  in 5 ,A  we get = 0,a  which is 
a contradiction.

Case 2: 7 5 2 3 3
2( ) 7 14 7 ,C x x x x xb b b≅ − + −  * .qb∈  Then, there exist ,U V  

and non-zero , qS T∈  satisfy 
3 2 3 5 7

2( ) = ( 7 ( ) 14 ( ) 7 ( ) ( ) ).C x V S Tx U Tx U Tx U Tx Ub b b+ − + + + − + + +

By comparing terms with identical powers, we obtain 
7 6 2 5 5

1
3 4 4

2
4 3 2 3 3 2

3
5 2 3 2 2 2

4
6 4 2 2 3

5
7 5 2 3 3

= 1,7 = 0, = 21 7 ,
= 35 35 ,
= 35 70 14 , (22)
= 21 70 42 ,
= 7 35 42 7 ,

7 14 7 = 0.

ST UT A U ST ST
A U ST UST
A U ST U StT ST
A U ST U ST UST
A U ST U ST U ST ST
V U S U S U S US

b
b

b b
b b

b b b
b b b

−
−
− −
− +

− + −
+ − + −

Given that 0,ST ≠  therefore 67 = 0UST  implies that 7 = 0.U  Also, 
0q ≡ (mod 7),  therefore = 0.U  By putting = 0U  in 4 = 0A  and 2 = 0,A  

we get 

= 0,
= 0. (23)

q q

q

ab a b
a a
+

+
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From equation (23), we get ( )qb b− = 0.a  Also, 0a ≠  gives = .qb b  
Further, from 3 2

3 = 14A ST b  and = ,qb b  we obtain 
2 3 2= 14 . (24)b ST b

From 5
1 = 7A ST b−  and = ,qb b  we get 52 = 7 .b st w−  Thus, 

2 2 10 24 = 49 . (25)b S T w

From equation (24) and equation (25) 
3 2 2 10 24 14 = 49 ,ST S Tb b⋅

3 2 7(8 7 ) = 0.ST STb −

Since 0,stw ≠  it follows that 77 = 8.ST  Also, 7 = 1,ST  from equation 
(22). Therefore, we arrive at contradiction 8 = 7.  

Theorem 4.3: Let = 7kq  such that 3.k ≥  For 2
*, ,
q

a b∈  
3 3 1( ) = ( )q qC x x x bx a+ ++ +

is a PP over 2q
  if and only if 

2 3
3 3

2
2 2

3 2 3 3
1 2 1 2 2

2
1 1

6 3 2 4
1 1 2 2

3
2

1
3 323

2 2 4 5 2

5 3 4
1 3 4

( 2 )
5

(i) 0,( ) 1, = and = 2 .

(ii) is not a square in , = , = and

= .

q
A A

A A

A A A A A
q A A

A A A A
A

A A A A A

A A A

A

−

− +

− +

≠ ≠ −

−



 

Proof: As discussed in previous theorem, ( )C x  permutes 2q
  if and only if 

7
2( )C x x≅  or 

6

( ) ,s sx x b− {1, 2, 3}s∈ with
( 1)

6 1.
s q

b
−

≠

Case 1: When 7
2( ) ,C x x≅  then there exist ,U V  and non-zero , qS T∈  

satisfies 
7

2( ) = ( ) .C x V S U Tx+ +

By comparing terms with identical powers, we obtain 

1 2 3 4 5= = = = = 0. (26)A A A A A
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Now, 2 = 0A  and 5 = 0A  implies that = 0a  and = 0,b  which leads to 
a contradiction.

Case 2: Consider 7
2( )C x x xb≅ −  satisfies 

1
6 1.

q

b
−

≠  Then, there exist ,U V  
and non-zero , qS T∈  satisfy 

7
2

7 7 7

( ) = (( ) ( ))
= .

C x V S U Tx U Tx
ST x S Tx SU S U V

b
b b

+ + − +

− + − +

By comparing terms with identical powers, we obtain 
7 7

1 2 3 4 5= 1, = 0, = 0, = 0, = 0, = , = 0. (27)ST A A A A A S T SU S U Vb b− − +

Now, 3 = 0A  establishes = 0b  which contradicts the fact that 0.b ≠

Case 3: 3 2
2( ) ( )C x x x b≅ −  satisfies 

1
3 1.

q

b
−

≠  Then, there exist ,U V  and 
non-zero ,S T∈  satisfy 2( )C x = V + ( )S Tx U+ 3 2(( ) ) .Tx U b+ −

By comparing terms with identical powers, we obtain 
7 4 3 2 2

1 2 3 4
2 3 7 4 2

5

= 1, = 0, = 5 , = 6 , = 2 , (28)
= 5 , 2 = 0.

ST A A ST A UST A U ST
A T U T V U S U S US

b b b
b b b b− + − +

Using 7 = 1,ST  eliminate S in the above set of equations to obtain 
3 4 2 5

1 2 3 4
3 6 7 7 4 2

5

= 0, 2 = 0, = 0, 3 = 0,
= 0, 5 = 0.

A T A U T A U T A
U T A VT U U U

b b b
b b b

+ + +
+ + + +

Now, eliminating U  using 4
3 = 0U T Ab +  in the above set of 

equations, we conclude 
3 3 2

1 2 3 4
12 3 6 2 4

3 5
3 7 24 7 12 4 4 8

3 3 3

= 0, 2 = 0, 3 = 0,
= 0,

5 = 0.

A T A T A A
T A T A
VT T A T A A

b b
b b

b b b

+
− +
− + −

Since 2 0,A ≠  using 32 = 0,Tb +  we obtain
2 3

23 3
2 4 5 2 2

2 2

3 3
0, = and = 2 .

A A
A A A A

A A
≠ −

In converse part, assume that ( )i  is satisfied. So, for = = 1,T S 3

2

2= ,A
AU

2= 3 ,Ab
7
3

7
2

4= A
A

V +
4
3

3
2

2A
A

+ 2 34 ,A A  we obtain
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3 2
2( ) = ( )( ( ) ) .C x S Tx U Tx U Vb+ − + + +

Case 4: 2 3
2( ) ( )C x x x wb≅ −  satisfies 

1
2 1.

q

b
−

≠  Then, there exist ,U V  and 
non-zero , qS T∈  and satisfy 

7 5 4 2 3 3 2
1 2 3

3 2 2 2 4 2 2 3
4 5

7 5 3 2 3

= 1, = 4 , = 6 , = 5 3 ,
= 5 2 , = 6 2 , (29)

4 3 = 0.

ST A ST A UST A U ST ST
A U ST UST A U ST U ST ST
V U S U S U S US

b b b b
b b b b b

b b b

−
+ + −

+ + + −

Now, eliminate S, utilizing 7 = 1,ST  we obtain 
2 3 2 4 2

1 2 3
3 2 5 4 2 2 6 3

4 5
7 7 5 3 2 3

3 = 0, = 0, 4 2 = 0
6 4 = 0, 5 = 0,

4 3 = 0.

T A U T A U T A
U U T A U U T A w
VT U U U U

b b b b
b b b b b

b b b

+ + +
+ + + + +
+ + + −

Here, eliminate  U,  in the above set of equations by using 
3

2 = 0,U T Ab +  we get 
2 6 2 3

1 2 3
6 3 2 2 3 12 4 6 2 3 6 3 6

2 4 2 2 2 5
4 7 18 7 12 5 3 6 3 6 9

2 2 2 2

3 = 0, 4 2 = 0,
3 6 = 0, 5 = 0,

6 3 4 = 0.

T A T A TA
T A T A A T A T A T A
VT T A T A T A A

b b b
b b b b b

b b b b

+ + +
+ + + + +
+ + + +

Eliminate ,b  using 2
1 3 = 0T A b+  in above set of equations, which 

gives 
3 2
1 1 3 2
3 2 3
1 2 1 4 2
6 3 2 3 4
1 1 2 1 5 2

7 9 6 3 3 5 7
1 1 2 1 2 1 2 2

4 4 = 0,
2 6 = 0, (30)

5 = 0,
4 2 5 3 = 0.

A A A A
A A A A A
A A A A A A
vA A A A A A A A

+ +
+ +

+ + +
+ + + +

From the above set of equations, we obtain 

1

3 2 3 3
1 2 1 2 2

3 4 2
1 1

6 3 2 4
1 1 2 2

5 3
2

is not a square in ,

5 3 4
= , =

( 2 )
and = .

qA

A A A A A
A A

A A
A A A A

A
A

− +

− +
−



In Converse part, assume that ( )ii  is satisfied. So, for = = 1,T S
2

1

3= ,A
AU 1= 2 ,Ab

7

7
1

4= A
A

V +
5
2

4
1

2A
A

+
3
2

1

5A
A + 2

1 23 ,A A  we get 
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2 3
2( ) = (( ) ) ( ).C x V S Tx U Tx Ub+ − + + +

As of now, we examine the trinomial 
3 1 1( ) = ( )q qD x x x bx a+ ++ +

over 2 .
q


Because gcd (1, 1) = 1q +  and utilizing Lemma 2.5, the ( )D x = 3( 3)( qx x +

+ 1qbx + + )a  permutes 2q
  if and only if and 1( )D x = 3(x x + 2bx + 1)qa +  is 

a PP over *
q  as *

1 = .q qm − 
We represent 13 2

1( ) = ( )qD x x x bx a ++ +  in a simplified polynomial of 
degree 7 which is obtained as follows:

Let qa∈  
13 2

1
1 16 5 4 3 2

1 17 6 5 4 3

( ) = ( )
= ( ( ) ( ) ( ) )
= ( ) ( ) ( ) .

q

q q q q q q

q q q q q q

D b a
b b b a a a b ab a

b b b a a a b ab a

a a a a

a a a a a a
a a a a a a

+

+ +

+ +

+ +

+ + + + + + + +

+ + + + + + + +

By taking, 1 1
1 2 3 4 5= , = , = , = and = .q q q q q qA b b A b A a a A a b ab A a+ ++ + +  

So, 1( )D x  permutes q  if and only if 
7 6 5 4 3

2 1 2 3 4 5( ) =D x x A x A x A x A x A x+ + + + +

is a PP over .q  

Theorem 4.4: Let = 2 ,kq  where k is a positive integer, Then, 2
*
2

, ,ka b∈  the 
polynomial 

3 3 2 2( ) = ( )q qD x x x bx a+ ++ +

is a PP over 22 k  if and only if 

(i)	 either =a b  or 2( ) ( ) 1 = 0,a b a b+ + + +  whenever = 2.q  

(ii)	 4 1 = 0a a+ +  whenever = 4.q  

(iii)	 = 1a  and = 1b  whenever > 8q  and 0 (mod 3).k ≡  

Proof: Because gcd (1, 1) = 1q +  and by utilizing Lemma 2.5, the trinomial 
( )D x = 3 3( qx x + + 2 2qbx + + )a  permutes 22 k  if and only if 1( )D x = 3(x x +
2bx + 1)qa +  is a PP over 

2
.k
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Also, 1( )D x  permutes 
2k  if and only if 2( )D x  permutes 

2
.k  The PP 

of degree 7 over 
2k  is equivalent to one of the given polynomial in 

Lemma 2.1.

Case 1: For = 2,q  2( )D x ≡ 1(1 A+ + 2 3A A+ + 4 5 )A A+ x(mod 2 )x x+  is a 
PP if and only if 5 4A A+ + 3 2A A+ + 11A + 0,≠  this implies 5 4A A+ +

3 2A A+ + 1 = 0,A  that is (1 ( )b a+ + + 2( ) )b a+ ( )b a+ = 0.  Therefore, either 
1 + ( )b a+ + 2( )b a+ = 0  or =b a

Case 2: For = 4,q  2( )D x ≡ 3
1A x + 2

2A x + 3( 1)A + x(mod 4 ).x x+  Because 3 
divides 1,q −  then PP of degree 3 does not exist 

2k  by Corollary 2.1. So, 

1 = 0,A  which gives =qb b  and 2( )D x ≡ 2 2b x + 4( 1) .a a x+ +

For 2( )D x  to be normalised PP, when 4 1 = 0.a a+ +

Case 3: For 8q ≥ , if 0 (mod 3)m ≡  then 7| 1q −  there does not exist PP of 
degree 7 by Corollary 2.1. For > 8q  and 0 (mod 3),k ≡  the PP of degree 7 
is equivalent to the polynomial given in Lemma 2.1.

Subcase 1: Consider 7
2( ) .D x x≡  By comparing terms with identical 

powers, we obtain 

1 2 3 4 5= = = = = 0.A A A A A

Since 2 = 0A  and 5 = 0,A  so = 0a  and = 0,b  which is a contradiction.

Subcase 2: Consider 7 5
2( ) .D x x x x≡ + +

By comparing terms with identical powers, we obtain 

1 2 3 4 5= 0, = 1, = 0, = 0, = 1A A A A A

which gives 2 2= , = 1, = , = 1.q qb b b a a a  Therefore, = 1a  and = 1,b  when 
> 8.q  

Theorem 4.5: Let = > 409,kq p  such that 0 or 1 (mod 7)q ≡  and 7  is not a 
square in .q  For 2

*, ,
q

a b∈
3 3 2 2( ) = ( )q qD x x x bx a+ ++ +

is a PP over 2kp
  if and only if 
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2 3
1 3 2 4 2 5 2

2 1= = 0, 0, = , = .
7 49

A A A A A A A≠

Proof: For = > 409kq p  and 0 or 1q ≡ (mod 7).  Utilizing Lemma 2.5, 
( )D x  is a PP over 2q

  if and only if 1( )D x  permutes .q  1( )D x  permutes 

q  if and only if the polynomial 2( )D x  is an exceptional in q  by utilizing 
Lemma 2.4,

By Lemma 2.2, 2( )D x  permutes q  if and only if 7
2( )D x x≅  or 1q ≡ −

(mod 7)  or 2( )D x ≅ 7 57x xb− + 2 314 xb − 37 ,xb  for some * .qb∈

Case 1: When 7
2( ) ,D x x≅  then there exist ,U V  and non-zero , qS T∈  

satisfy 2( )D x = V + 7( ) .S Tx U+  By comparing terms with identical 
powers, we obtain 

7 6 3 4 2 5
1 2 3

4 3 6 7
4 5

= 1, = 7 , = 35 , = 21 ,
= 35 , = 7 , = 0.

ST A UST A U ST A U ST
A U ST A U ST SU V+

Since 0,ST ≠  therefore 5 221 = 0U ST  which implies that 521 = 0.u  
Also, 0q ≡ (mod 7)  therefore, either = 3p  or = 0.U  If = 3,p  then 2 = 0A  
establishes = 0,b  this goes against the fact that 0.b ≠  Similarly for = 0U  
gives 2 = 0A  which establishes that = 0,b  leads to a contradiction.

Case 2: When 7 5 2 3 3
2( ) 7 14 7D x x x x xb b b≅ − + −  for some * .qb∈  Then, 

there exist ,U V  and non-zero , qS T∈  satisfy 
3 2 3 5 7

2( ) = ( 7 ( ) 14 ( ) 7 ( ) ( ) ).D x V S Tx U Tx U Tx U Tx Ub b b+ − + + + − + + +

By comparing terms with identical powers, we obtain 
7 6 2 5 5

1 2
3 4 4

3
4 3 2 3 3 2

4
6 4 2 2 3

5
7 5 3 2 3

5 2 3 2 2 2

= 1, = 7 , = 21 7 ,
= 35 35 ,
= 35 70 14 ,
= 7 35 42 7 ,

7 14 7 = 0,
21 70 42 = 0.

ST A UST A U ST ST
A U ST UST
A U ST U ST ST
A U ST U ST U ST ST
V U S U S U S US

U ST U ST UST

b
b
b b

b b b
b b b

b b

−
−
− +

− + −
+ − + −

− +

Since 0ST ≠  and 0q ≡ (mod 7),  therefore 5 221U ST − 3 270U ST b +
2 242UST b = 0  implies that 4(3U U + 24U b + 26 )b = 0.  Thus, = 0U  or 

43U − 210U b + 26b = 0.
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If = 0,U  then 
5 3 2 3

1 2 3 4 5= 0, = 7 , = 0, = 14 , = 7 , = 0.A A ST A A ST A ST Vb b− −

Eliminating S using 7 = 1ST  in the above set of equations, we get 
2 4 2 6 3

2 4 57 = 0, 14 = 0, 7 = 0.A T A T A tb b b+ − +

Using 2
2 7 = 0,A T b+  eliminate b  to obtain 

2 3
1 3 2 4 2 5 2

2 1= = 0, 0, = , = .
7 49

A A A A A A A≠

If 43U − 210U b + 26b = 0,  then 
2(5 7 )

6= ,Ub ±  but 7 is a square element 

q  and this leads a contradiction. Conversly, suppose the given condition 
holds. Then, for = = 1,S T = 0,U = 0,V 2

7= ,Ab −  we get 
3 2 3 5 7

2( ) = ( 7 ( ) 14 ( ) 7 ( ) ( ) ).D x V S U Tx U Tx U Tx U Txb b b+ − + + + − + + +

Hence proved. 

Theorem 4.6: Let = 7kq  with 3.k ≥  For 2
*, ,
q

a b∈  
3 3 2 2( ) = ( )q qD x x x bx a+ ++ +

is not a PP over 2 .
q
  

Proof: As discussed in the previous theorem, ( )D x  permutes q  if and 

only if 2( )D x ≅ 7x  or 
6

( ) ,s sx x b− {1, 2, 3}s∈  with 
1

1.
q

sb
−

≠

Case 1: When 7
2( ) .D x x≅  Then, there exist ,U V  and non-zero , qS T∈  

satisfy 
7

2( ) = ( ) .D x V S Tx U+ +

By comparing terms with identical powers, we conclude 

1 2 3 4 5= = = = = 0.A A A A A

Here, 3 = 0A  establishes = 0,b  leads to a contradiction.

Case 2: When 2( )D x ≅ 7 ,x xb−  satisfies 
1

6 1,
q

b
−

≠  then there exist ,U V  and 
non-zero ,S T∈  satisfy ( )F x = V S+ 7(( )Tx U+ − ( )).Tx Ub +
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By comparing terms with identical powers, we obtain 3 = 0A  which 
gives = 0b  and that contradicts 0.b ≠

Case 3: When 2( )D x ≅ 3 2( )x x b−  satisfies 
1

3 1,
q

b
−

≠  so there exist ,U V  and 
non-zero , qS T∈  satisfy 2( )D x = V + ( )S U Tx+ 3(( )U Tx+ − 2) .b

By comparing terms with identical powers, we obtain 
7

1 3= 1, = 0, = 0.ST A A

Now, 3 = 0A  establishes = 0,b  this goes against the fact that 0.b ≠

Case 4: When 2( )D x ≅ 2 3( )x x b−  satisfies 
1

2 1,
q

b
−

≠  so there exist ,U V  and 
non-zero , qS T∈  satisfy 2( )D x = ( )V S U Tx+ + 2 3(( ) ) .U Tx b+ −

By comparing terms with identical powers, we obtain 
7 5 4

1 2 3
2 3 3 2

4
4 2 2 3

5
3 2 2 2

7 7 5 3 2 3

= 1, = 0, = 4 , = 6 ,
= 5 3 ,
= 6 2 ,

5 2 = 0,
4 3 4 = 0.

ST A A ST A UST
A U ST ST
A U ST U ST ST
U ST UST

UT U T U

b b
b b

b b b
b

b b b

+
+ −

+
+ + −

Since 0,STb ≠  therefore 3 25U ST + 2 22UST b = 0  implies that either 
= 0U  or 2 = .U b  By putting = 0U  in 3A  gives = 0,b  this goes against the 

fact that 0.b ≠  If 2 = ,U w b, then 6
5 = 0.T A  Since 0,T ≠  therefore 5 = 0A  

implies that = 0,a  but this is a condratiction to 0.a ≠  Hence, ( )g x = 3 3( qx x +

+ + )a  is not a PP. 

5. Conclusion

In this manuscript, we classified the PPs of the type 1( )qxh x +  where 
( )h x = 1sx + 2sbx + a  over 2 .

q
  We investigated the existence of 

permutation binomials and trinomials of the above type over 2q
  with 

some restrictions on coefficients. 
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