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Abstract

A rainbow vertex anti-magic coloring represents a relatively new area of exploration
in graph theory. This concept extends the idea of rainbow vertex coloring by incorporating
elements of anti-magic labeling. Given a function f: E(G)— {1, 2, ...,| E(G) |}, the weight of
a vertex v € V(G) under fis given by w, (v) =3, fle), where E(v) denotes the set of edges
incident to v. The function f is classified as a vertex anti-magic edge labeling if the weights
assigned to all vertices are distinct. A path is referred to as a rainbow path if for any pair
of vertices u and v all internal vertices along the u — v path possess distinct weights. The
rainbow vertex anti-magic connection number of G, denoted as rvac(G), is the minimum
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number of colors required across all rainbow colorings derived from a rainbow vertex anti-
magic labeling of G. This paper presents the computation of the rainbow vertex anti-magic
connection number for specific graph families, including the Dutch windmill, diamond
graph, octopus graph, and amalgamation graph.

Subject Classification (2010): 05C78.

Keywords: Rainbow vertex connection, Rainbow vertex anti-magic coloring, Amalgamation graphs.

1. Introduction

Hartsfield and Ringel [1] proposed the concepts called anti-magic labeling
and anti-magic graphs in 1990. An anti-magic labeling of a graph with p vertices
and g edges refers to a bijective function f that maps the set of edges to the
positive integers {1,2,3,...,q}. This labeling ensures that the oriented vertex
weights of all p vertices are distinct, where the oriented vertex weight of a
vertex is calculated as the total sum of the labels of edges directed into the
vertex minus the sum of the labels of edges directed away from it.

The application of Rainbow Connection in a delivery system is an
innovative approach that utilizes concepts from graph theory to improve the
efficiency and reliability of delivery. Rainbow Connection in the context of
graph theory is a condition where all pairs of nodes in a graph are connected by
a rainbow path. This path consists of edges that each have a different color. In a
delivery system, each node can represent a location such as a warehouse,
distribution center, or delivery destination, while the edges represent routes or
paths between these locations. By implementing Rainbow Connection, each pair
of locations will be connected by a unique path with routes that do not share the
same color (route). This helps in avoiding congestion on certain routes and
distributing delivery traffic evenly. Using colored graphs to design distribution
paths, so that each distribution center has a unique path to another warehouse or
distribution point. This ensures that a failure in one path will not disrupt the
entire system. By utilizing Rainbow Connection, the delivery system can
allocate shipments through different paths, avoiding routes that are already too
congested with other shipments. Using a variety of unique rainbow paths for
each delivery, making it difficult for outsiders to guess which path will be used.
In addition, the Rainbow Connection concept can be used by city planners to
ensure that each transportation route is well connected without overburdening
certain routes, better distributing traffic.

We study concepts related to labeling and coloring in graph theory. Among
the topics in labeling is anti-magic labeling, while rainbow vertex coloring is a
key focus in coloring [2]. A graph G with a vertex coloring is considered
rainbow vertex-connected if, for every pair of vertices u and v in G, there exists
at least one u — v path where all internal vertices have distinct colors. The
minimum number of colors required to achieve this property is referred to as the
rainbow vertex-connection number of G, denoted by rvc(G).
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A rainbow vertex anti-magic coloring is a recently introduced topic in
graph theory, combining aspects of rainbow vertex coloring with anti-magic
labeling. For a function f:E(G) — {1,2,...,|E(G)|}, the weight of a vertex
v € V(G) with respect to f is defined as wy(v) = Zoep(y f(€), where E(v)
represents the set of edges incident to) f. The function f is termed a vertex anti-
magic edge labeling if the weights of all vertices are distinct.

A path is classified as a rainbow path if, for any pair of vertices u and v, all
internal vertices along the u — v path have unique weights. If every pair of
vertices u and v in G is connected by at least one rainbow u — v path, the
labeling f is called a rainbow vertex anti-magic labeling of G. Assigning each
edge uv the color corresponding to the vertex weight wy(v) leads to a rainbow
vertex anti-magic coloring of the graph G. The smallest number of colors needed
across all rainbow colorings induced by rainbow vertex anti-magic labeling of G
is known as the rainbow vertex anti-magic connection number, denoted rvac(G)
[3].

In recent year, there were several researchers who had studied rainbow
vertex anti-magic coloring. Among them is Marsidi et. al [3]. Some results is
divided into observation and Lemma. Their lemma and Observation, we need to
proof in this paper.

Observation 1.1: [3] Let G be a connected graph with n vertices and a diameter
denoted as diam(G). It has been established that diam(G) — 1 < rvc(G) <
n — 2. Furthermore, if G contains c cut vertices, then rvc(G) < c.

Observation 1.2: [3] The value rvc(G) for a graph G represents the smallest
positive integer k such that G admits a rainbow k-coloring. Consequently,
rvc(G) = x(G), where y(G) is the chromatic number of G.

Observation 1.3: [3] For any connected graph G that is not trivial, it holds that
rvc(G) = max{y(G),diam(G)}.

Remark 1.4: [3] For a connected graph G, it holds that rvac(G) = rvc(G).

There is some results depents rainbow vertex anti-magic coloring for tree
graphs [4], and Shell Related Graphs [5]. Agustin et al [6] studied the
application to the encryption keystream construction using rainbow vertex anti-
magic coloring.

2. Result and Discussion

In this section, we determine the rainbow vertex antimagic coloring of
some families graphs namely dutch windmill, diamond graph, octopus graph,
and amalgamation graph.

Lemma 2.1: Forn > 3,rvc(D3) = 3.
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Proof: Let D;; be a dutch windmill graph with V(D7) = {a} U\{x;;; 1 < i <
n,1<j< 3} and E(Dj)={ax;;,1< i< n}u{ax;s1<i<nju
{x;jx;j+1,1 < i< n,1< j< 2}. The vertex set and edge set of D7 have
cardinalities 3n + 1 and 3n, respectively. The diameter of D3 is 4. A vertex
coloring ¢: V(D3 ) — {1, 2,3} is defined as follows:
c(xi1) = c(xiz) = 1; c(a) = 2; c(x;3) =3

Every path is rainbow vertex connected with 3-coloring, In such a way that
the maximum value of the rainbow vertex connection number of D3 is
rvc(D3) < 3. Based on Observation 1.1 that 7vc(D3 ) = diam(D3)—1 =

4 —1 = 3. Thus, rvc(D3 ) = 3. An example of rainbow vertex coloring for the
Dutch windmill graph is shown in Figure 1.

Figure 1
The illustration rainbow vertex coloring of D3

Lemma 2.2: Forn = 2,rvc(D,) = 1

Proof: Let D,, be a diamond graph with V(D,)) = {p} U {q}U {x; 1< i <
njU {y; 1< i< n} and ED,) ={pqlV {px;;1< i< n}uU {gx;,1<
i< n}u {py;,1< i< n}uU {qy;,1 < i < n}. The cardinality of the vertex
set and edge set of D,,, respectively are 2n + 2 and 4n + 1. The diameter of D,,
is 2. Define a vertex coloring c: V(D,,) = {1} as follows:

cp)=cl@=ctx)=cly) =1
Every path is rainbow vertex connected with this coloring, such that the
upper bound of rainbow vertex connection number of D, is rvc(D,) < 1. Based
on Observation 1.1 that rvc(D,) = diam(D,) —1=2—-1=1. Thus
rvc(D,) = 1.

Lemma 2.3: Forn = 3,7vc(0,) = 1
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Proof: Let 0, be a octopus graph with V(0,) ={a}U{x; 1< i< n}u
{yvy1<j<n} and E0,) = {ax; 1< i< ntU {xx;4; 1< i< n—
1}u {yj, 1<j< n}. The cardinality of the vertex set and vertex set of O,,.

respectively are 2n + 1 and 2n. The diamter of O, is 2. Define a vertex coloring
c:V(0,) = {1} as follows:
cl@=clx)=clyp=1
Every path is rainbow vertex connected with this coloring, such that the
upper bound of rainbow vertex connection number of 0, is rvc(0,,) < 1. Based

on Observation 1.1 that rvc(0,) = diam(0,) —1=2—-1=1. Thus
rvc(0,) = 1.

Lemma 2.4: Form = 3 and n = 3,rvc(Amal(Tb,,, v,n)) = 1.

Proof: Let Amal(Th,,,v,n) be a vertex amalgamation product of triangular
book with vertex set V(Amal(Tbm, v, n)) ={z}u {x;1< i< n}lu
{yi;1< i<n\&l<j<m} and edge set E(Amal(Tbm,v,n)) =
{zxg1<i<njufzy;1<i<nl<j<m}u{xgy;1<i<
n,1< j< m} So, we get |V(Amal(Th,,v,n))| =nm +n + 1 and
|E(Amal(Th,,,v,n))| = 2nm + n. The diameter of Amal(Tb,,,v,n) is 2.
Define a vertex coloring c: V(Amal(Th,,, v,n)) - {1} as follows:

c(z) = c(xa) = cWap) = 1
Every path is rainbow vertex connected with this coloring, such that the
upper bound of rainbow vertex connection number of Amal(Th,,,v,n) is
rvc(Amal(Th,,,v,n)) < 1. Based on Observation 1.1 that rvc(Amal
(Thy,v,n)) = diam(Amal(Tbm,v,n)) —1=2-1=1. Thusrvc(Amal
(Th,,, v,n)) = 1.The illustration Rainbow Vertex Coloring of Amal(Ths,v,4)
can see in Figure 2.

1 : 1
1
Figure 2
The Illustration Rainbow Vertex Coloring of Amal(Ths, v, 4)
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Furthermore, we determine the rainbow vertex anti-magic coloring of
Dutch windmill graph D2, diamond graph D,, Octopus graph O,, and Vertex
amalgamation product of triangular book with vertex Amal(Tb,,, v, n).

Theorem 2.5: Forn = 3, rvac(D3) = 4.

Proof: Let D; be a dutch windmill graph with V(D) = {a}U{x;;; 1< i <
n,1< <3} and EDZ) = {ax;;, 1 < i < n}u {axzl<i<n}u
{xijXij+1,1< i< n 1< j< 2} The cardinality of the vertex set and edge
set of D2, respectively are 3n + 1 and 4n. To prove rvac(D3) = 4, we prove
that rvac(D2 ) = 4 and rvac(D3) < 4. First, it will be proved that rvac = 4.
Based on Lemma 2.1 and Remark 1.4 we can see that rvac(D3) > 3.1fin D3
graph, there are 3 vertex rainbow connection numbers, then the same internal
vertex weights are obtained at x;; and x;3; such that the vertex rainbow
connection number is rvac(D3) = 4.
Furthermore, it will be proved that rvac (D3) < 4. To prove rvac(D3) <
4, by defining the label edge f: E(D3) - {1,2,3,...,4n} as follows.
f(xillxi_z) = i, forl1<i<n
f(xilzxi_3) =2n—i+1,forl1<i<n
f(xi_la)=3n—i+1, forl<i<n
f(x{i‘3}a) =3n+iforl<i<n
Based on the edge label function above, the vertex weights are obtained as
follows:
w(a) = 6n*+n
w(x,;) = 3n+1
w(xy;) = 2n+1
w(xs; = Sn+1
Based on the edge label function and vertex weights obtained, x —y
rainbow vertex of D3 on Table 1 as follows.

Table 1
The rainbow vertex x —y of D3

Case Vertex 1 Vertex 2 Rainbow Vertex
1 X1, X3, Xa,i
2 X2, X2, Xy,i, @) X3,
3 X1 X1 a
4 X3 X3 a
5 X1 X3 a

From the weight function above, we can see that the dutch windmill graph
has 4 colors, so the rainbow vertex connection number is rvac (D3) < 4.
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Therefore, it can be concluded that rvac(D2) = 4. The illustration rainbow
vertex anti-magic coloring of D3 can be seen in Figure 3.

Figure 3
The illustration rainbow vertex anti-magic coloring of D3

Theorem 2.6: For every integer n even andn = 2,rvac(D,) = 2.

Proof: Let D, be a diamond graph with V(D) = {p} VU {q}U {x; 1< i <
njU{y; 1< i<n} and EWD,) ={pq}V {px,1< i< n}u{gx;,1=<
i< niU {py;,1< i< n}uU {qy;,1< i< n} The cardinality of the vertex
set and edge set of D,, respectively are 2n+ 2 and 4n+ 1. To prove
rvac(D,) = 2, we prove that rvac(D,) < 2and rvac(D,) = 2. Based on
Lemma 2.2 and Remark 1.4, we can see that rvac (D,) = 1. In addition, the
degrees of the vertices x,y and p, q are different, where x =y and p = q. so
that the vertex weights obtained are different. Hence, the vertex rainbow
connection number is rvac(D,) = 2.

Next, it will be proved that rvac(D,) < 2. To prove rvac(D,) < 2, by
defining the label edge:

Fow = an 1
) = {4 i1 iz omed2)
Faxo={" T L g med )
Fom) = {3"; R ARR o
) ={s e F iz ot
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Based on the edge label function above, the vertex weights are obtained as
follows:

wp)=w(q) = 4n*+5n+1
w(x;) =w(;) =4n+1
Based on the edge label function and vertex weights obtained, x —y

rainbow vertex on D,, where x is vertex 1 and y is vertex 2, on Table 2 as
follows.

Table 2
The rainbow vertex x —y of D,,
Case Vertex 1 Vertex 2 Rainbow Vertex
1 X; X p
2 Xi Vi p
3 Xi Vi p
4 p q X

From the weight function above, we can see that the diamond graph has 2
colors, so the rainbow vertex connection number is rvac (D,,) < 2. Therefore,
it can be concluded that rvac(D,,) = 2. The illustration rainbow vertex anti-
magic coloring of Dy can be seen in Figure 4.

Figure 4
The illustration rainbow vertex anti-magic coloring of D¢

Theorem 2.7: For every integer n = 3, rvac(0,) = n+1, forn> 3.

Proof: Let 0, be an octopus graph with V(0,) ={a}U{x; 1< i< n}u
{y; 1<i<n} and E(0,) = fax; 1< i< n}uU {xx,; 1< i< n—
1} U {y;,1 < i £ n}. The cardinality of the vertex set and edge set of O,,
respectively are 2n + 1 and 3n — 1. The weight of the vertex on x; is equal to a
portion of the weight of the vertex on y;, the vertex a has degree of much greater
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than the others, it must have a different vertex weight than the others. Besides,
the vertex y; has 1 degree, so each vertex in y; with 1< i< n-—1, has a
different weight. So we get the lower bound rvac(0,) = n + 1.

Next, we will prove the upper bound. This proof divided into two cases to
show the upper bound as follows:

Case 1: For O,,n = 1(mod 2)

=, ifi=0(mod?2)
f(xixipq) = nii L
- if i =1 (mod 2)
2n —1, ifi=n
f(“"i)z{Zn—i—L if1£i5n—1
f)=2n+i-1
From the edges label above, the vertex weights are obtained as follows:
5n-—3
2
w(a) =4n? —n
wy)=2n+i-1

w(x;) =

Fori = nT_l , it gives the vertex weight w(y;) = 5112—_3 The next step is to

see that the vertex weights induce rainbow vertex anti-magic coloring on the
graph O,. The sets w(y;) = {2n,2n+ 1,2n+ 2,...,3n — 1} and in w(a) there
is one vertex weight which must be different, thus the number of distinct colors
of w(a) U w(y;) is n + 1. To determine the number of vertex weight based on
the set of vertex weight, an arithmetic sequence formula is used. The following
is a solution to the arithmetic formula.

u, = a+(-1>b
3n—-1=2n+(z-11
3n—1=2n+z-1
3n =2n+z
z=n
For z = n summed with w(y;) gives n + 1. It shows the vertex weight

induces a rainbow vertex anti-magic coloring of n+ 1 colors. Therefore
rvac(0,) < n+ 1.

Case 2: For O,,n = 0(mod 2)
S, ifi=0(mod2)
fxixipr) = nti-1 ...
— if i =1 (mod 2)

2n —1, ifi=n
f(axi)‘{zn—i—L ifl<i<n-1
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fO)=2n+i-1
From the edges label above, the vertex weights are obtained as follows:
3n— 2, ifi=n
w(x;) ={5n
>
w(a) = 4n?> —n
wy,))=2n+i-1
The next step is to see that the vertex weights induce rainbow anti-magic
coloring on the graph 0,, The sets w(y;) = {2n,2n+ 1,2n+ 2,...,3n — 1} and
in w(a) there is one vertex weight which must be different, thus the number of
distinct colors of w(a) U w(y;) is n+ 1. To determine the number of vertex
weight based on the set of vertex weight, an
u, = a+(z-1>b
3n—-1=2n+(z-11

2, ifl<isn-1

3n—-1=2n+z-1
3n=2n+z
zZ=n

For z =n summed with w(y;) gives n + 1. It shows the vertex weight
induces a rainbow vertex anti-magic coloring of n+ 1 colors. Therefore
rvac(0,) < n+ 1.

Based on that, it is easy to see that the different weight is n + 1. Based on
the edge label function and vertex weights obtained, x — y rainbow vertex on
0,,, where x is vertex 1 and y is vertex 2, on Table 3 as follows.

Table 3
The rainbow vertex x —y of 0,,
Case Vertex 1 Vertex 2 Rainbow Vertex
1 X; a X, a
2 X Vi X, 4, Y;
3 X; X Xp XXl S k<]
4 Vi Vi X1

From the weight function above, we can see that the Octopus graph has
n + 1 colors. Therefore, it can be concluded that rvac(0,) = n + 1.

Theorem 2.8: For m,n = 3, rvac(Amal(Tb,,,v,n)) = 3.

Proof: Let Amal(Th,,,v,n) be a vertex amalgamation product of triangular
book with vertex set V (Amal(Th,,v,n))= {z}U {x;; 1< i< n}u
{yijj 1< i<nand1< j< m} and edge set E(Amal(Tbh,,, v,n)) =
{zxp1<i<njufzy;1<i<nl<j<m}u{xgy;1<i<
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n,1< j< m}. So, we get |V(Amal(Thy,v,n))| =nm +n + 1 and
|E(Amal(Th,,,v,n))| = 2nm + n. Based on Lemma 2.4, we have
rvac(Amal(Tb,,, v,n) = 1. Since the vertex z has degree of much greater than
the others, it must have a different vertex weight than the others. Besides, There
are more degrees on vertex x; than on vertex y; ;, so w(x;) # w(y; ;). So, we
get the lower bound rvac(Amal(Th,,, v,n) = 3.
To show the upper bound of the rainbow vertex anti-magic connection
number Amal(Tb,,, v,n), we construct the bijective function of edge labels:
_mj+i—n, ifi=1(mod?2)
f(zyis) = {nj —i+1, ifi=0(mod?2)
_(Znm+n—-i—nj+1, ifi=1(mod?2)
f(xiyi'j)_{ 2nm —nj + i, if i =0 (mod 2)
f(zx;) = 2nm +1
From the edge labels, we have the vertex weight as follows.

n
w(z) =§(nm2+4nm+m+n+1)

3nm? +4nm+n+m+1

2
w(y) = 2nm+1

w(x;) =

From the vertex weight above, it is easy to see that the differen weight is 3.
Based on the edge label function and vertex weights obtained, x — y rainbow
vertex on Amal(Tbh,,, v,n), where x is vertex 1 and y is vertex 2, on Table 4.

Table 4
The rainbow vertex x —y of Amal(Th,,, v,n)
Case Vertex 1 Vertex 2 Rainbow Vertex

1 Xi X;j Xi) Z, Xj

2 X Yij Xi Vi

3 7 X; Z,X;

4 z Vij Z,¥ij

5 Yij Yij Yij» % Yij

Based on the proof above, we get that rvac (Amal(Tbm, v, n)) < 3 and
rvac(Amal(Tbm, v, n)) >3, then it can be concluded that
rvac(Amal(Th,,,v,n)) = 3. The illustration rainbow vertex anti-magic
coloring of Amal(T b3, v, 4) can see in Figure 5.
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Figure S
The illustration rainbow vertex anti-magic coloring of Amal(Th3,v,4)

3. Conclusion

We get the exact values of rainbow vertex anti-magic connection number
from several graphs, including the dutch windmill graph, diamond graph,
octopus graph, and vertex amalgamation product of star with vertex. We propose
the following open problems.

a. Determine the exact values of rainbow vertex anti-magic connection
number of some graph family

b. Determine the exact values of rainbow vertex anti-magic connection
number of several graph operations, including comb, amalgamation, and
corona.
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