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Abstract

In this paper, we introduce the concept of gr-S-2*-PS as a generalization of gr-2"-PS.
Some properties of this class and their homogeneous components are investigated.
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1. Introduction

In this article, we assume that A is a commutative J-graded ring
with identity and D is a unitary graded A -Module. Also, Sc h(A) will
denote a multiplicatively closed subset of A.

S.E. Atani in [1] extended graded prime ideals to graded prime
submodules. The notion of graded 2-absorbing ideals as a generalization
of graded prime ideals was introduced and studied in [2]. K. Al-Zoubi and
R. Abu-Dawwas in [3] extended graded 2-absorbing ideals to graded
2-absorbing submodules. The notion of graded primary ideals of a
comutative graded rings was introduced and studied by Refai and K. Al-
Zoubi in [4]. In [5], K. Al-Zoubi and N. sharafat introduced the concept of
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graded 2-absorbing primary ideal which is a generalization of graded
primary ideal. The notion of graded 2-absorbing primary submodules as
a generalization of graded 2-absorbing primary ideals of a comutative
graded rings was introduced and studied by Y. Celikel in [6].

Here, we introduce the concept of ¢r-5-2"-PS and then study some
important properties of this class. As in [3], we will continue to use the
same notations here and going forward. The basic properties of graded
rings and graded modules can be found in [7, 8, 9, 10].

Let A be a 3-graded ring, D a graded .A-module and L a graded
ideal of A. The graded radical of L, denoted by Gr(L), is the set of all
X=X onX, € A such that for each ge 3 there exists n, > 0 with x;g elL.
Note that, if r is a homogeneous element, then reGr(L) if and only if
r" e L forsome neN, (see[11, 12]).

A nonempty subset S of a J-graded ring A is said to be a
multiplicatively closed subset (Abbreviated, m.c.s.) of A if 0¢S, 1S
and abeS§ for each a,beB, see [13,14]. By U <, D, we mean that ¢/ isa
J-graded submodule of D.

2. Results

Definition 2.1: Let Sc h(.A) be am.c.s of A. A graded submodule U of
D is said to be a graded S-2-absorbing primary submodule (Abbreviated,
gr-S-2"-PS ) if (U: D) N S§= and there exists a fixed element s, €S
such that whenever cidhmj e U where c, d, € h(A), m, e h(D), and

i,j,h €3, then scm, e U or stdhmj € U or scd, € Gr((U:, D)).

Definition 2.2: Let Sc h(A) be a m.c.s of A, and P be a graded ideal of
A with PnS=. Then P is called a graded S-2-absorbing primary ideal
(Abbreviated, gr-5-2'-PI) of A if there exists a fixed element s, €S such
that whenever cl.dhmj € P where ¢, d,, m e h(A), and i, j, he3J, then
scm, € P or stdhmj € P or scd, € Gr(P).

In particular, A graded ideal P of A is said to be a gr-S-2"-Pl of A if
it is a gr-S-2"-PS of the graded A -module A.
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Let U <, D. Then U is said to be a graded 2-absorbing primary
submodule (Abbreviated, gr-2*-PS of D if whenever a,b € h(A) and m €
h(D) with abm € U, then abeGr (U:, D) or ameU or bme U (see [6]).

The following result can be easily obtain. (We omit the proof)

Theorem 2.3: Let S, < S, < h(A) be two m.c.s of A. If U is a gr-S-2"-PS
of D such that (U:, D) N S, = &, then U is also a gr-S,-2"-PS of D. In
particular, every gr-2"-PS U with (U:, D) N S=O isa gr-S-2"-PS.

Now, the following example shows that the converse of Theorem 2.3

is not true in general

Example 2.4: Let 3=(Z,+) and A =(Z,+,.). Define A, = {Z ifg=0 } Then

0 otherwise
A is 3-graded ring. Take D=Z,,, D is J-graded A-module with D,

727

- {Zn ig=0 } and S = Z - {0} = Z be a m.cs of h(A). Let U =1{0,36).

{0}  otherwise

Then it is clear that ¢/ <_ D. Since 2-2-9 € U and neither 2-9 € U, nor
2:2 e Gr(U:, D)= 6Z, then U isnot gr-S-2"-PS of D. At the same time,
U is a gr-2"-PS. This can be easily shown by taking s =36 and whenever
cldhm] € U, then scm e U, sdm el or scd, eGr(U:, D), for any
,d, € h(A), m, e h(D) and i,j,he3.
Now, the following theorem shows that the converse of Theorem 2.3

can be true under some

Theorem 2.5: Let U <_ D such that (U:, D)NS=. If Scu(A) N h(A),
then U is gr-S-2*-PS of D if and only if U is gr-2"-PS of D, where u(A) is
the set of all units in A.

Proof: Assume that U isa gr-S-2*-PSof D and s, €S is the element which
satisfies the graded ¢r-S-2"-PS condition. Let cd,m, €U where c,d, e

h(A), m e h(D), and i,j,h € 3. So we have either s,cm, € U or stdhm] €
U or stcidh € Gr(U:, D). Now s, is unit, so it has an inverse s, € h(A).
Since U <, D, we get cm, el or dhmj e U. Moreover, the third case
give cd, € Gr(U:, D). Thus, U is gr-5-2"-PS of D. For the converse, see

Theorem 2.3
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The set W,(A)={ce A:cD =D} is a saturated multiplication subset
of A. Moreover, it is clear that u(A) c W, (A).

Theorem 2.6: Let D =Ro,, where v, € h(A) be a graded cyclic A-module,
Sch(A) beam.csof A and UL, D such that (U:, D)NS=. If S
W,(A) N h(A), then U is gr-S-2"-PS of D if and only if U is gr-2"-PS of D.

Proof: Suppose that U is a gr-S-2"-PS of D and s, €S be the element
which satisfies the gr-S-2'-PS condition. Let cd,m, €U where c,d, e

h(A), m, e h(D), and i,j,h € 3. So we have either scm; € U or stdhm],

€ U or scd, € Gr(U:, D). Now m =zv, for some le 3. If the first two
cases satisfies then we have stcilevS = cizZRvg c U or stdhlevg = dhzZRvg
< U, which implies cm; =czo, € U or dhm]. =CZ0, € U. It scd, €
Gr(U:, D), then (scd,)" € (U:, D) for some neN. Since s, € W, (A)
then s/ e W, (A) which gives (cd,)'D =(scd,)'DeU:, D)D=U
because D is a graded multiplication module. Thus, U is gr-2"-PS. For the
converse, see Theorem 2.3.

Theorem 2.7: Let S, < S, < h(A) be two m.c.ss of A and for every s, €S,,
there exists z, € h(A) such that sz, €S,, where t,le 3. If U is a gr-S,-2"-PS of
D, then U is gr-S,-2"-PS of D.

Proof: Suppose that U is a gr-5,-2"-PS of D, then (U:, D) NS, =0,
which implies (U:, D) NS =D. Let cdm e U where c,d, € h(A),
m e h(D) and i,h,j € 3. Then there exists s, €S, such that either s,C,1m,
€U, sdm eU or scd, € Gr(U:, D) as U is a gr-5,-2"-PS of D. Since
s, €S,, there exists z, eh(A) such that sz €5, where [€3J. Let s' =
sz, € S,, then either s’cim]. =(sz) cm e U, s’dhml. =(s,z)) dhmi e U or
s'cd,m, = (s;z) cd,m, € Gr(U:, D). Thus U is ¢r-S,-2*-PS of D.

ihj

The saturation of S is defined by S™ = {s, €h(A) : STS is unit in S™A}.
Then S” ism.c.s of A containing S. Also, am.c.s S < h(.A) is saturated set

if S=5".

Theorem 2.8: Suppose that S* is the saturation of S. Then a graded submodule
U of D is gr-S-2"-PS if and only if it is graded gr- S*-2"-PS of D.
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Proof: Suppose that U is a gr-S-2*-PS of D, so (U:, D) N S=@. If
(U:, D) S =, then we have re:, D)n S*. Hence, rTgis a unit in

S A, so there exist t, eh(A) and s, €S such that “ho= 5% = 1. Thus,

1 5; 5;
us, = urt, for some u €S. Since r, e(U:, D), urt, € U:, D). This
gives that u/.rgth e (U: 4 D) NS, which is a contradiction. Since Sc S7,
then by Theorem 2.3, U is gr- S -2"-PS of D. For the converse, suppose
that U isagr- S -2-PSof D, so (U:, D) N S =@. Since Sc ", then
(U:, D)y S=2. Now, let cidhm]. € U where c,d, € h(A), m; e h(D),
and 7,j,he 3. So, there exists s, € S” with t € 3 such that either §,c1m, € u
or stdhm]. €U or scd, € Gr(U:, D). As 5,€S", then * is unit in STA.

1

This leads to there exists r € h(A) and t €S with ST':L =1, where y,z€ 3.

Hence, v s,r, =v t , for some v eSand we3J. Now take s' = v t =

wt'y w 'z’
. ’ _ ’ _
v, 15, € S. Then either s'cm, =1 (stcim],) el, sdhml. =01, (stdhm],) €

r (s,cd,) € Gr(U:, D). Therefore, U is gr-S-2*-PS of D.

’ —
Uorscd =0, ,

Theorem 2.9: If U is a gr-S-2"-PS of D, then S"U is a gr-2"-PS of S'D.

Proof: Suppose that U is a gr-S-2"-PS of D. Let <22 e S'Y with £,% e

st

h(S'A) and Zeh (5'D). Then (uc)dmelU for some ueS. Since U is
gr-S-2"-PS of D, there exists s'eS such that s'(uc) mel, s'dm € U or
s'(uc)d € Gr(U :, D). Thisimplies that £ =S4 ¢ Sy 27 = *1n ¢ gy

s w s'usw s'utw

or ¢4 = o Gr(ST'U i1, S D). Therefore, S™U is gr-2"-PS of S7'D.

st s'ust

In [14], we can see thatam.c.s S < h(.A) satisfies the maximal multiple
condition if there exists u €S where r divides u for all re8S.

Theorem 2.10: Let Sc h(A) be a m.c.s of A satisfying the maximal multiple
condition. If S"U is a gr-2"-PS of S7'D, then U is a gr-S-2"-PS of D.

Proof: Assume that S™'U is a gr-2"-PS of S™'D. Since S satisfying the
maximal multiple condition, then there exists u €S where r divides u for
all reS.

Let cl,dhm/. €U where c,,d, € h(A), m; e h(D), and i,j,h € 3. Hence,

98% e S'U. Since % e h(STA), L e W(S'D) and STU is gr-2*

-primary submodule of $7'D, we get either <" e §7U, %" € S7U or
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S eGr(S'U oy STD). If 220 € STU, then there exists s, €S such that
s,cm, € U. But s, divides u, so we get that uc;m, € U. Similarly, if %’? €
S'U, we get that ud,m, e U. Now, If S e Gr(S'uU i1, S'D), then
there exists ne such that CTdT” €(S'U ., D), which gives that

u'c/d,D = (ucd,)" DcU so ucdeGr (U:, D). Therefore, Uis gr-S-
2"$-PS of D.

Lemma 2.11: Let U be a gr-S-2°-PS of D. If Id,m, < U where I is an ideal
of A,d, € h(A), and m, €h(D). Then there exists s, €S such that either
sIm, cU or stdhm], e U orsld, < Gr(U:, D).

Proof: Let Idm, c U where I is an ideal of A,,d, € h(A), and m, € h(D).
Let s,€S be the element that satisfies the condition of the gr-S-2"-PS
of U. Assume that sd,m ¢ U and sld, ¢ Gr(U:, D), which means
that there exists an element wel such that swd, ¢ Gr(U:, D). Now,
we have that Id,m < U which means wd,m € U which gives that
s,wm, € U because stdhm]. ¢ U and swd, & Gr(U:, D). Let xel, then
(w+x) el which means (w+ x) dhml, € U. Since U is a gr-S-2"-PS of D,
then s (w+x) m el or s(w+x)d, eGr (U:, D) because sd,m, ¢ U. If
s,(w+x) mn, €U, then sxm, € U. If s(w+x)d, e Gr(U:, D), then sxd,
¢ Gr(U:, D) because s,wd, ¢ Gr(U:, D). Since xdhm]. € U, then s,xm; €
U because stdhm]. ¢ U and sxd, ¢ Gr(U:, D). So, in both cases we have

s,xm; & U which means stIm]. cU.

Theorem 2.12: Let U be a gr-S-2"-PS of D. If IJm; < U where 1, ] are ideals
of A, and m, € h(D). Then there exists s, €S such that either S,Im]. cU or
st]mj c U orsl < Gr(U:, D).

Proof: Assume that I ]m], c U where [ ] are ideals of A, and m e h(D).
Let s, €S be the element that satisfies the condition of the gr-5-2"-PS for
U. Assume that s,Im, ¢U and s,Jm; U, sosl¢U:, m,) and s,] g
(U:ym). Let wel and xe]. Since 5,1 ZU:, m;) and s,] ZU:, m),
then there exist y el and ze] such that yel — (U:, m) with sym, ¢
Uand ze] - (U:, m].) with s,zm, & U. By I]m]. < U, we have that Izmj
c U, so by Lemma 2.11 there exists s, €S such that s,Iz ¢ Gr(U 4 D)



ON GRADED S-2-ABSORBING PRIMARY SUBMODULES 647

because s,Im, ¢ U and szm; & U. So, sI[J-(U:, m)] < GrU:, D).
Similarly, s,[I-(U :, m}.)] J < Gr(U :, D). Thus, we have swze
Gr(U:, D), syz e Gr(U:, D), and s,yx € Gr(U:, D). Now, we have
that w+yel and x+z€], so (w+y) (x+2) m].el/l (as IJmcU) which
gives that s (w+y) m, €U or s(x+2z) m, eU or s(w+y) (x+z) e Gr(U
o, D). If s (w+y) m el then sawm, & U because sym; & U, so wel
-U:, sfm].). Since s [I-(U :, m],)] Jc Gr(U :, D), then swx e Gr
(U:, D). Similarly, if s,(x+z) m, elU, then s,wx € Gr(U:, D). If s (w+y)
(x+z) e Gr(U:, D), then swx + swz + s,yx + s,yz € Gr(U:, D) which
gives swx € Gr(U:, D) because swz + s,yx + s,yz € Gr(U:, D). Thus,
sI] < Gr(U:, D).

Theorem 2.13: Let x, e(D)-U with (U, X,)NS=@ where ge 3. If U is
a gr-S-2-PS of D, then (U:, x,) is a gr-5-2"$-Pl of A.

Proof: Suppose that U is a gr-S-2"-PS of D where s, €S is the element
that satisfy the ¢r-S-2"-PS condition. Let cidhv]. e(U:, xg) where ci,dh,vj
€ h(A), and i,j,h € T, so we have that cd, (v].xg) € U which gives that
5,C, (vjxg) € U orsd, (v].xg) € U or scd, € Gr(U:, D). The first two cases
give that s,cv, € (U:, x,) or stdhvj eU:, xg). If s,cd, € Gr(U:, D), then
for every m e h(D) we have that (s,cd,)" melU where neN, which gives
that (s,cd,)" x, €U so scd, e Gr(U:, x,). Thus, (U:, x )is a ¢r-S-2"-PI
of A.

Theorem 2.14: If ] is a gr-S-2"-Pl of A, then Gr(]) is a gr-S-2-PI of A.

Proof: Suppose that | is a gr-5-2*-PL of A with s, €S as the element that
satisfies the condition of the gr-S-2-PI. Let rz,m, e Gr(]), where r,z,,m,
€ h(A). Assume that S,T,1m, & Gr(J) and s,
Gr(J]), then (rgzhm].)" €] where neN. Since | is a gr-S-2"-PI of A, then
we have that (strgzh)” €] which gives that 81,2, € Gr(J). Thus, Gr(])is a
gr-S-2"-Plof A.

z,m, & Gr(J). Since rz,m, €
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Theorem 2.15: Let U <, D, and q, € h(A) — (U :, D) with (U:,q,) :, D)
N S=D where ge3J. If U is a gr-S-2"-PS of D, then (U, q,) is a gr-S-
2%-PS of D.

Proof: Suppose that U is a gr-S-2"-PS of D where s, €S is the element
that satisfies the ¢gr-S-2'-PS condition. Let cd,m, e (U:,q,) where c,
d, eh(A), m eh(A), and i,j,he3, so we have that cd, (mgq,)eU
which gives that s, (mq,) € U or sd, (mq,) € U or scd, € Gr(U:, D).
The first two cases holds lead us to have that S,Cm; € U-, qg) or stdhm].
eU:, qg). If scd, € Gr(U:, D), then we have that (scd,)" D c U
U-, qg). So, s,cd, € Gr((Z/{:Dqg) :, D). Thus, (U:, qg)is a %graded gr-
S-2-PS of D.

Lemma 2.16: Let U <. D. If U is a gr-S-2"-PS of D, then there exists s, € S
such that (U, s)) = Uz, s") forall a=3.

Proof: Assume that U is a gr-5-2"-PS of D with the element s, as the
element which make the condition of the gr-S-2'-PS satisfies. Let m =
T m e U, s'). Since (U :, s;) <, D, we have that m e U:, s) forall
je3. Let je3, then s/m, =s/sim e U, where s € h(A) and m, € (D),
hence m, € (U:,, ) or s} € Gr(U:, D). If 57 € Gr(U:, D), then () =s"
€ € where beN, since Sch(A) be a m.c.s of A, then sfb eU:, D)
S which is contradiction. Since we get that m, € (U:, s), then (U, s)
cU:, s?). Now, since (U, sf) cU:, sf), then (U:, sf) =U:, sf).
Now, Assume that (U:,s)) =(U:,s') forall n < a. Let m = X m, e
(U:,s!), then m; e (U:,s) forall je3. Let je3, then then st“m], =
sis;m; € U, where s}, 57" € h(A) and m, e (D), hence m, e (U:,s])
or m; e (U, s;') or s/ € Gr(U:, D). Similarly, s/ € Gr(U :, D) leads
us to a contradiction. Now, we have m; e u-, sf’) v U:, sf‘l) =U:, sf’).
Since m, € (U:, 5}), then (U, s]) < (U, 5)). Since (U, 5)) < (U, 8)),
then (U :,, sf) =(U:, s;). Therefore, (U :, sf) =(U:,s") forall a>3.

Lemma 2.17: Let U <, D. If U is a gr-S-2"-PS of D, then there exists s, €S
such that (U, s;D) = (U :, s/D) forall a>3.

Proof: Follows directly from (i)



ON GRADED S-2-ABSORBING PRIMARY SUBMODULES 649

Theorem 2.19: Let U <, D with (U:, D) N D. U is a gr-S-2"-PS if and only
if (U, s,) isagr-2"-PSof D for some s, €S.

Proof:Let U beagr-S-2"-PSof D and s, €S is the element that satisfies the
condition of the gr-S-2"-PS. By Lemma 2.16, we have (U :, sf) =U:, s/
for all a>3. Now our target is to show that L =(U:, Sf) =U:, sf’) is
gr2"-PS of D. Let cdm e (U, s;) where c,,d, € h(A), m, € (D), and
i,j,he3. Then sicd,m = (sic) (sjd,) (sim,) € U, where (sic), (s;d,)
€ h(A) and (sjm,) € i(D). Since U is gr-5-2"-PS of D, then either s/c,m,
€U, sfdhm]_ eU or sicd, e Gr(U:, D). The first two cases give that
cm; € (U:p,s)) or dhm/. eU:,s). If sjed, e Gr(U ., D), then (s’cd,)"
€ (U:, D), where neN. Now, we have (cd,)" € (U:, sf"D), by Lemma
217, U:,s)"D) =(U:,s;D) =(U:, ;D) =(U:,s;) 1, D), so we have
(cd,)" e (U:,s;) :, D) which means c¢d, € Gr(U =, s;) :, D)). Thus,
(U, s7)is a gr-2"-PS of D. Now suppose that (U:,s,) is a gr-2'-PS for
some s, €S with te3J. Let cidhmj € U where ¢, d, eh(A), m, e h(D),
and i,j,he 3. Since (U, s,) is ¢r-2"-PS of D, then either cm; € U:ps,),
dhm], e(U:,s,)orcd eGr(l:,s,). So scm e U, stdhmj €U orscd, e
Gr(U:, D). Thus, U is gr-5-2"-PS of D.

Theorem 2.19: Let U<, D, and (U:, D) be a graded prime ideal of A with
(U:, D) S =@. U isagr-S-2-PS of D if there exists s, €S such that for
all 1,0, eh(D), if U:,1)—-(U:, sfvg) VGrU:, D) # D, then U =
(U+RL) N (Z/I+Rs,vg).

Proof: Assume that exists s, €S such that forall [, v, € (D), if (U:, 1)
-(U:, sfvg) U GrU:, D) # ¢, then U =U+RL)N(U+Rsp,). Let
C,-dhm,- € U where c,, d, eh(A), m, eh(D), and i,j,h € 3. Assume that
sfdhm]. ¢ U and s’cd, ¢ Gr(U:, D), our goal is to show that sfcimj elU.
Now, d, e (U, cim].) -(U:, sfmj) v Gr(U:, D)). By the assumption we
have that U = (U+Rcimj) N (Z/{+Rstm].) so € U. Thus, U is a gr-S-2"-PS
of D.

Definition 2.20: D is called graded S-concellative module if there
exists s, €S such that whenever if ¢m, =cv, where m, v, eh(D) and
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c, € h(A), then m;=sv, and v,= s;m,. Moreover, A graded submodule J of
D is said to be graded pure if for all 7 e h(A), (D) n]J=r].

Theorem 2.21: Let U beaproper graded submodule of D with (U :, D)NS=(.
If D is a graded S-cancellative module and U is a graded pure submodule, then
U isagr-5-2"-PS with Gr(U :, D)=1{0}.

Proof:Let U beagraded puresubmodule,and D beagraded S-cancellative
module and s, € S be the element that satisfies the cancellative condition.
Let cidhmj € U where c,,d, € h(A), m; e h(D), and i,j,h € 3. But U isa
graded pure submodule, so cd,m, € U M cd,D =cdU. Now, for some
v, el "I(D), cdm =cdo, sodm =sdv anddy=sdm$, which
gives that s,d,m, € U, so U is a gr-5-2*-PS.

Now, let z, #0 € Gr(U :, D) where z, € h(A) and o€ 3. But U isa
proper graded submodule of D, so thereis m =X . m € D-U which
means that there exists je 3 such that m; e WD) - U <D — U. Then, for
some neN, ngf €z, DnU c z, DnU = z,U, which means that there
is ¢, e U such that zij = z/c,. For some s, €S, we have that m =sc, and
¢, =Sm, Since ¢, e U, m;=s_c, and U is a graded submodule of D, then
m; e U which is a contradiction. Thus, Gr(U/ :, D) ={0}.

Theorem 2.22: Let D,D’ be graded A-modules and L:D—7D' be a
graded A -homomorphism. If ¢’ is a gr-2"-PS of D' and (L'(U') :, D)
N S=, then L' (U') is a gr-S-2*-PS of D.

Proof: Assume that U’ is a gr-S-2"-PS of D' and (L' (U'):, D) N S=2.
Let cidhm]. e L' (') where c,, d,eh(A), mn, eh(D), and i,h,j € 3. That
gives us L(cl,dhml.) = cidhL(mj) € U', so there is s, €S where te3J such
that scL(m) = L(scm,) e U or sd,L(m) = L(sd,m)e U or scd, e
Gr(U':, D'). By the first two cases we have S, € L'(U") or stdhmj €
L'U"). If sed, € Gr(U':, D'), then scd, € Gr(L'(U') :, D). Therefore,
L' (U')is a gr-S-2"-PS of D.
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Theorem 2.23: Let D, D' be graded A -modules and L:D — D" be a graded
A -epimorphism. If U is a gr-S-2°-PS of D and ker(L) < U, then L(U) is a
gr-S-2"-PS of D'.

Proof: Assume that U is a ¢r-S-2°-PS of D and ker(L) c U. Firstly,
we want to show that (L(U):, D') N S=C. Suppose not, then there
exists s, € (L(U) :, D') NS which means that s, D' < L(U). Since L is a
graded A -epimorphism, then sD’ =sL(D) = L(sD) < L(k), so sD
<D+ ker(L)c U, so s, € (U:, D) 'S which is a contradiction. Let
cl,dhm;. e L(U) where c,, d, eh(A), m; eh(D'), and i,h,jeJ. Since L is
a graded A -epimorphism, then there exists m, e (D) and kel such
that m = L(m,) and cd,m; = L(k). Now, we have that L(k) = cd,L(m)) =
L(cidhm],), SO L(k—cidhm],)zO which means that k—cl,dhm]. € ker(Lyc U.
Since U <. D, then cidhm]. € U. Now, as U is a gr-S-2"-PS, there exists
a,€S where ge3 such that either a cm € U or adm eU or acd,
€ Gr(U:, D). Now, we have that either L(agc,.m].) = agcl.L(m].) = agcl.m; €
L(U) or L(agdhml,) = agdhL(mj) = agdhm;. e L(U) or agcidh e Gr(U:, D) c
Gr(LU) :, D'). Thus, L(U) is a gr-5-2"-PS of D'

As am immediate consequence of Theorem 2.22 and Theorem 2.23,

we have the following corollaries.

Corollary 3.3: If U’ is a gr-S-2*-PS of D with (U':, A) N S=, then
AnU' is agr-S-2"-PS of A.

Corollary 3.3: Let Ac U beagraded submodules of D. Then U isa gr-S-
2"-PSof D ifand only if &/ A is a graded gr-S-2"-PS of D/ A.
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