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Abstract
For a graph, its cycle space has a lot of bases, out of which we are interested in finding 

a basis of minimum length. A cycle basis length is the sum of all cycles lengths. In this work, 
we give cycle basis of the α–product of different Paths of minimal length.
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1.  Introduction

In this paper, only finite, connected and simple graphs are considered. 
For the indefinite terms, see [12] and [18]. Any graph = ( ( ), ( ))G V G E G  
corresponds to a vector space of all subsets of ( )E G  called the edge space 

.EW  EW  is an | ( )|E G -dimensional vector pace over 2Z  such that for all 
, ,Eq w W∈  vector addition q w⊕  is defined as the symmetric difference of 

q and w and scalar multiplication 1 =q q⋅  and 0 = .q⋅ ∅  A cycle space, 
( ),GC  of G is a subspace of EW  that contains all cycles along with edge 

disjoint union of them and its dimension is dim( ( ))GC = 1+| ( )|E G −
| ( )|.V G  A cycle basis of G is a basis of ( ).GC  A cycle basis with minimal 
length of G is a cycle basis of minimum length. The basis’s length is the 
sum of all of its cycles’s lengths. The number of a cycle edges is called the 
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length of a cycle. This is an important field of research in the area of 
independent electric circuits, see for example [19].

In general, cycle bases with minimal length are not very well obedient 
under the operations of graphs since we might not be able to extend the 
subgraphs’ properties to the original graphs. Cycle spaces bases have 
varies applications in electrical engineering [19], biology, chemistry and 
structural analysis [16] and periodic timelabiling [20]. Such applications 
require cycle bases that has special properties [15]. For more on the 
preceding notions, the reader is referred to [1], [13], [14], [17], [21], [22].

There are lots of products on graphs such as the Cartesian, strong 
direct, lexicographic and semi-strong products. In [15], Imrich and Stadler 
invented cycle bases with minimal length for the Cartesian, strong and 
direct products of graphs. Alzoubi [11], designed cycle bases with minimal 
length for the operation of strong product of a special case of paths and 
cycles. Also in [10], Alzoubi constructed cycle bases with minimal length 
for the semi-strong product of cycles and paths with distinct kinds of 
ladders. Alzoubi and Al-Eid [9], constructed cycle bases with minimal 
length for the semi-strong product of some basic graphs. In [15], Daoud 
and others introduced the following notion of a − product of graphs:

Let 1 1 1= ( , )G V E  be a graph with a-vertices and e-edges and 
2 2 2= ( , )G V E  be a graph with b vertices and d edges. The the a − product 

of 1G  and 2G  denoted by 1 2G Ga  is a graph with =n ab  vertices and the 
vertex set of 1 2G Ga  is 1 2( )V G Ga = 1 2V V×  and two vertices 1 2( , )a a  and 

1 2( , )b b  are adjacent if the following two conditions hold:

1.	 1a  and 1b  are adjacent in 1G  and 2a  and 2b  are not adjacent in 2 .G

2.	 1a  is not joint to 1b  in 1G  and 2a  is joint to 2b  in 2 .G  

In fact, 1 2G Ga  is isomorphic to 2 1G Ga  and its number of edges is 
1 2( )m G Ga = 2a d + 2b e − 4 .ed
These products were also generalized to fuzzy graphs in [2], [3], [4], 

[5], [6], [7], [8].
Our goal, in this article, is to construct a cycle bases of minimum 

length for the cycle space of the a − product of paths.

2.  Cycle basis of minimum length of 2 nP Pa

It is clear that 2 2P Pa  is a 4-cycle and so its cycle basis of minimum 
length consists of 4-cycle. For the graph 2 3P Pa  it is isomorphic to 3,3K  
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which is nonplanar and its cycle basis of minimum length consists of 4 
rectangles (4-cycles). Also 3 3P Pa  is a graph of girth 4 ad its cycle basis of 
minimum length consists of 4-cycles.

Lemma 1: The cycle basis with minimum length of the graph 2 4P Pa  consists of 
rectangles and triangles 

Proof: Let 2 1 2=P d d  and 4 1 2 3 4= . P u u u u Clearly 2 4dim ( ) = 9.P PaC  Define 
2 4 1 2 3( ) =P P S S Sa ∪ ∪B  where 

1 1 1 1 2 1 3 2 1 1 1 2 1 1 3 1 4 2 1

2 1 2 2 1 4 2 1

= {( , )( , )( , )( , )( , ),( , )( , )( , )( , ),
( , )( , )( , )( , )},

S u u u u u u u u u
u u u u

d d d d d d d d d
d d d d

�

2 1 1 2 1 2 2 2 3 1 1 1 1 2 3 2 4 1 1

1 1 2 4 1 2 1 1

= {( , )( , )( , )( , )( , ),( , )( , )( , )( , ),
( , )( , )( , )( , )}

S u u u u u u u u u
u u u u

d d d d d d d d d
d d d d

and 

3 1 1 1 2= {( , )( , )( , )( , ) : = 1, 2, 3}.i i i i iS u u u u id d d d+

Consider the subrapht 1( )G S  of 2 4P Pa  having edge set 1( )E S∪  and 
vertex set 2 4( ).V P Pa  Then 1( )G S  is a planar subgraph with 1S  as its basis 
because 1S  consists of boundaries of the finite faces of 1( ).G S  Similarly, 

2( )G S  is a subgraph of 2 4P Pa  that has 2S  as its basis. Now 1S  and 2S  are 
linearly independent (simply, lin. ind.) sets of cycles in 2 4 .P Pa  Since every 
cycle in 2S  contains an edge from the set =E 1 1{( , )ud 2 3( , ),ud 1 1( , )ud

2 4( , ),ud 1 2( , )ud 2 4( , )}ud  which does not occur in any cycle of 1 ,S  then the 
cycles of 2S  are lin. ind. with the cycles of 1.S  Therefore, 1 2S S∪  is a lin. 
ind. set of cycles. 3S  is the basis of the Cartesian product of 2 4P P×  (see 
[15]), so 3S  is lin. ind. Finally, the cycles in 3S  have two edges 1 2( , )ud

2 2( , )ud  and 1 3( , )ud 2 3( , )ud  that do not occur in any cycle of 1 2S S∪  and so 
2 4( )P PaB  is a lin. ind. set of cycles in 2 4( )P PaC  and since 2 4| ( )|P PaB =

2 4dim ( ),P PaC  2 4( )P PaB  is a basis for 2 4( )P PaC  that contains triangles and 
rectangles and since it contains all the 3 cycles of 2 4 ,P Pa  it is a minimum 
cycle basis of 2 4 .P Pa  

Lemma 2: The cycle basis of minimum length of tha graph 2 5P Pa  consists of 
rectangles and triangles 

Proof: Let 2 1 2=P d d  and 5 1 2 3 4 5= . P u u u u u Clearly 2 5dim ( ) = 16.P PaC  Let 
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1 1 1 2 3 2 4 1 1 1 1 2 4 2 5 1 1

1 1 1 2 2 5 1 1 1 2 1 3 2 5 1 2

= {( , )( , )( , )( , ),( , )( , )( , )( , ),
( , )( , )( , )( , ),( , )( , )( , )( , )},

S u u u u u u u u
u u u u u u u u

d d d d d d d d
d d d d d d d d

2 2 1 1 3 1 4 2 1 2 1 1 4 1 5 2 1

2 1 2 2 1 5 2 1 2 2 2 3 1 5 2 2

= {( , )( , )( , )( , ),( , )( , )( , )( , ),
( , )( , )( , )( , ),( , )( , )( , )( , )},

S u u u u u u u u
u u u u u u u u

d d d d d d d d
d d d d d d d d

3S  is the set of the cycles 

31 1 1 1 2 2 4 1 1= ( , )( , )( , )( , )S u u u ud d d d

32 1 2 2 4 2 5 1 2= ( , )( , )( , )( , )S u u u ud d d d

33 1 5 2 2 1 4 1 5= ( , )( , )( , )( , )S u u u ud d d d

34 1 4 2 1 2 2 1 4= ( , )( , )( , )( , )S u u u ud d d d

and 

4 1 1 1 2 1 2 1= {( , )( , )( , )( , )( , ) : = 1,..., 4}.i i i i iS u u u u u id d d d d+ +

The graph 1( )G S  is planar and the cycles of 1S  are the boundaries of 
its finite faces, so 1S  is a basis for 1( ( ))G SC  and thus is a lin. ind. set of 
cycles in 2 5( ).P PaC  Similarly, 2( )G S  is planar and 2S  is a basis for 2( ( ))G SC  
and so 2S  is a lin. ind. set of cycles in 2 5( ).P PaC  Since every cycle of 1S  
contains one or two edges from the set of edges 

1 1 2 3 1 1 2 4 1 1 2 5 1 2 2 5 1 3 2 5{( , )( , ),( , )( , ),( , )( , ),( , )( , ),( , )( , )}u u u u u u u u u ud d d d d d d d d d

that do not belong to any cycle in 1 ,S  then the cycles of 1S  are lin. ind. with 
all cycles of 2S  and thus 1 2S S∪  is a lin. ind. set of cycles. The 3 cycles 31S  
and 32S  are lin. ind., also 33S  and 34S  are lin. ind. and since 31S  and 32S  are 
edge disjoint with 33S  and 34 ,S  we conclude that 3S  is lin. ind.. Since the 
cycles of 3S  have of the two edges 1 2( , )ud 2 4( , ),ud 1 4( , )ud 2 2( , )ud  that can 
not occur as a linear combination of the cycles in 1 2 ,S S∪  so 3S  is lin. ind. 
with 1 2 ,S S∪  thus 1 2 3S S S∪ ∪  is lin. ind. 4S  is the basis of 2 5P P×  (the 
Cartesian product, see [15]). Every cycle in 3 4S S∪  contains an edge from 
the set 

1 2 2 4 2 2 1 4 1 2 2 2 1 4 2 4 1 3 2 3{( , )( , ),( , )( , ),( , )( , ),( , )( , ),( , )( , )}u u u u u u u u u ud d d d d d d d d d

that does not belong to any cycle in 1 2S S∪  and so the cycles of 
1 2 3 4S S S S∪ ∪ ∪  are lin. ind. and hence 2 5( )P PaB = 1 2S S∪ ∪ 3 4S S∪  is a 

lin. ind. set of cycles of order 16 = dimC 2 5( ).P Pa  Therefore, it is a basis for 
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2 5( )P PaC  that contains all number of lin. ind. 3-cycles in 2 5P Pa  and some 
4-cycles which makes it a minimum cycle basis for 2 5( ).P PaC  

Lemma 3: For 4;n ≥  the cycle basis of minimum length of the graph 2 nP Pa  
consists of rectangles and triangles 

Proof: We use induction on n taking into account that our proof will split 
into two parts depending on whether n is even or odd. We assume that 

2 1 2= .P d d

Case 1: If = 2n k  and k is at least 2, then 2 4P Pa  is true by Lemma 1. 
Assuming that the statement is true for = 2 ,n k  for the case = 2 2,n k +  
we assume 2 2kP + = 1 2u u ... 2 1 2 2k ku u+ +  which has 2 1k +  edges and 2 2k +  
vertices. The graph 2 2 2kP Pa +  has 4 4k +  vertices and 4 3k +  edges. Now 
deleting the varices 1 1( , ),ud 1 2 2( , ),kud + 2 1( , ),ud 2 2 2( , )kud +  from the graph 

2 2 2 ,kP Pa +  we end up with the graph 2 2 3P u ua ... 2 1ku +  which is isomorphic 
to 2 2kP Pa  and thus by the induction step 2 2 3P u ua ... 2ku  has a cycle basis 
of minimum length consisting of rectangles and triangles with dimension 

2 2| ( )|kP PaB  equals 24 4 1.k k− +  It’s clear that dim 2 2 2( ( )kP Pa +C =
24 4 1k k+ + and so dim 2 2 2( ( )kP Pa +C − dim 2 2( ( )kP PaC = 8 .k  Let =B B

2 2 3 2 1( ... ).kP u u ua +  Then our aim is to add 8k  from 2 2 2kP Pa +  with maximum 
number of 3-cycles to get a minimum cycle basis for 2 2 2( ).kP Pa +C  Let

1 1 1 2 2 1 1 1

1 1 1 2 2 1 1 1

2 2 1 1 1 1 2 1

1 2 2 2 2 1 1 2 2

= {( , )( , )( , )( , ) : 3 2 1}
{( , )( , )( , )( , ) : 1 2 1}. Then| |= 4 2. Let
= {( , )( , )( , )( , ) : 3 2 1}

{( , )( , )( , )( , ) : 1 2 1}

i i

i i k i

i i

k i i k

B u u u u i k
u u u u i k B k

B u u u u i k
u u u u i k

d d d d
d d d d

d d d d
d d d d

+

+ +

+

+ + +

≤ ≤ +

∪ ≤ ≤ − −

≤ ≤ +

∪ ≤ ≤ − .

Then 2| |= 4 2.B k −  Let 1 2= .B B B∪  Then | |= 8 4.B k −  Now define 
2 2 2( )kP Pa +B  as the disjoint union of B and 2 2( ).kB P Pa  Then 2( )G B  is a 

planar subgraph that has the cycles of 2B  as the boundaries of its finite 
faces, so the cycles of 2B  are lin. ind.. Moreover, every cycle in 2B  has an 
edge from the set 

2 2 1 1 1 2 2 2= {( , )( , ) : 3 2 2} {( , )( , ) : 2 2 }i k iE u u i k u u i kd d d d+≤ ≤ + ∪ ≤ ≤

that does not belong to any cycle in 1B  and so the cycles in 2B  are lin. ind. 
with all the cycles in 1B  and thus 1 2B B∪  is a lin. ind. set of cycles. Let 

3 1 1 1 2 2 2 2 1 1 1

1 2 1 1 2 2 2 2 2 2 2 1 1 2 1

= {( , )( , )( , )( , )( , ),
( , )( , )( , )( , )( , )},k k k k k

B u u u u u
u u u u u

d d d d d
d d d d d+ + + + +
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It is clear that the cycles of 3B  are edge disjoint and each of them 
contains an edge of the form 1 1 2 1( , )( , ),u ud d  1 2 2 2 2 2( , )( , )k ku ud d+ +  that does 
not occur in any cycle of 1 2 .B B∪  Then 1 2 3B B B∪ ∪  is lin. ind. Let 

4 1 1 1 2 2 2 1 1 1

2 2 1 2 1 1 2 2 2 2

= {( , )( , )( , )( , ),
( , )( , )( , )( , )}.

k

k k

B u u u u
u u u u

d d d d
d d d d

+

+ +

Each of the 2-cycles in 4B  has only one edge from 2 2 3 2 1... kP u u ua +  and 
two edges from 2 2 2kP Pa + \ 2 2 3P u ua ... 2 1ku +  that makes the cycles of 4B  lin. 
ind. with all the cycles in 1 2 3 .B B B∪ ∪  Therefore, 1 2 3 4B B B B∪ ∪ ∪  is lin. 
ind.. Now every cycle in 1 2 3 4B B B B∪ ∪ ∪  contains an edge from the set 

1 2 1 1 2 2 2 2 1

1 1 2 1 1 2 2 2 2 2

= {( , )( , ) : 3 2 2} {( , )( , ) : 2 2 }
{( , )( , ),( , )( , )}

i k i

k k

E E u u i k u u i k
u u u u
d d d d

d d d d
+

+ +

∪ ≤ ≤ + ∪ ≤ ≤

∪

that does not belong to any cycle in B  and thus 2 2 2( )kP Pa +B = 1B∪B ∪

2 3B B∪ ∪ 4B  is a lin. ind. set of cycles and 2 2 2| ( )|kB P Pa + = dim 2 2 2( ).kP Pa +C  
Hence 2 2 2( )kP Pa +B  is a minimum cycle basis for 2 2 2( )kP Pa +C  that contains 
the maximim number of lin. ind. 3-cycles in 2 nP Pa  in addition to the 
essential 4-cycles.

Case 2: If = 2 1n k +  and kis at least 2, then 2 nP Pa  is true by Lemma 2. 
Assuming that the statement is true for = 2 1n k +  vertices, for the case 

= 2 3,n k +  following the same technique in Case 1 and deleting the 4 
vertices 1 1( , ),ud 1 2 3( , ),kud + 2 1( , ),ud 2 2 3( , )kud +  from 2 2 3 ,kP Pa +  we end up 
with the graph 2 2 3 2 2... kP u u ua +  and by the induction step, this graph has 
a basis consisting of triangles and rectangles. For the rest of the proof, we 
repeat the arguments in Case 1 by defining the sets iB  where = 1, 2, 3, 4i  
that have 8 4k +  cycles and their union with 2 2 3 2 2( ... )kP u u ua +B  give the 
required minimum cycle basis for 2 2 3( )kP Pa +C  that consists of maximal set 
of triangles in 2 2 3kP Pa +  and the essential rectangles. 

3.  Cycle basis of minimum length of m nP Pa

In this section, we discuss cycle basis of minimum length of m nP Pa  
for 4.m ≥  We begin by discussing cycle basis of minimum length of 3 nP Pa  
and 4 .nP Pa

Theorem 4: For 4;n ≥  the cycle basis of minimum length of the graph 3 nP Pa  
consists of rectangles and triangles. 
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Proof: Let 3 1 2 3=P d d d  and 1 2= ...n nP u u u  where 4n ≥  and let 
1 1 2= ( ),nB Pd d aB  2 2 3= ( )nB Pd d aB  be the bases of 1 2 nPd d a  and 2 3 ,nPd d a  

respectively. Then clearly 1 2B B∪  is a lin. ind. set of cycles in 3( ).nP PaC

Now 1( )E B ∩ 2( )E B = 2{( , )iud 2 1( , )iud + : = 1, 2,i ..., 1}n −  and 3( )nP PaB =
1 2B B S∪ ∪  where

1 2 3 3 1 1

1 2 3 3 1 2

= {( , )( , )( , )( , )( , ) : = 1, 2,..., 1}
{( , )( , )( , )( , )( , ) : = 2,..., }.

i i i i i

i i i i i

S u u u u u i n
u u u u u i n

d d d d d
d d d d d

+

−

− ∪

Now | |S = 2( 1)n − = 3dim ( )nP PaC − 22dim ( )nP PaC  and so 
3| ( )|nP PaB = 1 2| |.B B S∪ ∪  Moreover, every cycle in S  contains an edge 

of the form 1( , )iud 3 2( , )iud +  or 3( , )iud 2( , )iud  that does not occur in any 
other cycle. Thus 3( )nP PaB  is a lin. ind. set of cycles in 3( )nP PaC  and 

3| ( )|nP PaB = 3dim ( ).nP PaC  One can easily notice that 3( )nP PaB  is a 
minimum cycle basis of 3 nP Pa  that contains all 3 cycles of 3 nP Pa  in addition 
to rectangles. 

Theorem 5: For 4;n ≥  the cycle basis of minimum length of the graph 4 nP Pa  has 
a consists of rectangles and triangles. 

Proof: Let 4 1 2 3 4=P d d d d  and 1 2= ...n nP u u u  where 4.n ≥  Then 4 nP Pa  can be 
considered as a graph with set of edges 4( )nE P Pa  decomposed as 4( )nE P Pa
= 1 2( )nE Pd d a ∪ 2 3( )nE Pd d a ∪ 3 4( )nE Pd d a ∪ E  where 1 2 3 4=E E E E E∪ ∪ ∪  
such that

1 1 3 2 2 4 1

2 2 3 1 2 4 1

3 1 4 1

4 2 4 1

= {( , )( , ),( , )( , ) : 1 1},
= {( , )( , ),( , )( , ) : 1 },
= {( , )( , ) : 1 1},
= {( , )( , ) : 1 }.

i i i i

i i i i

i i

i i

E u u u u i n
E u u u u i n
E u u i n
E u u i n

d d d d
d d d d
d d
d d

+ +

− −

+

−

≤ ≤ −

≤ ≤

≤ ≤ −

≤ ≤

Thus | |= 6( 1).E n −  Since 1i i nPd d a+  is isomorphic to 2 ,nP Pa  dim
1( ( ))i i nPd d a+C = 2( 1)n −  for = 1, 2, 3i  and dim 4( ( ))nP PaC − dim

2( ( ))nP PaC = 6( 1),n −  it is easy to see that 3
=1i∪ B 1( )i i nPd d a+  is lin. ind. set 

of cycles in 4( )nP PaC  to meet the 4dim( ( )),nP PaC  we define the following 
set of cycles for 1 1 :i n≤ ≤ −

1 1 3 1 4 1 1 1 2 4 1 1

2 4 3 1 1 4 4 1 1 2 1 4

3 1 3 1 3 2 1

2 4 1

= {( , )( , )( , )( , ),( , )( , )( , )( , )},
= {( , )( , )( , )( , ),( , )( , )( , )( , )} and
= {( , )( , )( , )( , )( , ),

( , )( , )(

i i i i i i i i

i i i i i i i i

i i i i i

i i

S u u u u u u u u
S u u u u u u u u
S u u u u u

u u

d d d d d d d d
d d d d d d d d
d d d d d
d d d

+ + +

+ + +

+

+ 4 3 2, )( , )( , )}.i i iu u ud d
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Then | |= 2( 1)iS n −  for = 1, 2, 3i  and 1 2 3| |= 6( 1).S S S n∪ ∪ −  Now, 
anry cycle of 3S  has an edge of the form 1( , )iud 3 1( , )iud +  or 2( , )iud 4 1( , )iud +  
that does not belong to any other cycle of 3S  and so the cycles of 3S  are lin. 
ind.. Moreover, each of these cycles contain an edge of the form 1( , )iud

3( , )iud  that does not belong to any cycle of 1 2 .S S∪  So the cycles of 3S  are 
lin. ind. with all the cycles of 1 2 .S S∪

It is easy to see that cycles of 1S  are either edge disjoint or adjacent 
triangles with edge in common. So, the cycles in 1S  are lin. ind.. Same 
thing is true for 2 .S  So 1 2S S∪  is lin. ind. and thus 1 2 3S S S∪ ∪  is a lin. ind. 
set of cycles in 4( ).nP PaC  Now, every cycle in 1S ∪ 2 3S S∪  has an edge 
from the set E  that does not appear in any cycle of 3

=1i∪ B 1( ).i i nPd d a+  So, 
3
=1iS∪∪ B 1( )i i nPd d a+  is a lin. ind. set of cycles for 4( ).nP PaC  Thus 

4| ( )|nP PaB = dim(C 4( ))nP Pa  and so 4( )nP PaB  is a basis for 4( )nP PaC  that 
contains all of lin. ind. 3-cycles and the rest are rectangles. Thus, 4( )nP PaB  
is a minimum cycle basis for 4( )nP PaC  that contains only triangles and 
rectangles. 

Theorem 6: For 4n ≥  and 5;m ≥  the cycle basis of minimum length of the 
graph m nP Pa  consists of rectangles and triangles. 

Proof: Let 1 2= ...m mP d d d  and 1 2= ...n nP u u u  where 4n ≥  and 5.m ≥  For 
each = 1, 2,..., 1,i m −  1i i nPd d a+  is a subgraph of m nP Pa  that is isomorphic 
to 2 .nP Pa  Define G′ = ( ( ),m nV P Pa ( ))E G′  where ( )E G′ = 1

=1
m
i E−∪ 1( ).i i nPd d a+  

Let 1( )i i nPd d a+B  be the basis of 1( )i i nPd d a+B  which is equivalent to the 
basis of 2 nP Pa  as in Lemma 3 for each = 1, 2,..., 1.i m −  Since the cycles 
of 1i i nPd d a+  are either edge disjoint with cycles 1 2i id d+ +  or have only one 
edge of the form 1( , )i jud + 1 1( , ).i jud + +  Thus the cycles of 1i i nPd d a+  are lin. 
ind. with the cycles of 1 2 .i i nPd d a+ +  Hence ( )G′B = 1

=1
m
i
−∪ B 1( )i i nPd d a+  is a 

lin. ind. set of cycles in ( ).G′C  Thus 1
=1

m
i
−∪ B 1( )i i nPd d a+  is a basis for ( ).G′C  

Now dim ( )G′C = 1
=1

m
i
−∑ B 1( )i i nPd d a+ = 1

=1
m
i
− −∑ 2( 1)n − = ( 1)m − 2( 1) .n −  Also 

2 2

2 2

dim ( ) dim ( ) ( 1) ( 1) 4( 1)( 1)
1 ( 2 2 1)

= ( 1)( 1)( 2).

m nP P G m n n m n m
mn mn mn m n n

n m m

a ′− = − + − − − −

− + − − + − + −
− − −

C C

Now, we need to add ( 1)n − ( 1)m − ( 2)m −  cycles to the cycles in 
1

=1
m
i
−∪ B 1( )i i nPd d a+  to meet the dimension of ( ).n mP PaC  These cycles will 

include edges of the form ( , )i jud 1( , )k jud +  for each = 1, 2,..., 1j n −  and 
1 , ,i k m≤ ≤  { , 1}.i k k∉ +  For each = 1, 2,..., 1,j n −  the set of triangles in 

1j j mu u Pa+  are ( 1)m − ( 2)m −  and they are lin. ind. because each triangle 
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has a head vertex of the form ( , )i jud  and a base edge of the form 1( , )k jud +

1 1( , )k jud + +  or a triangle with a head vertex 1( , )i jud +  and a base edge of the 
form ( , )k jud 1( , )k jud +  for some = 1, 2,..., 1.k m −  Now, cycles with head 
vertex ( , )i jud  or 1( , )i jud +  are lin. ind. being together form finite boundaries 
of a planar subgraph of 1 .j j mPd d a+  Also, such cycles are lin. ind. with the 
other cycles with distinct head vertices by varying i from 1 to 1.m −  That 
is because such cycles are either edge disjoint or have at most an edge in 
common. So for each = 1, 2,j ..., 1,n −  the ( 1)m − ( 2)m −  cycles in 

1j j mu u Pa+  are lin. ind. and it is easy to see that the union of all such cycles 
gives us ( 1)n − ( 1)m − ( 2)m −  cycles that are lin. ind.. Let TB  be a set of all 
these triangles. Then ( )m nP PaB  is the disjoint union of TB  and ( )G′B  that 
forms a basis for ( ).n mP PaC  Because the cycles of TB  consists of edges 
from ( )n mE P Pa \ ( )E G′  that can not occur in any cycle of ( ),G′B  so 

( )m nP PaB  is a lin. ind. set of cycles and thus ( )m nP PaB  is a basis for 
( )m nP PaC  that only contains triangles and rectangles. Also from the way 

that we built ( ),m nP PaB  we picked the set of all triangles in addition to 
4-cycles to meet the dimension of ( ).m nP PaC  Therefore, ( )m nP PaB  is a 
cycle basis with minimal length for ( ).m nP PaC  
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