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1. Introduction

A linear code C of length n over a finite ring R is just a submodule of
R". A pair of linear codes (C,D) of the same length is called a linear
complementary pair (LCP) if they meet trivially, i.e. CnD = {0}, and they
cover all the space C+D = R". LCP of codes over finite fields have been
of interest and extensively explored because of their algebraic structure
and wide applications in cryptography. Carlet et al. [4] showed that LCP
of codes can be used to improve the security of data processed by sensitive
devices, particularly against so-called side-channel assaults and fault
injection attacks. In particular, the case one of the codes is the dual of the
other one C* =D, is called linear complementary dual (LCD) code that was
introduced by Massey [14] and it has been extensively studied (see for
example [1] and the references within). Recently, it has been shown that
every linear code over a finite field of size greater than 3 is equivalent to
an LCD code [6].

Group codes are an extension of the concept of cyclic codes and they
can be seen as ideals in the group ring RG, where R is a finite ring and
G a finite group. From the very begining there were stated conditions for
linear and cyclic codes over a field to be LCD [14, 17] and it was extended
to group codes over finite fields in [7]. In [5], the authors proved that for
linear complementary pairs (C,D), the codes C and D" (the dual od D)
are equivalent if and are both cyclic or 2D-cyclic codes, and to n-cyclic in
[10], both papers worked their results under the assumption that the
characteristic of the field does not divide the length, i.e. they where
semisimple. This result was extended to any LCP of group codes over a
finite field (despite its characteristic) in [2]. The result was further
generalized for finite chain rings in [9] and recently to commutative
Frobenius rings in [12]. In this paper, we will cover the final gap till non-
commutative Frobenius rings that constitute the more general type of
alphabet for coding theory [16]. Despite we cover the same type of rings
that [12] in the non-commutative case, our techniques differ from that
ones and they mostly rely on the decomposition of modules and
idempotents.

Finally we will pay attention to chekeable codes in RG. If we are
dealing with G an abelian code, one important feature of semisimple codes
over fields or rings is that all of them can be generated by a single codeword,
i.e., they can be regarded as principal ideals. This property is not generally
true in the modular case, and it partly explains the reason why those codes
are more difficult to describe. However, that of all the ideals in are principal
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is not equivalent to the semisimple condition, see for example [13] and the
references therein for a polynomial description of Abelian codes over
finite chain rings and finite fields. In this paper we will deal with checkable
codes in RG, thatis, ideals in RG whose anhihilator is a principal right
ideal, see [3] for a study of checkable group codes over finite fields.

The outline of the paper will be as follows. Section 2 will show some
preliminaries on non-commutative Frobenius rings and modules over
them. For a given group ring RG, where G is a finite group and R anon-
commutative Frobenius ring, Section 3 will show its idempotents and the
related decomposition of a R -module in RG. Sections 4 & 5 study when
a group code is LCP in the case of the base ring being a a non-commutative
finite local ring or a non-commutative finite Frobenius ring respectively.
Finally, in Section 6, we deal with checkable codes in RG.

2. Preliminaries

Throughout this paper, R will denote a finite Frobenius ring with
identity 1,. Furthermore, unless mentioned otherwise, we assume our
rings to be non-commutative. In this section we will provide a brief
overview to some results concerning modules over R (for a more detailed
study see for example [8]) and some definitions and notations related to
group codes.

A right R -module A is called free R -module if A is isomorphic to
R' asa R -module, where t>1.

Definition 2.1 (Projective & injective modules)

(1) Aright R -module P is called projective if there exists another right
R -module Q such that P®Q is free R -module.

(2) Aright R -module I is said to be injective if for any monomorphism
g:A—>B of right R -modules and any 7R -homomorphism
h:A—1I, there exists an R -homomorphism h':B—1I such that
h=h'og.

The following results can be also found in [8].

Theorem 2.1

(1) (Baer’s criterion) A right ‘R -module I is injective if and only if, for any
right ideal 7 of R, any R -homomorphism y:Z — I extendsto R — I,
that is, v = c- is the multiplication by an element c € 1.
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(2) P= éR is projective 'R -module if and only if P, is projective R module
i=1
foreach ief1,2,...,n}.

Q) I= (-:)IZ, is injective R -module if and only if each 1, is injective R module

i=1

foreach ie{1,2,...,n}.

A finite ring R is said to be Frobenius if R forms a self-injective
right R -module (left R -module). Alternatively, for a given finite ring R

is said to be Frobenius if right R -module % is isomorphic to Soc(R) as

a right R -module, where J(R) denotes the intersection of all maximal
idealsin R and Soc(R) the socle of R, which is the sum of all irreducible
ideals in R (for more details see [11]).

Theorem 2.2: The following statements are equivalent:
(1) R is Frobenius,

A nonempty subset C = R" is called a left (right) linear code of length
nover R ifitisan left (right) R -submodule of R". In this paper all codes
are assumed to be linear. We will denote by G a finite group and by RG
the collection of formal sums {¥. ag:ge G, a, € R}, with the
componentwise addition and the product givenby a-b = ab = ¥, (Xjen
a,b, lgh)g, for a=% . cag and b=%.;bg Under this operations,
(RG,+,) becomes an R -module with the elements of G as a basis and
therefore we can think the ideals in RG as codes in R'“. That is, a right
(left) group code Cin RG is aright (left) ideal in RG, which is indeed an
R -linear code if we see an element a=3 a,g as (ag)géG e R for a
given ordering on the elements in G. Throughout this paper, by a group
code C, we will always mean a right ideal unless other thing is stated. For
an element a=Y,; € RG, the adjoint of a is defined as a=% ugg’l,
and it is called self-adjoint if 2 =4. We will denote by Z(RG) the center of
RG.
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The group ring RG has a symmetric non-degenerate G -invariant
bilinear form (,) defined for the elemnets in G as

1 ifg=h,
<gm={ n8

0 otherwise’

that can be straightfoward extended to RG. Note that the G-invariant
means {ag,bg) = (a,b) for all 4,b in RG and g in G. The above form
relates to the Euclidean inner product via the isomorphism RG and R"“.
With respect to this form, we can define the dual code C* of a group code
Casusual C" = {aeRG |{a,c) =0 forall ceC).

As usual, if C; and C, are two codes in RG, then (C1+Cl)L =
C;NnC; and C; +C, = (C,nC,)". It is also well known that if C be a
group code in RG, then |C| |C"| = | RG] (it follows from J. Wood’s result
in [16], since RG is a finite Frobenius ring).

Let C and D be two linear codes of length n over R, we say that the
pair (C,D) is a linear complementary pair (LCP) if C®D = R".
Analogously, a pair of codes (C,D) in RG, is called an LCP group code if
Ce®D=RG.

3. Idempotents and the decomposition of RG -modules

In this section we will review some results related to the relationship
between the idempotents of the ring RG and the decomposition of right
RG -submodules. The results are in correspondence with those in [7]
where the finite field case was studied.

Let M be a right RG -submodule in RG, then the dual module M is
denoted by M* and defined by M* = {f|f: M—> R is an R module
homomorphism}. M* is an RG -right submodule under the action

(fR)(m)= f(mg " YymeM, fe M",geG,
and clearly, |[M|=|M"|.
Lemma 3.1: If e is an idempotent element in RG, then eRG =eRG".

Proof: Consider the mapping ¢ :eRG — eRG" by ér> ¢, , with

. (es)= {es,esy, wherer,s € RG.
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It is clear that ¢ is well define and that ¢ is group homomorphism
under addition, as ¢(ér+és) = g(er) + @(és), for all r,s € RG. Next, for
any 6 e RG and ér in RG, we have to prove that @(ér@) = ¢(er)f. Since

0.0(63) _ (es,6r0) — (esb, ér) — @, (esd) _ (@, 0)(es).

we have that @(ér) = @(ér)0, where 6 € RG. Thus, it follows that ¢ is a
right RG -module homomorphism. Note that the kernel of ¢ is given by

ker(p) = {ér|p(er) =0},
={er| g, (es)=0,foralls € RG},
={er|{es,er) =0, forall s e RG} =1{0}.

Therefore, ¢ is a monomorphism. Since |eRG| = [eRG| = |eRG"|, it
follows that ¢ is onto. Thus, ¢ is a left RG -module isomorphism.

Theorem 3.1: Let RG be a finite group ring with 1,.. Then there is a one-one
correspondence between the following statements:

(1) There is a decomposition RG =1, ®---@I_ as a direct sum of right RG
-submodules,

(2) there exist orthogonal idempotents e, ..., e_such that e, + --- +e =1,_.

Proof: Let us assume that RG = I, ®1,® --- ®I . Since 1. in RG, we

have that 1, =37,x,, where x, €I, forall 1<i<s. Thus

x,=1-x, —}Z‘ix]xZ

2 s
X, —X, —j(g_lxjxi el N +...+I  +I  +...+1),

and x,—x? =0 forall 1<i<s and xx;=0 forall i=j asrequired.
Conversely, given a set of orthogonal idempotents {e,}, let us define

I, =e/RG whichisaright submodule of RG. Since Ze =1,.,
RG =1, +1, +---+ 1. Therefore, RG = @e RG, as e, is an orthogonal

i=1

this implies

idempotent element in RG.

Theorem 3.2: Let RG be a group ring with identity 1, . and e an idempotent in
RG. Then eRG is indecomposable if and only if e is primitive.
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Proof: Let us assume e¢RG is indecomposable, therefore , let e=¢, +e,,
where the e, are orthogonal idempotent elements. First, let x ee, RG N
e, RG, this implies

p— 2 —_— —_—
x=er =ee,r, =0, forsome r,r, e RG.

It follows that e RGNRG={0}, clearly (e, +e,) RG < e RG @
e, RG.

2
Let es, + e,5, € e RG ® e,RG for some s,,5, € RG. Now,

(e, +e,)(es, +e,s,) (e, +e,)RG.
Hence, eRG = (e, +¢,)RG=¢,RGCDe,RG.

Conversely, if eRG=1+], express e=x+1y, where xel and ye].
Since I c ¢RG, then x =er,, for some r, € RG. Therefore,

—_— 2 —_ —_—
ex=erm =ern=\Xx.

It follows that x=ex = x* +yx, ie., x—x’> = yxeln]J, that means
x=x and yx=0. Similarly, y =y and xy =0, which is a contradiction.

Theorem 3.3: If RG is a finite module with identity 1
written as direct sum of indecomposable submodules.

then RG can be

RG”

Proof: 1t follows directly from the contradiction between an ascending
chain of decompositions and the fact that RG is finite.

4. LCP group codes over finite non-commutative local rings

In this section, we will assume that R is a finite non-commutative
local ring, thatis, whenever x,y € R arenon-unit,sois x+y. Let m = J(R)
the Jacobson radical of R, it is well known that it is the set of non-units
(since in an artinian local ring, every element is either unit or nilpotent).
By Wedderburn’s little theorem every finite domain is a field, thus we will
denote by F, =R /m its residue field. There is a natural homomorphism
from R onto ]Fq, ie, T R>R / m=]Fq, r=> n(r) = r+m, forany r in
R.

This natural homomorphism from R onto F, can be extended
naturally to a homomorphism from R" onto F'. It is clear that this map
is a surjective ring homomorphism. Note that 7 maps a linear codes over
R toalinear code over F,.
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Theorem 4.1: If C and D are two right ideal (or right RG -submodule) in RG.
Then the followings are equivalent

(1) the pair (C,D) is LCP in RG;

(2) C=eRG and D=(1-¢e)RG, where, e=e* € RG.

Proof: First, suppose that (1) holds.Let C+D = RG with CnD = {0} and
write 1=c+d with ceC and deD. It follows that c=c* — dc = ¢* —cd.
Hence ¢—c¢* = cd = dc e CnD, thus ¢=c¢? and cd =dc =0. Furthermore,
if we set e=c¢, then eRGcC, (1-¢) RGc D and, since C®D = RG =
eRG @ (1-e)RG, we have that C=¢RG and D=(1-¢)RG with e=¢".

Conversely, if we suppose that (2) holds, then C=e¢RG and
D=(1-¢)RG with e=e* € RG. Since ¢ is an idempotent, we have RG =
eRG @ (1-e) RG. Therefore, we get the desired result.

Lemma 4.1: (See [15]). If I is an two-sided ideal in the ring R and G is a finite
group, then %2 =G,

Lemma 4.2: If e is an idempotent element in F.G, then there exist an element ¢’
in RG such that m(e')=e.

Proof: Since m = J(R) is a two-sided ideal in R, then by Lemma 4.1, we
get
RG R

—=_—_CG= IE‘G
mG m

and R¢ = %G, where 1<i<f, and m’ =0 but m’™ #0 (note that in an

artinian ring, the Jacoson radical is nilpotent).

We will prove the result by induction. Let us define idempotent e, € RO

as follows
(1) If i=1, we set e, =¢, then this lemma holds
(2 If i>1, lete,_,

be an element in £¢ with its image ¢, , in %
Then it is easy to verify that h—h* isin ™ ©. Hence, (h—h*)* =

Now, we set e, =(3h* — 2i°). Thus e’ —ei = (3h* -2h%) (3h* - 2K® —
1) = (2h—3) (1+2h) (h—h*)* = 0. and hhis lemma holds for all i. Since

m/ =0, so e’=ef.
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Theorem 4.2: If C and D are two group codes in RG and n(C) = eFG,
D= (1—e)IFqG with e=e”, then there exist an element e’ such that C=e'RG,
D = (1-¢') RG with e =¢' and r(e')=e.

Proof: Since e is an idempotent element in ]FqG with 7(C) = e]FqG, (D)
= (l—e)IE‘qG, the pair (7(C), n(D)) is an LCP in FqG. Now from Lemma
4.2, we there exists ¢’ such that 7(e') =e. In particular, take C=¢"RG and
D=(1-¢)RG.

Theorem 4.3: If C and D are two group codes over RG, then the pair (C,D) is
a LCP in RG if and only if (x(C), n(D)) is a LCP in ]FqG.

Proof: Let us assume that the pair (C,D) is LCP in RG, by the Theorem
4.1, there exist a idempotent ¢ in RG such that C=¢RG, D = (1-¢)RG.
Since 7 is a surjective homomorphism from RG to F.G, then we obtain
that

n(C)= n(e)IE‘qG, n(D)=(1- n(e))IE‘qG.

Whence, the pair (7(C),7(D)) is a LCP in ]FqG.

Conversely, let us suppose that (7(C), (D)) is a LCP in IE"qG. Then
there exists an idempotent ¢ in IFqG such that 7(C) = eIFqG and n(D) =
(1-¢)F,G. Then by Theorem 4.2, there is ¢’ in RG such that C=¢RG
and D = (1-¢') RG with e” =¢'. Hence the pair (C,D) is a LCP in RG.

Lemma 4.3: If C=eRG with e=e®, then the dual of C is given by C* =
(1-e)RG.

Proof: 1t is easily seen that ¢* =¢ and also (ab,c) = (b,éc), forall a,b,c in
RG. Forany xin (1-8)RG, then x=(1-¢€)f, for some fin RG. Therefore,
(ea,x)y = {ea, (1-¢) f) = (a,e (1-¢) fy =0, for all ea in C. Hence (1-¢)
RG c C*. Taking into account that C=¢RG and eRG = éRG we have

IRG| |eRG| |[(1-e)RG|

IC" | =
IC| ICI

=|(1-¢)RG|=[(1-&)RG]|

Thus, we obtain the desired result.

Theorem 4.4: If e Z(RG) with e=¢”, then C=eRG and D" =éRG are
permutation equivalent.
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Proof: Note that (C,D) is an LCP group code in RG with C=¢RG and
D=(1-¢)RG, aseisidempotent. By Lemma 4.3 we know that D* =¢é¢RG.
Thus for the group code C, C is given by

A

C={3eRG:VaecC=eRG)={eBecRG:V el cC=eRG)
— (0o eRG:VeBeC=eRG) < (06 e RG:V 0 eRG)
10 RG:VOeRG) =D,

where (*) holds because RGEIE(\E and (**) holds because ee Z(RG).
This completes the proof.

5. LCP group codes over finite non-commutative Frobenius rings

In this section, we will denote R as a finite non-commutative ring
with identity 1.

Theorem 5.1: Let C and D be two group codes in RG. Then the pair (C,D)
forms an LCP of group codes in RG ifand only if C=@®}, e RG and D=&""

i=1 i i=u+1

eRG with YiVe, =1, ¢ =e, forall 1<i<u+v and ee, =0 forall i#].

Proof: Let us assume that the pair (C,D) is an LCP group code in RG.
Hence C®D = RG, soCand D both are projective. By Theorem 3.3, C can
be written as the direct sum of indecomposable ideals, i.e., C= é I., where
i=1
I, =a/RG forall 1<i<u. Since Cisprojectiveand RG is Frobenius, thenby
Theorem 2.2 we obtain that I, =a,/RG is injective. Now, consider y : 4, RG
— I, given by y(a;r) = a,r. By Baer’s criterion in Theorem 2.1 we have
that y =m-, where mel,, thatis m=ab with be RG, and henceforth g4,
= y(a,) = ma, = aba, and a RG = ¢,RG where eiz = e, = ab. Hence a, is
idempotent element. Therefore, it follows from the Theorem 3.2 that 4, is
primitive. Whence, C= e”r)aiRG, where 4, is primitive idempotent for all
i=1
1<i<u.

Similarly, D = é b/RG, where b, is primitive idempotent for all 1<i<u.
j=1

Since C®D =RG, then

(éainc)@(é b}.RGJ = RG.
i=1 j=1
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Then by Theorem 3.1, we get set of idempotents e, ..., e , e

u’/ Tu+l’

e  suchthat C= @e RG and D= @eRG with Ze =1 with e =e, for

u+v
i=1 i=u+1

all 1<i<u+v and ee; =0 forall i#j.

Conversely, let C= @e RG and D= @)]e RG with Ze =1 with
e’ =e, for all ISlSu—I-v and ee; =0 forlezll i# j. Therefore, C+D =
RG, as Igeizl and CnD = RG as el.e/:O and ef=el.. Whence, the

pair (C,D) forms an LCP group code in RG.

Theorem 5.2: Let C and D be two group codes in RG. Then the pair (C,D)
forms an LCP group code in ‘RG if and only if C=eRG and D=(1-e)RG
with ¢* =e e RG.

Proof: In Theorem 5.1, we set e=Y . e,. It is easily verified that ¢’ =e and
we get our required result.

Theorem 5.3: If C= éeiRG with Lfei =1, e’=e, forall 1<i<u+v and
i=1 i=1
ee, =0 forall i# j, then the dual of C, ie., C* = @ ¢ RG.
i=u+l
Proof: The dual of C, i.e.,

M)

CL=(éei7€G) (eRG) N(1-¢)RG

(%)
=(1- Ze )RG = @ eRG

i=u+1

where (*) follows from Lemma 4.3, (**) holds because ee, = 0 and (**x*)

because Ze =1. Thus, we get C* = @ ¢, RG.

i=1 i=u+1
Theorem 5.4: If e, € Z(RG) with lfei =1, e’=e, forall 1<i <u+v and
i=1
ee; =0 forall i=j, then C=éeiRG and D* =(:9eAZ, RG are permutation
i=1 i=1

equivalent.
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Proof: For given group code C, C is defined as follows (note that ~

is homomorphism under addition and an antisomorphism and that
e, € Z(RG))

éz{@:ceCzéeiRG}z{ieifi :ieifi ERG}
i=1 i=1 i=1

={ze7  f eRG}={i22:ﬂ eRG}={zéf f eRG}
i=1 i=1 i=1
=D,

which completes the proof.

6. Checkable codes

In this section, we will characterize checkable codes in RG for a
finite group G over a finite Frobenius ring R. Let I be arightideal in RG,
theleftannihilator of I isdefinedby Ann/(I) = {reRG | r-a = 0Vael}.
Let ] be a left ideal in RG, the right annihilator of | is defined by Ann (])
= {seRG | a-s = 0Vae]}. The following result follows from [11, 16].

Proposition 6.1: For a group ring RG over Frobenius ring R, then
(@) Ann (a)=Ann (RGa) for any a in RG.
(b) Ann, (a)= Ann (aRG) for any a in RG.
(c) I=Ann (Ann (I)) for any leftideal I in RG.
(d) J=Ann (Ann (J)) for any right ideal | in RG.
(e) [I||Ann (I)|=RG, for aleftideal I in RG.
() 1JI |Ann,(])|=RG, for arightideal | in RG.

Definition 6.1 (Checkable codes):

(a) Arightideallin RG is called checkable if there exists an element u
in RG suchthat I={a | ae RG, ua=0} = Ann (1) = Ann_(RGu).

(b) A group algebra RG is called code-checkable if all right ideals of
RG are checkable.

Theorem 6.1: In RG aright (resp. left) ideal I is checkable if and only if Ann,(I)
(resp. Ann (1)) is a principal left (resp. right) ideal.
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Lemma 6.1: If C is a right (resp. left) ideal in RG, then C* =A/nn_l(\C)
(resp.C* = Ann (C)).

Proof: Let us assume C is a right ideal in RG. For any element a e

Ann (C), this implies @ € Ann (C), and dcg=0 for all ceC and geG.
Then we obtain that (a,c)=0 for all ceC, hence aeC". Therefore,
Ann (C))cC".

RG
|G|=%=|Aml<cn

which completes the proof.

Theorem 6.2: If C is a right ideal (or right RG -submodule) in RG. Then the
following statements are equivalent

(1) C is checkable;
(2) C* isa principal right ideal.

Proof: Let us assume C is checkable, thus by Theorem 6.1, Ann (C) is a
principal left ideal in RG, i.e., Ann (C) = RGu, for some u e RG. Then,
applying Lemma 6.1, we have that C* = Ann,(C) = RGu = 0IRG, hence
we get the desired result.
Note that for checkable code C, we have C* = RG / vRG, for some
u € RG. Since, by applying consequence of Theorem 6.2,i.e., C* = RG /C*.
For a finite group G and a finite Frobenius ring R, we recall that the
group ring RG can be written as RG = (Jsa e/RG, where ¢RG is a
. i=1
indecomposable submodule in RG, Zei =1, el.2 =e, forall i=1,...,s and
i=1
ee; =0 forall i=j. Further, if ¢, are primitive idempotents in the centre
of RG, then ¢ RG are both side indecomposable submodule of RG.
If C is a group code in RG, then

7

C=Ye RG, 6.1)
”:0

where 0<t<s. Therefore, C= i e, RG, if and only if C = Ann_(RG(1-

i=0 '/
1/0

Zt:e,. ) = Ann_(RG Z’)ei ), where Zt‘,ei +3 e, =1, and from Proposition
i=0 1 i=0 ¥ .

i=0 7 i,=0

6.1(a) it follows that C= Ann (¥; _, e, )-
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Proposition 6.2: Let C is a group code in RG, and C= Zt:ei RG its

i=0
1,0

t r
decomposition as in Equation 6.1 where Y e + > e =1. Then C is a
i=0 =0 *

checkable code if and only if C = (T]Annr(RGel_ ).
S A

L=

Proof: It follows from the above reasonig and the well known fact that

Annr(iel. )= hAnn,(el. )= rr]Ann,(RGel. ).
i, =0 k k ,'k:o 3

i=0
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