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zero-divisor graph of a commutative ring N  and its complement graph. Also, we find the 
DRDN of the total graph of the ring .N
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1.  Introduction

In 1988, Beck [8] introduced the concept of the zero divisor 
graph(ZDG) over a commutative ring and studied the coloring of this 
graph. The zero divisor graph of a commutative ring N  is denoted by 

( )G N  and defined as the graph with the set of vertices ( ( )) =F G N N  and 
distinct vertices x and y are adjacent if and only if = 0.xy  Later, in 1999, the 
above definition was modified by Anderson and Livingston [6] by 
restricting the set of vertices to the zero divisor elements of the ring. In 
2003, the planarity of a ZDG of a finite commutative ring was studied by 
Akbari et al. [2]. They also determined the rings whose ZDGs are complete 
r –partite graphs. Later, many authors studied various properties of the 
graph over commutative rings, refer [3, 5, 15]. Recently, we have extended 
the property of divisor graph over the complement of ( )G N  in [12], and 
pancyclic property of ( [ ])n iG Z  in [13].

Throughout the paper,   represents a simple graph with vertex set 
= ( )F F   and edge set = ( ).E E   We use ( )N v  to denote the open 

neighbourhood of vertex ,v  defined by the set { ( )u F∈  : ( )},uv E∈   
whereas the set [ ]N v = ( ) { }N v v


 represents the closed neighbourhood of 

a vertex v. The minimal and maximum degrees of the graph   are denoted 
by ( )d   and ( ),D   respectively. A dominating set ( )S F⊆   is a set defined 
as if every vertex in ( )F   is either adjacent to a vertex in S or a member of 
S. The domination number, denoted by ( ),g   is the least cardinality 
among all dominating sets of .  For basic definitions and results on 
graphs, we refer [7]. 

On the other hand, the Roman domination was initially defined and 
studied by Stewart [18], Revelle and Rosing [16], and later a mathematical 
definition of this problem was given by Cockayne et al. [10]. Let : ( )f F 
→ {0,1, 2}  be a function such that every vertex u for which f(u) = 0 is 
adjacent to at least one vertex v for which f(v) = 2. It is known as the Roman 
dominating function (RDF) for the function f. The minimal weight among 
all weights corresponding to the RDFs on a graph   is the Roman 
domination number (RDN), represented by ( ).Rg 
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In 2016, Beeler et al. [9] introduced the idea of double Roman 
domination number (DRDN) of a graph. Let :f F → {0,1, 2, 3}  be a 
function and the ordered partition of F  induced by f is 0 ,F 1 ,F 2 ,F 3F  
where | |=i inF  and iF = {v F∈ |  ( ) = },f v i  for = 0,1, 2, 3.i  The ordered 
partition 0 ,F 1 ,F 2 ,F 3F  of F  and the functions :f F → {0,1, 2, 3}  have 
a one-to-one correlation. Therefore, we can write 0= ( ,f F 1 ,F 2 ,F 3 ).F  
Now, the function : ( )f GF → {0,1, 2, 3}  is called a double Roman 
dominating function (DRDF) on   if the following properties hold:

(1)	� Vertex v needs at least two neighbours in 2F  or one neighbour in 3F  
if ( ) = 0.f v

(2)	 Vertex v must have at least one neighbour in 2 3F F∪  if ( ) = 1.f v  

The double Roman domination number ( )dRg   of the graph ( )  is 
equal to the minimum weight among all weights corresponding to the 
DRDFs on .  In 2019, to extend the study of DRDF for the graph ,  Shao 
et al. [17] introduced the global double Roman dominating function 
(GDRDF) of .  They have investigated the basic properties of GDRDF and 
also presented its some sharp bounds. Recently, Kumar and Prakash [14] 
studied the RDN of some ZDGs of the commutative ring and established 
some of its properties.

The manuscript is organized as follows: Section 2 recalls some basic 
definitions and results on the DRDN. In Section 3, we present the DRDN 
of the zero divisor graphs over various rings and derive some bounds on 
the DRDN of ( )G N  while Section 4 discusses the DRDN of the complement 
of ( ).G N  Bounds of the DRDN of total graph is discuss in Section 5.

2.  Preliminary results

Throughout the paper, ( )G N  represents the ZDG of commutative 
ring N  and ID stands for integral domain. This section starts with some 
exact values of the DRDN for paths, cycles, and complete bipartite graphs. 
Also, we provide some basic results on DRDN that were observed by 
Beeler et al. [9]. 

For a graph ,nK  ( ) = 3.dR nKg  For a partite set 1 2, , , rF F F  such that 
| |> 2,iF  1 ,i r≤ ≤  let   be a complete r −  partite graph ( 2).r ≥  Then 

( ) = 6.dRg   If | |= 2iF  for some i, then ( ) = 4.dRg   If | |= 1iF  for some i, 
then ( ) = 3.dRg   Hence, we can say that the DRDN of any star graph is 3 
and the bistar graph is 4.

The result of DRDN of Paths and cycles is given by Ahangar et al. [1].
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Proposition 2.1: ([1], Proposition 1). For 1,n ≥  

if 0 (   3),
( ) = (1)

1 if 1   2 (   3).dR n

n n mod
P

n n or mod
g

 ≡


+ ≡

Proposition 2.2: ([1], Proposition 2). For 3,n ≥  

if 0, 2, 3, 4 (   6),
( ) = (2)

1 if 1,  5 (   6).dR n

n n mod
C

n n mod
g

 ≡


+ ≡

Also, we list some well-known results on the DRDN and some bounds 
with the RDN of a graph.

Proposition 2.3: ([9], Proposition 1). In a DRDF of weight ( ),dRg   no vertex 
needs to be assigned the value 1.

Proposition 2.4: ([9], Proposition 2). “Let   be a graph and 0= ( ,f F 1 ,F

2 )F  a Rg -function of .  Then ( ) 2dRg ≤ 1| |F 3+ 2| |.”F

Proposition 2.5: ([9], Proposition 5). For every graph ,  ( ) < ( ).R dRg g 

3.  DRDN of ( )G N

In this section, we study the DRDN of the ZDG of the product of 
rings.

Lemma 3.1: For two rings 1N  and 2 ,N  ( , )a b ∈ 1(Z N × 2 )N  if and only if 
1( )a Z∈ N  or 2( ).b Z∈ N  

Proposition 3.2: Let N  be an integral domain. Then 2( ( )) = 3.dRg G ×NZ

Proof: It is noted that 2( )G ×NZ  is a star graph. Therefore, by assigning 
the value 3 to the center of the graph and 0 to all other vertices, the function 

0= ( ,f F 2 ,F 3 )F  becomes DRDF. Hence, the DRDN of 2( )G ×NZ  is 3.

Proposition 3.3: Let N  be not an ID. Then 2( (dRg G Z × ))N ≤ 5 ( ( ))g G N
3.+

Proof: Let 1 2= { , , , }nD x x x  be the ( ( ))g G −N set. Then {(0, ),ix }ix D∈ ∪
{(1,0), (1, )}ix  is a dominating set of 2( ).G ×NZ  Now, let 0= ( ,f F 2 ,F 3 )F  
be a dRg − function and let 2 = {(1,F ),ix },ix D∈  3 = {(0,F ),ix }ix D∈ ∪
{(1,0)}  and rest of the elements be assigned 0. As f is the double Roman 
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dominating function, we have 2( (dRg G Z × ))N 2≤ 2| |F + 33| |F = 2n
+ 3( 1),n +  as | |= .D n  Therefore, 2( (dRg G Z × ))N ≤ 5 3n +  and hence 

2( (dRg G Z × ))N ≤ 5 ( ( ))g G N + 3,  as desired.
For a ring N  with unity, Jafari-Rad et al. [11] assigned a parameter 

( )a N  as follows:

1 if  ( ) = 0,
( ) =

( ( )) if  ( ) 0.st

Z
a

Zg G

 ≠

N
N

N N

Theorem 3.4: Given two commutative rings 1N  and 2N  with unity, and 2Z ∉

1 2{ , },N N  1 2 1 2( ( )) = 3( ( ) ( )).dR a ag G × +N N N N

Proof: Let 1 2= ×N N N  be a ring with 2 1 2{ , }.∉ N NZ  Now, we examine 
the following cases. 

Case 1: When 1 2( ) = ( ) = 0Z ZN N , then we can see that {(1,0), (0,1)}  is a 
dominating set. Let 0= ( ,f F 2 ,F 3 )F  be a dRg -function on the zero divisor 
graph. Since 1| |> 2N  and 2| |> 2,N  we put the value 3 to the vertices 
(1,0), (0,1)  and 0 to all other vertices. Clearly, 0 =F F \ {(1,0), (0,1)},  

2 =F ∅  and 3F = {(1,0), (0,1)}.  Since 3| |F  is minimum, ( ( ))dRg G N =
3 2× = 6.  

Case 2: When 1( ) 0Z ≠N  and 2( ) = 0,Z N  let S be the 1( ( ))stg G N  set and 
0= ( ,f F 2 ,F 3 )F  be a DRDF. We define a set = {{( ,0)T x : }x S∈ ∪ (0,1)}.  

Since any vertex of ( )G N  is of the form ( , )x y  is either in T or adjacent to T. 
Now, put 0F = ( ( ))F G N \ ,T  2 =F ∅  and 3 = ,TF  then ( )f F = 13( ( )a N
+ 1).  To complete the proof, we need to show that there is no other way to 
define a DRDF g in ( )G N  such that ( )g F < ( ).f F  If we remove the vertex 
(0,1)  from the set T, then the adjacent vertices ( ,0)r  will also be removed 
from the set 0F  where 1( ).r Reg∈ N  Then 0F′ = ( ( ))F G N \ 3{F′ ∪ 2 },F′  

2F′ = {( ,0)r ∪ (0,1)}  and 3F′ = {( ,0)x : }.x S∈  Clearly, 0= ( ,g F′ 2 ,F′ 3 )F′  
is a DRDF with ( )g F = 13 ( )a N + 2 2 ,n+  1| ( )|Reg N = 1,n ≥  this implies 

( )g F > ( ).f F  Again, if we remove a vertex, say ( ,0)ix  for a fixed i, from 
the set T, then by definition of semi-total domination number, there is a 
vertex jx S∈  for some j such that = 0.i jx x  This implies the removal of 
( ,0)jx  from the set T. Let Y be the set of all vertices which is adjacent to 
either ( ,0)ix  or ( ,0),jx  for fixed i and j with > 2.Y  Then 0F′′ = ( ( ))F G N
\ { },T Y∪  2F′′ = Y∪ {( ,0),ix ( ,0)}jx  and 3F′′ = {( ,0),iT x− ( ,0)}.jx  Here, 

0= ( ,g F′′ 2 ,F′′ 3 )F′′  is also a DRDF of ( )G N  with ( )g F = 22| |F′′ + 33| |F′′ =
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8 3+ 1( ( )a N − 2 1)+ = 13 ( )a N + 5 > 3a 1( )N + 3 = ( ).f F  Thus, from both 
cases, double Roman domination number ( ( ))dRg G N  is 13( ( ) 1).a +N

Case 3: When 1( ) 0,Z ≠N  2( ) 0.Z ≠N  First we assume that 1S  is 1( ( ))stg G N  
set and 2S  is the 2( ( ))stg G N  set. Now , we define 1T = {{( ,0)x : 1}x S∈  and 

2T = {{(0, )y : 2 }.y S∈  Similarly, by the case 2, we can obtain 1 2T T∪  as the 
dominating set of ( ).G N  Therefore, we can define a DRDF f on a graph 

( )G N  so that vertices of 1 2T T∪  are assigned a value 3, and the rest of 
the vertices have assigned a value 0. Hence, ( ( ))dRg G N = 13| |T + 23| |T
= 13( ( )a N + 2( )).a N

Theorem 3.5: For every = 1, 2, , ,i n  let iN  be the integral domain, and 
1 2= n× × ×N N N N  be the product ring for a fixed integer > 2.n  Then 

( ( )) = 3 .dR ng G N

Proof: Let 1 2= ,n× × ×N N N N  > 2n  be a ring where iN  is an integral 
domain for each = 1, 2, , .i n  Let 0= ( ,f F 1 ,F 2 ,F 3 )F  be a DRDF of 

( )G N  such that 1 = .F ∅  Since 2 3F F∪  dominates the graph ( ),G N  it is 
noted that the set 1= {( ,S y 0,0, ,0), 2(0, ,y 0, ,0), ,(0, 0,0, , )}ny  is 
a dominating set of ( ),G N  for each {1, , }i n∈   and iy  is fixed non-zero 
element. Now, we take 2 = ,F ∅  3 = SF  and 0F = ( ( ))F G N \ 3 ,F  then f is 
a DRDF with weight ( )w f = 22| |F + 33| |F = 3 ,n  . .,i e  ( ( ))dRg G N ≤ 3 .n  
To prove this weight is minimum, let 2 .F ≠ ∅  Since 2 3F F∪  dominates 

( ),G N  we reassigned at least one vertex of 3F  to a value 2. Without loss 
of generality, we suppose 1( ,0,y ,0) S∈  such that 1( ,f y 0, ,0) = 2  for 
a fixed non-zero element 1.y  Since the vertices of type 2(0, , , )ny y  are 
adjacent to 1( ,0, ,0)y   in 0 .F  Then by definition of DRDF, it has at least 
two adjacent elements in 2 ,F  so we take another element 1( ,0, ,0)y′   in 

2 .F  Again, f is a DRDF of ( )G N  with weight ( )f F = 22| |F 3+ 3| |F =
2 2× 3+ ( 1)n − = 3 1n + ≥ 3 .n  Hence, we conclude that ( ( )) = 3 .dR ng G N

Example 3.6: A graph   with its double Roman domination number is 
equal to 2 if it contains only a single vertex, and a graph   has a double 
Roman domination number 3 if it has either a complete graph or a vertex 
adjacent to every vertex in .� Therefore, for an integral domain P, if 

2 ,P≅ ×N Z  then ( ( )) = 3.dRg G N

Corollary 3.7: In [3, Corollary 1], Let > 3P  be prime. The graph ( )nG Z  is 
Hamiltonian if and only if 2= .n p  In this case 1( )n pKG −≅Z  and hence, DRDN 
of ( )nG Z  is 3.
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Theorem 3.8: For each {1, 2, , },i n∈   let iN  be a local ring and 1=N N 2× ×N

n× N  be a commutative Artinian ring. Then ( ( )) = 3dR ng G N  for 3.n ≥

Proof: For a local ring iN  with maximal ideal ,iM  let 1=N N 2× ×N

n× N  be a ring. Consider the set 1= {( ,0,0, ,0),T y  2(0, ,0, ,0),y  ,

(0,0,0, , )}ny  with ( ) =i iann y M  for each i. Since any non-zero element of 
( ),Z N  say 1 2( , , , ),na a a  either in T or adjacent to a member in T as one of 

its non-zero components, say ,ja  is in the member of the corresponding 
maximal ideal .jM  Then, the set T is a dominating set for ( ).G N  Let 

0= ( ,g F 2 3, )F F  be a DRDF of ( )G N  with 2 3 = .TF F


 Following the same 
procedure as in Theorem 3.5, we get ( ) = 3 .g nF  Hence, ( ( )) = 3 .dR ng G N  

Theorem 3.9: Let N  be a commutative ring with unity that contains at least 
one prime ideal. Then ( ( ))dRg G N ≤ 3(| | 1)P −  where P is a prime ideal.

Proof: Let N  be a commutative ring with unity and P be one of its 
prime ideals. Then every edge in ( )G N  has at least one end vertex in P. 
Let = \{0}.S P  Then S becomes a dominating set of ( ).G N  Since every 
edge in the graph has at least one vertex in S, we can define a function 

0= ( ,g F 2 3, )F F  such that 0F = ( ( ))F G N \ ,S  2 = ,F ∅  3 = .SF  Also, P is 
a prime ideal with minimum cardinality. Therefore, we have ( )g F ≤ 3| |S
= 3(| | 1).P −  Thus, ( ( ))dRg G N ≤ 3(| | 1).P −

Proposition 3.10: Let = tn p  where p is a prime, and 2t ≥  is an integer. 
Then ( ( )) = 3.dR ng G Z

Proof: If = tn p  and p is prime with = 2,t  then ( )nG Z  will be a complete 
graph with 1p−  vertices. Therefore, DRDN is 3. Now, let > 2.t  Then the 
domination number is one as the vertex 1tp −  dominates the graph ( ).nG Z  
Therefore, assigning the weight 0 to all the vertices except 1tp −  and 3 to the 
vertex 1.tp −  Hence, we get ( ( )) = 3.dR ng G Z

Now, we will discuss the DRDN of a zero-divisor graph of the ring of 
Gaussian integers modulo n. In 2008, Osba et al. [15] discuss the graph-
theoretic properties of ( [ ]).n iG Z  They have considered three cases:

(1)	 When = 2 ,mn  > 1m  and .m +∈Z  
(2)	 When = ,mn q  q∈Z  is a prime and 3 (4).q mod≡  
(3)	� When = ,mn p  p∈Z  is a prime with 1 (4)p mod≡  and 2 2=p x y+  

where , .x y∈Z  

Proposition 3.11: Let = 2 ,kn  > 1.k  Then ( ( [ ])) = 3.dR n ig G Z
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Proof: It is clear from Osba et al. [15] that the vertex 1 1(2 2 )k ki− −+  is adjacent 
to all other vertices of ( [ ]).n iG Z  Also, there are 2 22 k−  number of pendent 
vertices. Now, we define a function 0= ( ,f F 2 ,F 3 )F  such that 3 =F

1(2k− + 12 ),ki −  2 = ,F ∅  0 3= .F F F−  Clearly, f is a DRDF with weight 3. 
Hence, ( ( [ ])) = 3.dR n ig G Z

Proposition 3.12: For = ,mn q  2,m ≥  ( ( [ ])) = 3.dR n ig G Z

Proof: If = 2,m  then ( [ ])n iG Z  is complete graph with 2 1q −  vertices as 
shown in Figure 1, for q = 3. Hence, dRg ( ( [ ]))n iG Z = 3.  Let > 2.m  To find 
the DRDN, we need to find the maximum degree of a vertex in ( [ ]).n iG Z  It 
is seen that the vertex 1= mu q −  is adjacent to every other vertices in ( [ ]).n iG Z  
Here, the vertex 1= mu q −  must be assigned the value 3 under dRg −  function 
f of graph ( [ ]).n iG Z  Then the function = ( , , )f u uF − ∅  is a DRDF with the 
fact that the weight is minimum. Therefore, ( ( [ ])) = 3.dR n ig G Z

Figure 1
9( [ ])iG Z

Proposition 3.13: If = ,mn p  then ( ( [ ])) = 6dR n ig G Z  for 1.m ≥

Proof: Let = mn p  where p is a prime and 2 2=p x y+  for some , .x y∈Z  
If = 1,m  then by Osba et al. [15], ( [ ])n iG Z ≅ 1, 1.p pK − −  DRDN of complete 
bipartite is 6 and hence dRg ( ( [ ]))n iG Z = 6.  If > 1,m  in this case the 
domination number will be 2 and the dominating set =S {( )mx iy+

1( ) ,mx iy −− 1( )mx iy −+ ( ) }.mx iy−  The graph has two maximal ideals, namely, 
< >x iy+  and < >x iy−  and every vertex in ( [ ])n iG Z  is adjacent to only 
two vertices ( )mx iy+ 1( )mx iy −−  and 1( )mx iy −+ ( ) .mx iy−  Thus, its DRDN 
is 6.
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4.  DRDN of the complement of ( )G N

To find the DRDN of the complement of ( ),G N  we start this section 
with some basic results on DRDN of the complement of graph .  Let   
be a complete graph of order n. Then ( ) = 2 .dR ng 

Figure 2
Graph K5 and its Complement graph

From the Figure 2, we observe that 5( ) = 3dR Kg  and 5( )dR Kg = 2 5× =
10.  Thus, it is clear that ( )dR nKg = 3 < dRg ( )nK = 2 ,n  for 2.n ≥  Now, 
consider a complete r −  partite graph   with ( 2),r ≥  and partite sets 1 ,F

2 , ,F  .rF  If | |> 2iF  for 1 ,i r≤ ≤  then ( ) = 6.dRg   If there exists an i 
such that | |= 2,iF  then ( ) = 5dRg   and if | |= 1iF  for an i, then ( ) = 3,dRg   
but ( ) = 3 ,dR rg   2r ≥  and | |> 2iF  for 1 .i r≤ ≤  Therefore, the DRDN of 
the graph   is always less than the DRDN of the complement of the 
graph   for 2.r ≥  For a star graph 1, ,nK  if we take its complement, it has 
two components. One component is a complete graph, and the other is a 
single vertex. Therefore, 1,( ) = 3dR nKg  but 1,( ) = 5,dR nKg  2.n ≥

Now, we will find the DRDN to the complement of paths and cycles.

Proposition 4.1: For > 2,n  ( ) = 5.dR nPg

Proof: Let 1 2 3= nP v v v v  be a path of order n. Since 1v  is adjacent to 
only 2v  in P. Therefore, every vertex is adjacent to 1v  except 2v  in the 

complement of P. Now, define : ( )nh PF → {0,1, 2, 3}  by 1( ) = 3,h v  2( ) = 2h v  

and for the rest of the vertices we assign 0, . .,i e  ( ) = 0h x  for ( )nx PF∈ \
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1 2{ , }.v v  Clearly, h is a DRDF of nP  with weight 5 for > 2.n  To prove this 
weight is minimum, on the contrary, we assume that there exists a weight 
less than 5. Since this graph has more than 2 vertices, the weight must be 
greater than 2. Also, the graph is neither complete nor star, so its weight 
is greater than 3. Suppose we assign a value 2 to any two vertices with 
higher degrees and the rest of the vertices to 0. In this case, we find a 
vertex assigned 0 is adjacent to at least one vertex assigned 2, which does 

not satisfy the definition of DRDF of .nP  Hence, ( ) = 5.dR nPg

Proposition 4.2: For > 2,n  ( ) = 6.dR nCg

Proof: Let 1 2 3 1= nC v v v v v  be a cycle of length n, 4.n ≥  Since 1v  is 

adjacent to all the vertices in nC  except two vertices 2v  and ,nv  we define 

a function : ( )nh CF → {0,1, 2, 3}  by 1( ) = 3,h v  2( ) = 3h v  and ( ) = 0h x  

where ( )nx CF∈ \ 1 2{ , }.v v  Hence, we can easily verify that h is a DRDF 
with weight 6. We follow the same argument as in Proposition 4.1 to prove 
this weight is minimum. If = 3,n  then the complement of nC  is a null 
graph with 3 vertices. In this case, the weight is also 6. Thus, ( ) = 6.dR nCg

In the following theorem, we found the double Roman domination 
number for the complement graph of a direct product of the integral 
domains.

Theorem 4.3: Let k be an integer greater than 2  and 1=N N × 2 ×N  k×N  
be a ring where for each {1, 2, , },i k∈   iN ’s are integral domain. Then

(a)	 ( ( )) = 6,dRg G N  if 3.k ≥

(b)	 ( ( )) = 6,dRg G N  if = 2k  and 1 2{| |,| |} 3.min ≥N N

(c)	 ( ( )) = 5,dRg G N  if = 2k  and 1 2{| |,| |} = 2.min N N

(d)	 ( ( )) = 4,dRg G N  if = 2k  and 1 2| |=| |= 2.N N

Proof: Suppose 1 2= k× × ×N N N N  is a ring, and iN ’s are integral 
domains for each i. If = 2k  and 1| |N = 2| |N = 2,  then ( )G N  is a single 
edge, and its complement graph is a null graph with two vertices. Hence, 

( ( )) = 4.dRg G N  Now, if 1{| |,min N 2| |}N = 2,  then ( )G N  is a star graph, 
and its complement has two components, one being a single vertex, and 
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the other a complete graph. Thus, ( ( )) = 5.dRg G N  In case ( ),b  if 1{| |,min N

2| |}N 3,≥  then graph is a complete bipartite graph. Hence, the DRDN of 
its complement is always 6. For the case ( ),a  if we take 3,k ≥  then it is 
clear that the set =T 1 2{( , ,y y 1, ,ky − 0), (0,0, ,0, )}ky  is a dominating 
set of ( )G N  where iy  is a fixed non-zero element of iN  for each 1 .i k≤ ≤  
Precisely, we can choose = 1iy  for each 1 .i k≤ ≤  Then the set T will be 
{(1,1, ,1,0), (0,0, ,0, 1)}.  From [9, Proposition 8], 4 ( ( )) 6.dRg G≤ ≤N  If 
possible, let ( ( )) = 4.dRg G N  Then it is necessary that degree of (1,1, ,1,0)  
and (0,0, ,0,1)  are same, which is not possible in ( ).G N  Thus, 
5 ( ( )).dRg G≤ N  

Suppose ( ( )) = 5,dRg G N  then either (1,1, ,1,0)  should be assigned 3 
and (0,0, ,0,1)  to 2 or (1,1, ,1,0)  should be assigned 2 and (0,0, ,0,1)  
to 3. Therefore, the vertex assigned a value 2 is either an isolated vertex or 
another vertex with the value 2, which is not possible in both cases. Thus, 

( ( )) 5.dRg G ≠N  It means that 6 ( ( ))dRg G≤ N  and hence, ( ( )) = 6.dRg G N  

Proposition 4.4: If N  is an ID and 2 ,≠N Z  then 2( ( )) = 5.dRg G ×NZ

Proposition 4.5: If N  is not an ID, then 2( ( )) = 5.dRg G ×NZ  

Proof: Let N  be not an ID and let f be a dRg − function of 2( ).G ×NZ  
It is known that the set =D {(1,0), (0,1)}  forms a dominating set for 

2( ).G ×NZ  Since all vertices in 2( )G ×NZ  are adjacent to (0,1)  except 
(1,0).  After assigning the vertex (0,1)  to 3 and (1,0)  to 2, we can see that 
its DRDN is 5.

Lemma 4.6: Let ( , )MN  be a local commutative Artinian ring. Then 
( ( )) 5,dRg G ≥N  provided N  is not a field.

Proof: Since N  is an Artinian ring, it is Noetherian and Ass ( ) .≠ ∅N  
Therefore, there exists y∈N  such that ann ( ) = .y M  Hence, M is an 
associated prime ideal of .N  Also, there are at least two components in 

( )G N  in which y is an isolated vertex. Hence, we must assign a value 
2 to y, and the DRDN of the other component is greater than 3. Thus, 

( ( )) 5.dRg G ≥N

Proposition 4.7: ([9], Proposition 8). “For any graph ,  
2 ( ) ( ) 3 ( ).”dRg g g≤ ≤    
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Theorem 4.8: For distinct primes 1 2, , , kp p p  and positive integers 1 2, , , ,kt t t  
suppose 1 2

1 2= ktt t
kn p p p  for a fixed integer 1.k ≥  Then the following results hold:

(a) ( ( )) = 3 ,dR n kg G Z  if 1
1= ,tt k

kn p p  3.k ≥

(b) ( ( )) = 6,dR ng G Z  if 1 2
1 2= ,t tn p p  where 1 2, 3.p p ≥

(c) 1( ( )) = 2( 1) 3,dR n pg G − +Z  if 1
1= tn p  and 1 > 2.t

(d) 1( ( )) = 2( 1),dR n pg G −Z  if 2
1= .n p

Proof: Suppose 1 2
1 2= ,tt t k

kn p p p  3k ≥  and 1 2, , , kp p p  are distinct 
primes with positive integers 1 2, , , .kt t t  Then by fundamental theorem 
of abelian groups, nZ ≅ 1

1

t
pZ × × .tk

pk
Z  Also, the set =S {(1, 0, 0, , 0),

(0,1, 0, , 0), , (0, 0,0, ,1)}  is the dominating set of graph ( ).nG Z  
Hence, by Proposition 4.7, ( ( ))dR ng G Z ≤ 3 ( ( )),ng G Z  i.e., ( ( ))dR ng G Z ≤
3 .k  Now, we define DRDF 0 1 2= ( , , )f F F F  such that 0 =F F ( ( ))nG Z \

,S  2 = ,F ∅  3 = .SF  Since S is the minimum, removing any element from 
the set S violates the definition of DRDF. Therefore, ( ( ))dR ng G Z = 3 .k  Let 

1 2
1 2= ,t tn p p  1 2, 3.p p ≥  If 1 2= = 1,t t  then ( )nG Z  has two components and 

both are complete with order 1 1p −  and 2 1,p −  respectively. Then its 
DRDN is 6. If 1 2= > 1,t t  then all the vertices of ( )nG Z  are adjacent to either 
(1,0)  or (0,1)  or both. Clearly, in this case, ( ( )) = 6.dR ng G Z  Let 1

1= tn p  and 

1 > 2,t  then the set of vertices 11
1= { ,tT p − 11

12 ,tp − , 1( 1)p −
11

1 }tp −  is isolated 
in ( )nG Z  and rest of the vertices are adjacent to 1p  itself. Therefore, dRg
( ( ))nG Z = 12( 1)p − 3.+  If 1 = 2,t  then ( )nG Z  is edgeless graph with 1 1p −  
vertices. Thus, 1( ( )) = 2( 1).dR n pg G −Z  

Now, we discuss the DRDN of the complement of ( [ ])n iG Z  for = 2 ,kn  
= kn q  and = ,kn p  respectively.

Proposition 4.9: Let = 2kn  be an integer, > 1.k  Then ( ( [ ]))dR n ig G Z  = 5.

Proof: We know that the vertex 2 1= (1 1) ku i −+  is adjacent to every 
other vertex in ( [ ]).n iG Z  Therefore, the vertex u is isolated in ( [ ]).n iG Z  
Furthermore, it is also known that the graph ( [ ])n iG Z  has 2 22 k−  pendent 
vertices. Hence, the set of pendent vertices are adjacent to all other vertices 
in ( [ ])n iG Z  except vertex u. Thus, the function 0 2 3= ( , , )f F F F  where 
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2 = ,uF  3 = (1 )iF +  and 0 2 3=F F F F− −  is a DRDF with weight 5. Hence, 
( ( [ ]))dR n ig G Z  = 5.

Proposition 4.10: Let = ,kn q  > 1.k  Then

(a)	 2( ( [ ])) = 2( 1),dR n i qg G −Z  if = 2.k

(b)	 2( ( [ ])) 2 1,dR n i qg G ≤ +Z  if > 2.k  

Proof: If = 2,k  then ( [ ])n iG Z  becomes an edgeless graph with 2 1q −  
vertices. Therefore, dRg ( ( [ ]))n iG Z = 22( 1).q −  Now, suppose > 2.k  In this 
case, the graph ( [ ])n iG Z  has a maximum clique of order ( 1)q− ( 1)q+  and 
the vertex =u q  has minimum degree with ( )N u = ( 1)q− ( 1).q+  Hence, 
in the complement of ( [ ]),n iG Z  ( 1)q− ( 1)q+  vertices are isolated, and the 
vertex u is adjacent to all other vertices except the isolated vertices. Thus, 
the function = ( [ ],f N uF − ( ), )N u u  becomes DRDF with weight 2(( 1)q−
( 1))q+ 3+ = 22 1.q +  Hence the result.

Proposition 4.11: Let = ,kn p  1.k ≥  Then

(a)	 ( ( [ ])) = 6,dR n ig G Z  if = 1.k

(b)	 ( ( [ ])) 9,dR n ig G ≤Z  if > 1.k  

Proof: If = 1,k  then by [15, Theorem 17], ( [ ])n iG Z  is a 1, 1p pK − −  graph and 
its complement is the component of two complete graphs each of order 

1.p−  Now, define a function 0 2 3= ( , , )f F F F  such that each component 
has weight 3, as the DRDN of the complete graph is 3. Then the graph has 
only two component, therefore, dRg ( ( [ ]))n iG Z = 6.  If > 1,k  then ( [ ])n iG Z  
has domination number 2 and dominating set = {( )kS a ib+ 1( ) ,ka ib −−

1( )ka ib −+ ( ) }.ka ib−  Here, we suppose that = ( )ku a ib+ 1( )ka ib −−  and 
1= ( )kv a ib −+ ( ) .ka ib−  The vertices u and v contain the maximum degree of 

the graph ( [ ]).n iG Z  Therefore, in the complement of graph ( [ ]),n iG Z  u and 
v have a minimum degree. Hence, we put the value 3 to vertex u and 0 to 
its neighbour in the complement of the graph. Also, all those vertices that 
are adjacent to both u and v are in ( [ ])n iG Z  will make an induced complete 
graph in the complement. Therefore, the DRDN of that induced complete 
graph is 3. The vertex v will be assigned 3, and all other vertices will be 0. 
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Finally, this way, we see that the function 0 2 3= ( , , )f F F F  is DRDF with 
weight 9.

5.  DRDN of the total graph

The total graph of a ring ,N  represented by ( ( )),T G N  is the simple 
graph such that every element of N  represents the set of nodes and two 
nodes i and j are connected by an edge if ( ).i j Z+ ∈ N  The subgraph of 

( ( ))T G N  induced by the regular elements of ,N  zero-divisor elements of 
N  is denoted by ( ( )),Reg G N  ( ( ))Z G N  respectively. In this section, we 
focus on exploring the DRDN of the total graph of ( ).G N  We aim to 
establish an upper bound for the DRDN of ( ( )).T G N  Additionally, we 
determine the DRDN values for the graph ( )nG Z  in the case where ( )nZ Z  
is not an ideal.

For an upper bound of the DRDN of ( ( )),T G N  we state the following 
result of Anderson and Badawi [4].

Lemma 5.1: ([4] Theorem 2.1). “Let N  be a commutative ring such that ( )Z N  
is an ideal of .N  Then ( ( ))Z G N  is a complete (induced) subgraph of ( ( ))T G N  
and ( ( ))Z G N  is disjoint from ( ( )).”Reg G N

Theorem 5.2: Let N  be a commutative ring (not necessarily finite) with 
unity and ( )Z N  be its ideal with | ( )|=Z bN  and | / ( )|= .Z aN N  Then 

( ( ( )))dR Tg G N  3 .a≤

Proof: Suppose ( )Z N  is an ideal of a ring .N  Let | ( )|= .Z bN  Then, by 
[4, Theorem 2.2], two cases arise: (i) If 2 ( ),Z∈ N  then each coset ( )x Z+ N  
is a complete graph ,Kb  and (ii) If 2 ( ),Z∉ N  then cosets ( ( ))x Z+ N ∪
( ( ))x Z− + N  is a complete bipartite graph , .Kb b  Hence,

1
2

( 1)

, , ,

, if 2 ( )

( ( )) = (3), if 2 ( ).
copies

copies

K K K K Z

T K K K K Z
a

b b b b

a

b b b b b b b
G

 −
 
 

−

 ∪ ∪ ∪ ∪ ∈


 ∪ ∪ ∪ ∪ ∉










N

N N

Now, we can define an DRDF 2 3= ( , , )f F F F  on the graph ( ( )).T G N  
If 2 ( ),Z∈ N  then from (3),  a  components of Kb  has DRDN 2, and hence, 

dRg ( ( ( )))T G N = 3 .a  If 2 ( ),Z∉ N  then the DRDN of each complete 
bipartite graph has a maximum value 6, and the DRDN of Kb  is always 3. 
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Clearly, f will be an DRDF with weight 1
2

3 6 = 3 .a a −
 
 

+  Thus, in both cases, 
( ( ( ))) 3 .dR Tg aG ≤N

Next, we present the following result concerning the total graph of a 
finite field. 

Theorem 5.3: Let F be a finite field. Then 3| | 1
2( ( ( ))) = .F

dR T Fg G +  

Proof: Let F be a finite field and | |= nF p  where p is a prime. Also, suppose 
that 0 2 3= ( , , )f F F F  is a dRg −  function on ( ( )).T FG  For = 2,p  ( ( ))T FG  is 
an edgeless graph of 2n  vertices i.e ( ( ))T FG  is totally disconnected graph, 
since ( ) = {0}Z N  is an ideal of F. Clearly, ( ( ( )))dR T Fg G = 2 2n× = 12 .n+  If 

> 2,p  then the graph ( ( )))T FG  has one isolated vertex and 1
2

np −  copies of 
2.K  An isolated vertex will always assign the value 2, and the DRDN of 
2K  is 3. Thus, ( ( ( )))dR T Fg G = 2 3+ × 1 3 1

2 2= .
nnp p− +  

Remark 1: If F is a field (may be finite or infinite), then the RDN of ( ( ))T FG  
is always less than the DRDN of ( ( )).T FG  

Theorem 5.4: Let = nN Z  be a ring and n be an even integer. If ( )Z N  is not an 
ideal and *| ( ) |= ,Z rN  then ( ( ( ))) = 6.dR Tg G N  

Proof: Let = nN Z  be a ring and n, an even integer such that ( )Z N  is not 
an ideal of .N  Then the total graph ( ( ))T G N  is a regular graph, and all 
the members of set ( )Z N  are not even. Since, 0 x+ = ( ),x Z∈ N  every x is 
adjacent to 0, as ( ).x Z∈ N  Now, being *| ( ) |= ,Z rN  a vertex 0 has degree 
r. We define a function 0 2 3= ( , , )f F F F  on ( ( )).T G N  Then there exists a 
vertex y ∈ Z(N) which is an odd number and adjacent to all the vertices 
which are not in Z(N). Now, we assign the value 3 to the vertices 0 and y, 
i. e.,  ( ( ( ( ))) {0, }, , {0, }).f T y yF G= − ∅N  Clearly, the function f is an DRDF 
and hence, ( ) = ( ( ( ))) = 6.dRw f Tg G N

Example 5.5: Consider a ring 6 ,Z  then 6( )Z Z = {0, 2, 3, 4}.  Clearly, 6( )Z Z  
is not an ideal and 6( ( ))T G Z  is a regular graph of degree 3 as shown in 
Figure 3. Now, we define DRDF f on the graph 6( ( ))T G Z  such that (1)f =

(2)f = (4)f = (5) = 0,f  (0)f = (3)f = 3.  Then, ( ) = 6.w f  

Conclusion

We have investigated the DRDN of a ZDG of the direct product of n 
rings. The same concept has also been discussed when N  is a local ring. 
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Finally, we have calculated the DRDN of the complement of paths, cycles, 
and ( ).G N  Moreover, the bound of the total graph of ( )G N  has also been 
discussed.
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