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Abstract
In this paper, we introduce the concept of gr-S-2A-PS as a generalization of gr-2A-PS. 

Some properties of this class and their homogeneous components are investigated.
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1.  Introduction

In this article, we assume that   is a commutative ℑ -graded ring 
with identity and   is a unitary graded  -Module. Also, ( )S h⊆   will 
denote a multiplicatively closed subset of .

S.E. Atani in [1] extended graded prime ideals to graded prime 
submodules. The notion of graded 2-absorbing ideals as a generalization 
of graded prime ideals was introduced and studied in [2]. K. Al-Zoubi and 
R. Abu-Dawwas in [3] extended graded 2-absorbing ideals to graded 
2-absorbing submodules. The notion of graded primary ideals of a 
comutative graded rings was introduced and studied by Refai and K. Al-
Zoubi in [4]. In [5], K. Al-Zoubi and N. sharafat introduced the concept of 

*	E-mail:	mwalkhatib20@sci.just.edu.jo (Corresponding Author)
†	 E-mail:	kfzoubi@just.edu.jo

Journal of Discrete Mathematical Sciences & Cryptography
ISSN  0972-0529 (Print), ISSN  2169-0065 (Online)
Vol. 28 (2025), No. 3, pp. 641–652
DOI : 10.47974/JDMSC-1814

http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-1814


642� M. ALKHATIB AND K. AL-ZOUBI

graded 2-absorbing primary ideal which is a generalization of graded 
primary ideal. The notion of graded 2-absorbing primary submodules as 
a generalization of graded 2-absorbing primary ideals of a comutative 
graded rings was introduced and studied by Y. Celikel in [6].

Here, we introduce the concept of gr-S-2A-PS and then study some 
important properties of this class. As in [3], we will continue to use the 
same notations here and going forward. The basic properties of graded 
rings and graded modules can be found in [7, 8, 9, 10].

Let   be a ℑ -graded ring,   a graded  -module and L a graded 
ideal of .  The graded radical of L, denoted by ( ),Gr L  is the set of all 

= g gx x∈ℑ ∈∑   such that for each g∈ℑ  there exists > 0gn  with .gn
gx L∈  

Note that, if r is a homogeneous element, then ( )r Gr L∈  if and only if 
nr L∈  for some ,n∈  (see [11, 12]).

A nonempty subset S of a ℑ -graded ring   is said to be a 
multiplicatively closed subset (Abbreviated, m.c.s.) of   if 0 ,S∉  1 S∈  
and ab S∈  for each , ,a b B∈  see [13, 14]. By ,ℑ≤   we mean that   is a 
ℑ -graded submodule of .

2. Results

Definition 2.1: Let ( )S h⊆   be a m.c.s of .  A graded submodule   of 
  is said to be a graded S-2-absorbing primary submodule (Abbreviated, 
gr-S-2A-PS ) if ( : )   ∩  =S ∅  and there exists a fixed element ts S∈  
such that whenever i h jc d m ∈ 

 
where ,ic hd ∈ ( ),h   jm ∈ ( ),h   and 

, ,i j h ∈ ,ℑ  then t i js c m ∈ 
 
or t h js d m ∈ 

 
or t i hs c d ∈ (( : )).Gr    

Definition 2.2: Let ( )S h⊆   be a m.c.s of ,  and P be a graded ideal of 
  with = .P S∩ ∅  Then P is called a graded S-2-absorbing primary ideal 
(Abbreviated, gr-S-2A-PI) of   if there exists a fixed element ts S∈  such 
that whenever i h jc d m ∈ P

 
where ,ic ,hd jm ∈ ( ),h   and ,i ,j ,h∈ℑ  then 

t i js c m ∈ P
 
or t h js d m ∈ P

 
or t i hs c d ∈ ( ).Gr P

In particular, A graded ideal P of   is said to be a gr-S-2A-PI of   if 
it is a gr-S-2A-PS of the graded  -module .  
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Let   ℑ≤  .  Then   is said to be a graded 2-absorbing primary 
submodule (Abbreviated, gr-2A-PS of   if whenever ,a b ∈ ( )h   and m ∈

( )h   with abm ∈ ,  then ab Gr∈  ( : )   or am∈  or bm∈  (see [6]).
The following result can be easily obtain. (We omit the proof)

Theorem 2.3: Let 1S  ⊆  2S  ⊆  ( )h   be two m.c.s of .  If   is a gr-S1-2
A-PS 

of   such that ( : )   ∩  2S  =  ,∅  then   is also a gr-S2-2
A-PS of .  In 

particular, every gr-2A-PS   with ( : )   ∩  =S ∅  is a gr-S-2A-PS. 
Now, the following example shows that the converse of Theorem 2.3 

is not true in general 

Example 2.4: Let = ( , )ℑ +  and = ( , ,.).+   Define g
 
=

 

if =0
0 otherwise

.g  
 
  



 
Then 

  is ℑ -graded ring. Take 72= ,     is ℑ -graded  -module with g  

=  72 if =0
{0} otherwise

,g  
 
  

  and S =  − {0} ⊆   be a m.c.s of ( ).h   Let = {0, 36}.  

Then it is clear that .ℑ≤   Since 2 2 9⋅ ⋅ ∈   and neither 2 9⋅ ∈ ,  nor 
2 2⋅ ∈ ( : )Gr   = 6 ,  then   is not gr-S-2A-PS of .  At the same time, 
  is a gr-2A-PS. This can be easily shown by taking = 36s  and whenever 

i h jc d m ∈ ,  then i jsc m ∈ ,  h jsd m ∈   or i hsc d ∈ ( : ),Gr    for any 
,i hc d ∈ ( ),h   jm ∈ ( )h   and , , .i j h∈ℑ  

Now, the following theorem shows that the converse of Theorem 2.3 
can be true under some 

Theorem 2.5: Let ℑ≤   such that ( : ) .S∩ =∅   If ( )S u⊆   ∩  ( ),h   
then   is gr-S-2A-PS of   if and only if   is gr-2A-PS of ,  where ( )u   is 
the set of all units in .

Proof: Assume that   is a gr-S-2A-PS of   and ts S∈  is the element which 
satisfies the graded gr-S-2A-PS condition. Let i h jc d m ∈   where ,i hc d ∈

( ),h  jm ∈ ( ),h   and , ,i j h ∈ .ℑ  So we have either t i js c m ∈   or t h js d m ∈

  or t i hs c d ∈ ( : ).Gr    Now ts  is unit, so it has an inverse 1
ts− ∈ ( ).h   

Since ,ℑ≤   we get i jc m ∈  or .h jd m ∈  Moreover, the third case 
give i hc d ∈ ( : ).Gr    Thus,  is gr-S-2A-PS of .  For the converse, see 
Theorem 2.3
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The set ( ) { : }W c c= ∈ =      is a saturated multiplication subset 
of .  Moreover, it is clear that ( ) ( ).u W⊆  

Theorem 2.6: Let ,gRv=  where ( )gv h∈   be a graded cyclic  -module, 
( )S h⊆   be a m.c.s of   and ℑ≤   such that ( : )  ∩ .S =∅  If S ⊆

( )W  ∩ ( ),h   then   is gr-S-2A-PS of   if and only if   is gr-2A-PS of .

Proof: Suppose that   is a gr-S-2A-PS of   and ts S∈  be the element 
which satisfies the gr-S-2A-PS condition. Let i h jc d m ∈   where ,i hc d ∈

( ),h  jm ∈ ( ),h   and , ,i j h ∈ .ℑ  So we have either t i js c m ∈   or t h js d m
∈   or t i hs c d ∈ ( : ).Gr    Now j l gm z v=  for some .l∈ℑ  If the first two 
cases satisfies then we have t i l gs c z Rv = i l gc z Rv ⊆   or t h l gs d z Rv = h l gd z Rv
⊆ ,  which implies i jc m = i l gc z v ∈   or h jd m = i l gc z v ∈ .  If t i hs c d ∈

( : ),Gr    then ( )n
t i hs c d ∈ ( : )   for some .n∈  Since ts ∈ ( )W   

then n
ts ∈ ( )W   which gives ( )n

i hc d  = ( )n
t i hs c d  ∈ ( : )  =   

because   is a graded multiplication module. Thus,  is gr-2A-PS. For the 
converse, see Theorem 2.3.

Theorem 2.7: Let 1S  ⊆  2S  ⊆  ( )h   be two m.c.ss of   and for every 2 ,ts S∈  
there exists ( )lz h∈   such that 1 ,t ls z S∈  where , .t l∈ℑ  If   is a gr-S2-2

A-PS of 
,  then   is gr-S1-2

A-PS of .

Proof: Suppose that   is a gr-S2-2
A-PS of ,  then ( : )  ∩ 2 ,S =∅  

which implies ( : )  ∩ 1 .S =∅  Let i h jc d m ∈   where ,i hc d ∈ ( ),h 

jm ∈ ( )h   and , ,i h j ∈ .ℑ  Then there exists 2ts S∈  such that either t i js c m
∈ , t h js d m ∈   or t i hs c d ∈ ( : )Gr    as   is a gr-S2-2

A-PS of .  Since 

2 ,ts S∈  there exists ( )lz h∈   such that 1 ,t ls z S∈  where .l∈ℑ  Let s′ =

t ls z ∈ 1 ,S  then either i js c m′ = ( )t ls z i jc m ∈ , h js d m′ = ( )t ls z h jd m ∈   or 

i h js c d m′ = ( )t ls z i h jc d m ∈ ( : ).Gr   Thus   is gr-S1-2
A-PS of .

The saturation of S is defined by S∗ = { ( )gs h∈  : 1
gs  is unit in 1 }.S−   

Then S∗  is m.c.s of   containing S. Also, a m.c.s ( )S h⊆   is saturated set 
if .S S∗=  

Theorem 2.8: Suppose that S∗  is the saturation of S. Then a graded submodule 
  of   is gr-S-2A-PS if and only if it is graded gr- S∗ -2A-PS of .
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Proof: Suppose that   is a gr-S-2A-PS of ,  so ( : )  ∩ .S =∅  If 
( : )  ∩ ,S∗ ≠ ∅  then we have gr ∈ ( : )  ∩ .S∗  Hence, 1

gr is a unit in 
1 ,S−   so there exist ( )ht h∈   and is S∈  such that 1

g h

i

r t
s = g h

i

r t
s = 1.  Thus, 

j iu s = j g hu r t  for some .ju S∈  Since ( : ),gr ∈   j g hu r t ∈ ( : ).   This 
gives that j g hu r t ∈ ( : )  ∩ ,S  which is a contradiction. Since ,S S∗⊆  
then by Theorem 2.3,   is gr- S∗  -2A-PS of .  For the converse, suppose 
that   is a gr- S∗  -2A-PS of ,  so ( : )  ∩ .S∗ = ∅  Since ,S S∗⊆  then 
( : )  ∩ .S =∅  Now, let i h jc d m ∈   where ,i hc d ∈ ( ),h  jm ∈ ( ),h   
and , , .i j h∈ℑ  So, there exists ts S∗∈  with t∈ℑ  such that either t i js c m ∈  
or t h js d m ∈  or t i hs c d ∈ ( : ).Gr    As ,ts S∗∈  then 1

ts  is unit in 1 .S−   
This leads to there exists ( )yr h∈   and zt S∈  with 1 1,yt

z

rs
t =  where , .y z∈ℑ  

Hence, w t yv s r = ,w zv t  for some wv S∈ and .w∈ℑ  Now take s′  =  w zv t  =  

w y tv r s  ∈  .S  Then either i js c m′ = w yv r ( )t i js c m ∈ , h js d m′ = w yv r ( )t h js d m ∈
  or i hs c d′ = w yv r ( )t i hs c d ∈ ( : ).Gr    Therefore,  is gr-S-2A-PS of .

Theorem 2.9: If   is a gr-S-2A-PS of ,  then 1S−   is a gr-2A-PS of 1 .S− 

Proof: Suppose that   is a gr-S-2A-PS of .  Let c d m
s t w ∈ 1S−   with ,c d

s t ∈
1( )h S−   and m

w h∈ 1( ).S−   Then ( )uc dm∈  for some .u S∈  Since   is 
gr-S-2A-PS of ,  there exists s S′∈  such that ( )s uc′ ,m∈ s dm′ ∈   or 

( )s uc d′ ∈ ( : ).Gr    This implies that c m
s w = s ucm

s usw
′
′ ∈ 1S−  d m

t w = s udm
s utw
′
′ ∈ 1S−   

or c d
s t = s ucd

s ust
′
′ ∈ 1(Gr S−  1:

S− 
1 ).S−   Therefore, 1S−   is gr-2A-PS of 1 .S− 

In [14], we can see that a m.c.s ( )S h⊆   satisfies the maximal multiple 
condition if there exists u S∈  where r divides u for all .r S∈

Theorem 2.10: Let ( )S h⊆   be a m.c.s of   satisfying the maximal multiple 
condition. If 1S−   is a gr-2A-PS of 1 ,S−   then   is a gr-S-2A-PS of .

Proof: Assume that 1S−   is a gr-2A-PS of 1 .S−   Since S satisfying the 
maximal multiple condition, then there exists u S∈  where r divides u for 
all .r S∈

Let i h jc d m ∈  where ,i hc d ∈ ( ),h  jm ∈ ( ),h   and , ,i j h ∈ .ℑ  Hence, 

1 1 1
ji h

mc d ∈ 1 .S−   Since 1 1,i hc d ∈ 1( ),h S−  1
jm
∈ 1( )h S−   and 1S−   is 2Agr −

-primary submodule of 1 ,S−   we get either 1 1
ji

mc ∈ 1 ,S−  1 1
jh

md ∈ 1S−   or 
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1 1
i hc d Gr∈ 1(S−  1:

S− 
1 ).S−   If 1 1

ji
mc ∈ 1 ,S−   then there exists 1s S∈  such that 

1 i js c m ∈ .  But 1s  divides u, so we get that i juc m ∈ .  Similarly, if 1 1
jh

md ∈
1 ,S−   we get that h jud m ∈ .  Now, If 1 1

i hc d ∈ Gr 1(S−  1:
S− 

1 ),S−   then 
there exists n∈  such that 1 1

n n
i hc d ∈ 1(S−  1:

S− 
1 ),S−   which gives that 

n n n
i hu c d  = ( )n

i huc d ⊆   so ucd Gr∈ ( : ).   Therefore,  is gr-S-
2A$-PS of .

Lemma 2.11: Let   be a gr-S-2A-PS of .  If h jId m ⊆   where I is an ideal 
of ,e hd ∈ ( ),h   and ( ).jm h∈   Then there exists ts S∈  such that either 

t js Im ⊆   or t h js d m ∈   or t hs Id ⊆ ( : ).Gr  

Proof: Let jIdm ⊆   where I is an ideal of ,e hd ∈ ( ),h   and ( ).jm h∈   
Let ts S∈  be the element that satisfies the condition of the gr-S-2A-PS 
of .  Assume that t h js d m ∉   and t hs Id  ( : ),Gr    which means 
that there exists an element w I∈  such that t hs wd ∉ ( : ).Gr    Now, 
we have that h jId m ⊆   which means h jwd m ∈   which gives that 

t js wm ∈   because t h js d m ∉   and t hs wd ∉ ( : ).Gr    Let ,x I∈  then 
( )w x I+ ∈  which means ( )w x+ h jd m ∈ .  Since   is a gr-S-2A-PS of ,  
then ( )ts w x+ jm ∈  or ( )ts w x+ hd Gr∈ ( : )   because t h js d m ∉ .  If 

( )ts w x+ ,jm ∈  then t js xm ∈ .  If ( )t hs w x d+ ∈ ( : ),Gr    then t hs xd
∉ ( : )Gr    because t hs wd ∉ ( : ).Gr    Since h jxd m ∈ ,  then t js xm ∈
  because t h js d m ∉   and t hs xd ∉ ( : ).Gr    So, in both cases we have 

t js xm ∈   which means .t js Im ⊆ 

Theorem 2.12: Let   be a gr-S-2A-PS of .  If jIJm ⊆   where I, J are ideals 
of ,e  and ( ).jm h∈   Then there exists ts S∈  such that either t js Im ⊆   or 

t js Jm ⊆   or ts IJ ⊆ ( : ).Gr  

Proof: Assume that jIJm ⊆   where I,J are ideals of ,e  and ( ).jm h∈   
Let ts S∈  be the element that satisfies the condition of the gr-S-2A-PS for 

.  Assume that t js Im   and ,t js Jm   so ts I  ( : )jm  and ts J 
( : ).jm  Let w I∈  and .x J∈  Since ts I  ( : )jm  and ts J  ( : ),jm  
then there exist y I∈  and z J∈  such that y I∈ − ( : )jm  with t js ym ∉
  and z J∈ − ( : )jm  with t js zm ∉ .  By jIJm ⊆ ,  we have that jIzm
⊆ ,  so by Lemma 2.11 there exists ts S∈  such that ts Iz ⊆ ( : )Gr    
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because t js Im    and t js zm ∉ .  So, ts I [ ( : )]jJ m−  ⊆ ( : ).Gr    

Similarly, [ (ts I −  : )]jm J ⊆ (Gr  : ).  Thus, we have ts wz ∈
( : ),Gr   ts yz ∈ ( : ),Gr    and ts yx ∈ ( : ).Gr    Now, we have 

that w y I+ ∈  and ,x z J+ ∈  so ( )w y+ ( )x z+ jm ∈  (as )IJm ⊆   which 
gives that ( )ts w y+ jm ∈  or ( )ts x z+ jm ∈  or ( )ts w y+ ( )x z+ ∈ (Gr 
: ).  If ( )ts w y+ ,jm ∈  then t js wm ∉   because t js ym ∉ ,  so w I∈

− ( : ).t js m  Since [ (ts I −  : )]jm J ⊆ (Gr  : ),  then ts wx ∈ Gr
( : ).   Similarly, if ( )ts x z+ ,jm ∈  then ts wx ∈ ( : ).Gr    If ( )ts w y+

( )x z+ ∈ ( : ),Gr    then ts wx + ts wz + ts yx + ts yz ∈ ( : )Gr    which 
gives ts wx ∈ ( : )Gr    because ts wz + ts yx + ts yz ∈ ( : ).Gr    Thus, 

ts IJ ⊆ ( : ).Gr  

Theorem 2.13: Let ( )gx h∈ −   with ( : )gx S∩ =∅  where .g∈ℑ  If   is 
a gr-S-2A-PS of ,  then ( : )gx  is a gr-S-2A$-PI of .

Proof: Suppose that   is a gr-S-2A-PS of   where ts S∈  is the element 
that satisfy the gr-S-2A-PS condition. Let i h jc d v ∈ ( : )gx  where , ,i h jc d v
∈ ( ),h   and , ,i j h ∈ ,ℑ  so we have that i hc d ( )j gv x ∈   which gives that 

t is c ( )j gv x ∈   or t hs d ( )j gv x ∈   or t i hs c d ∈ ( : ).Gr    The first two cases 
give that t i js c v ∈ ( : )gx  or t h js d v ∈ ( : ).gx  If t i hs c d ∈ ( : ),Gr    then 
for every ( )m h∈   we have that ( )n

t i hs c d m∈  where ,n∈  which gives 
that ( )n

t i hs c d gx ∈  so t i hs c d ∈ ( : ).gGr x  Thus, ( : )gx is a gr-S-2A-PI 
of .

Theorem 2.14: If J is a gr-S-2A-PI of ,  then ( )Gr J  is a gr-S-2A-PI of .

Proof: Suppose that J is a gr-S-2A-PI of   with ts S∈  as the element that 
satisfies the condition of the gr-S-2A-PI. Let g h jr z m ∈ ( ),Gr J  where , ,g h jr z m
∈ ( ).h   Assume that t g js r m ∉ ( )Gr J  and t h js z m ∉ ( ).Gr J  Since g h jr z m ∈

( ),Gr J  then ( )n
g h jr z m J∈  where .n∈  Since J is a gr-S-2A-PI of ,  then 

we have that ( )n
t g hs r z J∈  which gives that t g hs r z ∈ ( ).Gr J  Thus, ( )Gr J is a 

gr-S-2A-PI of .



648� M. ALKHATIB AND K. AL-ZOUBI

Theorem 2.15: Let ,ℑ≤   and gq ∈ ( )h  − ( : )   with (( : )gq : )
∩ S =∅  where .g∈ℑ  If   is a gr-S-2A-PS of ,  then ( : )gq  is a gr-S-
2A-PS of .

Proof: Suppose that   is a gr-S-2A-PS of   where ts S∈  is the element 
that satisfies the gr-S-2A-PS condition. Let i h jc d m ∈ ( : )gq  where ,ic

( ),hd h∈  ( ),jm h∈   and , , ,i j h∈ℑ  so we have that i hc d ( )j gm q ∈   
which gives that t is c ( )j gm q ∈   or t hs d ( )j gm q ∈   or t i hs c d ∈ ( : ).Gr    
The first two cases holds lead us to have that t i js c m ∈ ( : )gq  or t h js d m
∈ ( : ).gq  If t i hs c d ∈ ( : ),Gr    then we have that ( )n

t i hs c d  ⊆  ⊆
( : ).gq  So, t i hs c d ∈ (( : )gGr q  : ).  Thus, ( : )gq is a %graded gr-
S-2A-PS of .

Lemma 2.16: Let .ℑ≤   If   is a gr-S-2A-PS of ,  then there exists ts S∈  
such that 3( : )ts = ( : )as  for all 3.a ≥

Proof: Assume that   is a gr-S-2A-PS of   with the element ts  as the 
element which make the condition of the gr-S-2A-PS satisfies. Let m =

j jmS ∈ℑ ∈ 4( : ).ts  Since 4( : )ts ℑ≤ ,  we have that jm ∈ 4( : )ts  for all 
.j∈ℑ  Let ,j∈ℑ  then 4

t js m = 2 2
t t js s m ∈ ,  where 2

ts ∈ ( )h   and jm ∈ ( ),h   
hence jm ∈ 3( : )ts  or 5

ts ∈ ( : ).Gr    If 5
ts ∈ ( : ),Gr    then 5( )b

ts = 5b
ts

∈∈  where ,b∈  since ( )S h⊆   be a m.c.s of ,  then 5b
ts ∈ ( : )  ∩

S  which is contradiction. Since we get that jm ∈ 3( : ),ts  then 4( : )ts
⊆ 3( : ).ts  Now, since 3( : )ts ⊆ 4( : ),ts  then 3( : )ts = 4( : ).ts  
Now, Assume that 3( : )ts = ( : )n

ts  for all   .n a<  Let m = j jmS ∈ℑ ∈
( : ),a

ts  then jm ∈ ( : )a
ts  for all .j∈ℑ  Let ,j∈ℑ  then then a

t js m =
2 2a
t t js s m− ∈ ,  where 2 ,ts 2a

ts − ∈ ( )h   and ( ),jm h∈   hence jm ∈ 3( : )ts  
or jm ∈ 1( : )a

ts −
  or 1a

ts + ∈ ( : ).Gr    Similarly, 1a
ts + ∈ ( : )Gr    leads 

us to a contradiction. Now, we have jm ∈ 3( : )ts ∪ 1( : )a
ts −

 = 3( : ).ts  
Since jm ∈ 3( : ),ts  then ( : )a

ts ⊆ 3( : ).ts  Since 3( : )ts ⊆ ( : ),a
ts  

then 3( : )ts = ( : ).a
ts  Therefore, 3( : )ts = ( : )as  for all 3.a ≥

Lemma 2.17: Let .ℑ≤   If   is a gr-S-2A-PS of ,  then there exists ts S∈  
such that 3( : )ts  = ( : )a

ts   for all 3.a ≥

Proof: Follows directly from (i)
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Theorem 2.19: Let ℑ≤   with ( : )  ∩ .∅   is a gr-S-2A-PS if and only 
if ( : )ts  is a gr-2A-PS of   for some .ts S∈

Proof: Let   be a gr-S-2A-PS of   and ts S∈  is the element that satisfies the 
condition of the gr-S-2A-PS. By Lemma 2.16, we have 3( : )ts = ( : )a

ts  
for all 3.a ≥  Now our target is to show that L = 6( : )ts = 3( : )ts  is 
gr-2A-PS of .  Let i h jc d m ∈ 6( : )ts  where ,i hc d ∈ ( ),h  ( ),jm h∈   and 
, , .i j h∈ℑ  Then 6

t i h js c d m  =  2( )t is c  2( )t hs d  2( )t js m  ∈  ,  where 2( ),t is c 2( )t hs d
∈ ( )h   and 2( )t js m ∈ ( ).h   Since   is gr-S-2A-PS of ,  then either 5

t i js c m
∈ , 5

t h js d m ∈   or 5
t i hs c d ∈ ( : ).Gr    The first two cases give that 

i jc m ∈ 5( : )ts  or h jd m ∈ 5( : ).ts  If 5
t i hs c d ∈ ( : ),Gr    then 5( )n

t i hs c d
∈ ( : ),   where .n∈  Now, we have ( )n

i hc d ∈ 5( : ),n
ts   by Lemma 

2.17, 5( : )n
ts  = 3( : )ts  = 6( : )ts  = 6(( : )ts : ),  so we have 

( )n
i hc d ∈ 6(( : )ts : )  which means i hc d ∈ (((Gr  :

6 )ts : )).  Thus, 
6( : )ts is a gr-2A-PS of .  Now suppose that ( : )ts  is a gr-2A-PS for 

some ts S∈  with .t∈ℑ  Let i h jc d m ∈   where ,ic ( ),hd h∈  ( ),jm h∈   
and , , .i j h∈ℑ  Since ( : )ts  is gr-2A-PS of , then either i jc m ∈ ( : ),ts

h jd m ∈ ( : )ts  or i hc d ∈ ( : ).tGr s  So t i js c m ∈ , t h js d m ∈   or t i hs c d  ∈  
( : ).Gr    Thus,   is gr-S-2A-PS of .

Theorem 2.19: Let ,ℑ≤   and ( : )   be a graded prime ideal of   with 
( : )  ∩ S = .∅   is a gr-S-2A-PS of   if there exists ts S∈  such that for 
all ,zl ( ),gv h∈   if ( : )zl − 2(( : )t gs v ∪ ( : ))Gr   ≠ ,∅  then  =

( )zRl+ ∩ ( ).t gRs v+

Proof: Assume that exists ts S∈  such that for all ,zl ( ),gv h∈   if ( : )zl

− 2(( : )t gs v ∪ ( : ))Gr   ≠ ,f  then  = ( )zRl+ ∩ ( ).t gRs v+  Let 

i h jc d m ∈   where ,ic ( ),hd h∈  ( ),jm h∈   and , ,i j h ∈ .ℑ  Assume that 
2
t h js d m ∉   and 2

t i hs c d ∉ ( : ),Gr    our goal is to show that 2
t i js c m ∈ .  

Now, hd ∈ ( : )i jc m − 2(( : )t js m ∪ ( : )).Gr    By the assumption we 
have that  = ( )i jRc m+ ∩ ( )t jRs m+  so ∈ .  Thus,  is a gr-S-2A-PS 
of .

Definition 2.20:   is called graded S-concellative module if there 
exists ts S∈  such that whenever if i jc m = i gc v  where ,jm ( )gv h∈   and 
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( ),ic h∈   then j t gm s v=  and vg = stmj. Moreover, A graded submodule J of 
  is said to be graded pure if for all ( ),qr h∈   ( )qr h  ∩ .qJ r J=

Theorem 2.21: Let   be a proper graded submodule of   with ( : ) .S∩ =∅   
If   is a graded S-cancellative module and   is a graded pure submodule, then 
  is a gr-S-2A-PS with ( : ) {0}.Gr = 

Proof: Let   be a graded pure submodule, and   be a graded S-cancellative 
module and ts S∈  be the element that satisfies the cancellative condition. 
Let i h jc d m ∈   where ,i hc d ∈ ( ),h  jm ∈ ( ),h   and , ,i j h ∈ .ℑ  But   is a 
graded pure submodule, so i h jc d m ∈  ∩ i hc d  = .i hc d   Now, for some 

gv ∈ ∩ ( ),h  i h jc d m = ,i h gc d v  so h jd m = t h gs d v  and dhvg = stdhmj$, which 
gives that t h js d m ∈ ,  so   is a gr-S-2A-PS.

Now, let 0za ≠ ∈ ( : )Gr    where za ∈ ( )h   and .a∈ℑ  But   is a 
proper graded submodule of ,  so there is m = gS ∈ℑ gm ∈ −   which 
means that there exists j∈ℑ  such that ( )jm h∈  − ⊆  − .  Then, for 
some ,n∈ n

jz ma ∈ nza ∩  ⊆ nza ∩  = ,nza  which means that there 
is ic ∈  such that n

jz ma = .n
iz ca  For some ,ts S∈  we have that j t im s c=  and 

ci = stmj. Since ,ic ∈ ,j t im s c=  and   is a graded submodule of ,  then 

jm ∈  which is a contradiction. Thus, ( : ) {0}.Gr = 

Theorem 2.22: Let , ′   be graded  -modules and :L ′→   be a 
graded  -homomorphism. If ′  is a gr-2A-PS of ′  and 1( ( )L− ′ : )
∩ ,S =∅  then 1( )L− ′  is a gr-S-2A-PS of .

Proof: Assume that ′  is a gr-S-2A-PS of ′  and 1( ( )L− ′ : ) ∩ .S =∅  
Let i h jc d m ∈ 1( )L− ′  where ,ic ( ),hd h∈  ( ),jm h∈   and , ,i h j ∈ .ℑ  That 
gives us ( )i h jL c d m = ( )i h jc d L m ∈ ,′  so there is ts S∈  where t∈ℑ  such 
that ( )t i js c L m = ( )t i jL s c m ∈ ′  or ( )t h js d L m = ( )t h jL s d m ∈ ′  or t i hs c d ∈

( : ).Gr ′ ′
   By the first two cases we have t i js c m ∈ 1( )L− ′  or t h js d m ∈

1( ).L− ′  If t i hs c d ∈ ( : ),Gr ′ ′
   then t i hs c d ∈ 1( ( )Gr L− ′ : ).  Therefore, 

1( )L− ′ is a gr-S-2A-PS of .
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Theorem 2.23: Let , ′   be graded  -modules and :L ′→   be a graded 
 -epimorphism. If   is a gr-S-2A-PS of   and ( )ker L ⊆ ,  then ( )L   is a 
gr-S-2A-PS of .′

Proof: Assume that   is a gr-S-2A-PS of   and ( )ker L ⊆ .  Firstly, 
we want to show that ( ( ) : )L ′

  ∩ .S =∅  Suppose not, then there 
exists ts ∈ ( ( )L  : )′ S∩  which means that ts ′ ⊆ ( ).L   Since L is a 
graded  -epimorphism, then ts ′ = ( )ts L  = ( )tL s  ⊆ ( ),L k  so ts 
⊆ ts  + ( )ker L ⊆ ,  so ts ∈ ( : )  ∩ S  which is a contradiction. Let 

i h jc d m′ ∈ ( )L   where ,ic ( ),hd h∈  ( ),jm h′ ′∈   and , , .i h j∈ℑ  Since L is 
a graded  -epimorphism, then there exists ( )jm h∈   and k∈  such 
that jm′ = ( )jL m  and i h jc d m′  = L(k). Now, we have that ( )L k  = ( )i h jc d L m  =  

)( ,i h jL c d m  so ( ) 0i h jL k c d m− =  which means that i h jk c d m− ∈ ( ) .ker L ⊆   
Since ,ℑ≤   then i h jc d m ∈ .  Now, as   is a gr-S-2A-PS, there exists 

ga S∈  where g∈ℑ  such that either g i ja c m ∈   or g h ja d m ∈   or g i ha c d
∈ ( : ).Gr    Now, we have that either ( )g i jL a c m = ( )g i ja c L m = g i ja c m′ ∈

( )L   or ( )g h jL a d m = ( )g h ja d L m = g h ja d m′ ∈ ( )L   or g i ha c d ∈ ( : )Gr   ⊆

( ( )Gr L  : ).′  Thus, ( )L  is a gr-S-2A-PS of .′
As am immediate consequence of Theorem 2.22 and Theorem 2.23, 

we have the following corollaries.

Corollary 3.3: If ′  is a gr-S-2A-PS of   with ( : )A′
 ∩ ,S =∅  then 

A ′∩   is a gr-S-2A-PS of A.

Corollary 3.3: Let A⊆   be a graded submodules of .  Then   is a gr-S-
2A-PS of   if and only if / A  is a graded gr-S-2A-PS of / .A
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