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A linear portrayal of the Galois group G by the ring of irreducible 
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Abstract
The purpose of this paper is to first present the hyperoctahedral group, Bn, as the 

wreath product of ℤ2 associated with Sn, the symmetric group and then from the ring, A, 
generated by the irreducible characters of Bn define a linear portrayal of Artin attached to L/K; 
K is the field associated with the corresponding valuation ring AK issued from A. 
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1.  Introduction

Representation theory was born in 1968 in the work of the German 
mathematician F. G. Frobenius [8]. Representation theory studies 
symmetry in linear space [2, 9, 14]. Representation theory studies abstract 
algebraic structures and their modules by presenting their elements as 
morphisms of vector spaces [4, 12, 15].

The group structure of a hyperoctahedral group is isomorphic to that 
of the symmetry group of a hypercube. The hyperoctahedral group is still 
seen as a coxeter group of type ,nB  and then as the weyl group associated 
with sympletic groups and orthogonal groups of (2 1)n + −dimensions, 
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.n∈  Moreover, 2=n nB S S  where nS  represents the group of 
permutations of n elements [13].

The Galois group of field extension is a proper group associated to 
this field extension [11]. In this paper, we find one of the key theorems in 
Galois theory of important use in the linear portrayal of the Galois group 

.
The purpose of this paper is to give a representation of Artin by the 

ring of irreducible characters of .nB  Our work will be structured as follows:
Section 2 gives a clear definition of the hyperoctahedral group nB  as 

(a wreath product and a semi-direct product): nB = 2 nS = 2
n

nj S  
where j  is a homomorphism.

Section 3 recalls a representation of the hyperoctahedral group nB  on 
the tensor product of the vector space V.

Section 4 is devoted to the character of a linear portrayal of the Galois 
group   by .nB

2. Preliminaries on the hyperoctahedral group Bn

The symmetric group nS  can be considered as a matrix group where 
n n× -matrices are permutation matrices (only one 1 per row and column, 
0 elsewhere)[13, 14]. 

Let ,ns ∈S  [ ];i n∀ ∈  ( ) = ,i js  [ ].j n∈

( ) =i js ⇒ ( )= = 1ji i ia as  at the thi  column. This practice generalize for 
the hyperoctahedral group, ,nB  with the difference that the 1 of each row 
and column can be replaced by 1−  (matrices of signed permutations). 

Take the following matrix as an example: 

1 0 0
0 0 1
0 1 0

 
 
 
 − 

that can be noted (1,1, 1;(1)(23)) = ( , )f p−  where 3 ,p ∈S  : [3]f  →  {1, 1}−  
and ( )f i  denotes the non-zero element of the thi  row of the matrix. We can 
generalize this notation by the following definition.
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2.1 Hyperoctahedral group as a wreath product

Definition 1: Assume G is a finite group, with H being a subgroup of .nS  
Let’s pose: 

= {( , )| : [ ] ; }.G H f f n G Hp p→ ∈

This group is characterized by the following structure 

( , )( , ) = ( , )f f ffpp p pp′ ′ ′ ′

where fp
′  denotes 1f p −′

  and ( )ff ′′ ( )i = ( )f i ( ),f i′′  [ ].i n∈  The identity 
element can be described as ( , )He id  and ( ) = ,Ge i id  [ ].i n∈  The inverse 

1
1 1 1( , ) = ( ; ).f f

p
p p−

− − −  

nB  is isomorphic to 2 ,nS S  when the notation is abused by replacing 
in the permutation matrix 

2
{ and (12)}id

S
 by 1 and –1 respectively. In other 

words, we have: 2= .n nB S  

The hyperoctahedral group nB  has subgroups: 

= {( , )| };
= {( , )| };

( ) = {( , )| ( ) = , [ ], }.
n

n
H

G

H

G f id f G
H e H

Diag G f id f i g i n g G

p p

∗

∗

• ∈
′• ∈

• ∈ ∈

In general, if we have a finite group G and H a subgroup of ,nS  the 
wreath product G H  is the right semi-direct product of nG  by H with the 
following operation: 

1 1 (1) 1 ( )( , , , )( , , , ) = ( , , , ).n n s s n ng g s g g s g g g g s s′ ′ ′ ′ ′ ′
  

It is easy to verify that (1 , ,1 ,1 )G G H′  is the identity element in ;G H  
the inverse of 1( , , , )ng g s  is 1 1 1

1 1(1) ( )
( , , , ).

s s n
g g s− − −

− −  
Given the coxeter group of type ;nB  2=n nB S  is the wreath 

product associated with of 2  with the symmetric group .nS  So the 
following sequence is exact and short 

20 0n i
n nB p→ → → →S

Moreover, the section s verifies = .
n

s idp 
S
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2.2 Hyperoctahedral group as a semi-direct product

Proposition 1: Let 20 0n i
n nB p→ → → →S  be a short, exact and 

split sequence of groups. There exists a homomorphism 2: ( )n
n Autj →S   

and an isomorphism 2: n
n nBjy →S  such that we have the following 

chain complex diagram: 

Proof 1: The proof will be carried out on three steps. 

i) Construction of a homomorphism j

Let ,ns ∈S  if 1= ( ,x x 2 ,x , )nx ∈ 2
n  where 2 ,ix ∈ [ ],i n∈ ( )s s

( )i x 1( )s s − ∈ ( )Ker p = ( )Im i  because ( ( )sp s ( )i x 1( ) )s s − = ( is p  1( ))x s − =
.

n
e
S

So, there is a distinct component 2
nx′∈  verifying 

1( ) ( ) ( ) = ( ).s i x s i xs s − ′

Let 2 2: n nfs →   be the application that sends x to .x′  It is a 
homomorphism because if 1 ,x  2 2

nx ∈  and 1 1( ) = ,f x xs
′  2 2( ) = ,f x xs

′  we 
have 

1 1 1
1 2 1 2( ) ( ) ( ) = ( ( ) ( ) ( ) )( ( ) ( ) ( ) ).s i x x s s i x s s i x ss s s s s s− − −

On the other hand, 1s∀  and 2 ,ns ∈S  we have 
1 2 1 2

= .f f fs s s s

Indeed 2 ,nx∀ ∈  
1 1 1

1 2 1 2 1 2 2 1( ) ( ) ( ) = ( )( ( ) ( ) ( ) )( ( )).s i x s s s i x s ss s s s s s s s− − −

Like 
2

= ,n
n

ef id
S 

 we see that ,ns∀ ∈S  fs  is an automorphism of 2
n  

with inverse 1 .f
s−

 
We define 2: ( )n

n Autj →S   by setting ( ) = ,fsj s  the above equality 
shows that j  is a homomorphism.



A LINEAR PORTRAYAL OF THE GALOIS GROUP� 705

ii) Construction of the isomorphism y  

We define y : 2
n j nS → nB  by setting: ( , )xy s = ( )i x ( )s s  x∀

2
n∈  and ,ns ∈S  it is a homomorphism because if 1( , )x s  and 2( , )x s′

2 ,n
nj∈ S  

1 2 1 1 2

1 1 2
1

1 1 1 2

1 2

(( , )( , )) = ( ( )( ), )
= ( ( )( )) ( )
= ( ) ( ) ( ) ( ) ( )
= ( , ) ( , )

x x x x
i x x s
i x s i x s s

x x

y s s y j s s s
j s s s

s s s s
y s y s

−

′ ′

′

′

′

It is one-to-one function because if ( , )x s ∈ 2
n

nj S  is such that 
( , )xy s = ( )i x ( )s s = ,

nBe  thus ( ( )i xp ( ))s s = ( )sp s = s = .
n

e
S

 We 
deduce that ( ) =

nBi x e  and therefore 
2

= .nx e


 It is surjective because for all 
,nBw∈  ( ) .ns Bp w ∈

In general, ( )s p w  is not equal to w  but 1( ( ))sw p w −
 ∈ ( ).Ker p  So, 

there exists an element 2
nx∈  for which 1( ( ))sw p w −

 = ( ).i x  So, 
= ( )( ( )) = ( , ( )).i x s xw p w y p w

iii) Diagram commutes 

If 2 ,nx∈  ( ) = ( , ) = ( ),i x x e i xy y  which shows that the left square 
commutes. Let us show that the one on the right commutes for projections 
and sections.

If ( , )x s ∈ 2 ,n
nj∈ S  then ( , )xp s = ,s  ( , )xp y s = ( ( )i xp ( ))s s =

.s  Conversely, if ns ∈S  ( )sy s = ( , )ey s = ( ) ( )i e s s = ( ).s s

Corollary 1: Given the group ;nB  , ,nH K B⊂  two subgroups verifying: 

normal subgro
= ;

, up;
= { }.

n

n

B HK
H B
H K e

•

•

• ∩



Then : ( )K Aut Hj → is linear such that nB  is structurally identical to 
.H Kj  

Proof 2: Let ,k K∈  the same arguments used in the previous proof 
show that the map :kf H H→  given by 1( ) =kf h khk−  h H∀ ∈  is indeed 
with values in H by normality of H and that it is an automorphism of 
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H. Moreover, the map : Kj → ( )Aut H  which to k K∈  associates kf  is 
linear. Let y : H Kj → nB  such that ( , ) =h k hky  ( , )h k∀ ∈ .H Kj  We 
confirm that it is a homomorphism that is surjective by =nB HK  and also 
that .nH B

3. Representation of Bn within the vector space V

Consider V as a K-vector space, K a field. Consider the permutations 
in their cyclic decomposition (into disjoint cycles): 

( )
1

=1
= ( ( ) ( ))

c
lj j jn

p

n n n
n

p p p −∏ 

where ( )c p  is the number of disjoint cycles, jn  minimal in its cycle and ln  
is the length of the cycle whose index is n [1, 17]. We consider the following 
function which, with each cycle of p  associates an element of 2 :  

11
2( , ) = ( ) ( ( )) ( ( )) .lg f f j f j f jn

n n n np p p − +− ∈ 

Let D denote a representation of 2  acting on V, it is possible to take 
the tensor product of V with itself n times: 

= .n

n times
V V V⊗ ⊗ ⊗





If 1{ ,b 2 ,b , }m  is a basis of V then nV⊗ = < | >nb mj j∈  where bj

= (1)bj ⊗ (2)bj ⊗ ⊗ ( ) .mbj  We can consider V as being a 2 -module: 

2 , = ( ) .a v V a v D a v∀ ∈ ∈ ⋅

And hence nV⊗  as a nB -module by the action of ( , ) nf Bp ∈  on an 
element bj  of the basis: 

1 1 1( (1)) ( (2)) ( ( ))
( , ) = (1) (2) ( )

n
f b f b f b f n bj j p j p j p

p − − −⊗ ⊗ ⊗

and by multilinearity 

1 1 11 2 (1) (2) ( )
( , )( ) = (1) (2) ( ) .n n

f v v v f v f v f n v
p p p

p − − −⊗ ⊗ ⊗ ⊗ ⊗ ⊗ 

We denote the representation defined above by (# ) .n D   The character 
of this representation is worth: 
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( )
(# )

=1
( , ) = ( ( , ));

n
c

D Df g f
p

n
n

c p c p∏


( )(# )

=1
( , ) = ( ) .

n
k

n
aD D k

k
f g pc p c∏



And we generally also have the following permutation representation 
for ,mG ≤S  nH ≤S  

: nm
G Hq →S

( , ) ( )f p j j ′ 

where nmj ′∈  is defined by 1( ) = ( )( ( ( ))),i f i ij j p −′  [ ].i n∈

Thus according to Brauer’s Theorem [1] any character of nB  is formed 
by combining ic ∗  linearly on   induces by i iHc ∈  of .nB  

4. linear portrayal of the Galois group 

Consider A as a ring of irreducible characters of ,nB  KA  its 
corresponding valuation ring where Kv  is the discrete valuation and K the 
associated field and ( , )KK v  is complete [5, 10]. I denotes the maximal ideal 
of ,KA  = /KK A I  its residual field and = = .K K KU A I A×−

Consider L as a finite separable field over K. We designates by LA  a 
integral extension of KA  in L [3]. We suppose that the residual extension 

/L K  is separable. Let us designate by /L Ke  a branching index of LP  and 

/L Kf  its residual degree.
Thus 

/ / = [ : ].L K L Ke f L K⋅

Consider /L K  as the finite Galois field. Let = ( / ),gal L K  Galois 
group,   operates on .LA  We know that there exists Lx A∈  such that LA  
considered as KA -algebraic structure. Let i  be a function   defined by 
the formula 

( ) = ( ( ) ).Li s v s x x−

We will put = [ : ];f L K  if s∈  distinct from 1, 
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1

( ), if 1;
( )

( ), otherwise.
s

f i s s
a s

f i s
≠

− ⋅ ≠= 
 ∑






So, we have: 
( ) = 0, ( , ) = 0.

s
a s a i

∈
⇒∑   

Theorem 1: Let a  represent the character of a linear portrayal of .
=a cc c∑

where c  is an element of the set of irreducible characters of .

This linear portrayal of the group   is the Artin representation 
attached to /L K  and K is the field corresponding to the corresponding 
valuation ring KA  with A the ring generated by the irreducible characters 
of the hyperoctahedral group. It will be noted on the other hand that it is 
only defined via its character up to isomorphism.

The a  function is a central function. We can therefore write it: 
=a cc c∑

where .c∈  We have: 

1 11 1= ( , ) = ( ) ( ) = ( ) ( ).
s s

c a a s s a s s
g gc c c c− −

∈ ∈
∑ ∑  
 

In general, if j  is a  -central map, we will set: 
( ) = ( , ).f aj j 

Remark 1: Theorem 1 is restated as: If ,c∈  then ( )f c ∈  

Proposition 2: Consider i  as the thi  branching subgroup of .  Consider 
,i iu ∈  iu∗ ∈  induced by .iu  We have: 

=0 0

1= .
( : ) i

i i

a u
∞

∗∑  

Proof: Letting = ( ).i ig Card   The reasoning above shows that ( ) = 0iu s∗  if s 
is not an element of ,i  
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0( ) = = if , 1,i i
i i

ggu s f s s
g g

∗ − − ⋅ ∈ ≠

and = ( ) = 0.s iu s∗
∈∑   If 1 ,k ks +∈ −   the sum of the line is ( 1),f k− +  and so 

is ( ).a s

For = 1,s  the equality comes from the fact that two members are 
orthogonal. 

As soon as j  is a  -central map: 
1( ) = ( ), = ( ).i i i

si i

s g Card
g

j j
∈
∑


 

Corollary 2: Consider j  as a  -central map, we have: 

=0 0

( ) = ( ({1 }) ( )).i
i

i

g
f

g
j j j

∞

−∑  

This follows from proposition 2, considering that: 

( , ) = ( | , ) = ({1 }) ( )i i ii
u uj j j j∗ −  

Corollary 3: If c∈  from the  -module generated by the irreducible characters 
of ,nB  then ( )f c  is a positive integer. 

Proof 4: Proposition 2 shows that 0 'g a  represents a straightfoward 
depiction of .  So 0 ( ) .g f c⋅ ∈

Proposition 3: Consider H  as a subgroup of   isomorphic to sub-
extension /′K K ; /′K Kδ  its discriminant in / .K K′  We have: 

/ /| = , with = ( ).H H K K H K K Ka r f a vl l d′ ′+ ⋅

Where .Hr H∈  

Proof 5: Consider 1 ,s H≠ ∈  We have: 

/ /( ) = ( ), ( ) = ( ), ( ) = 0,L K H L K H Ha s f i s a s f i s r s′− − 

and as ( ) = ( ),Hi s i s  it gives 

/( ) = ( ) ( ).H K K Ha s r s f a sl ′+ ⋅
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Take now = 1.s  We first have: 

/ / /(1) = ( ) = ( ).G L K L L K K L Ka f v D v d

Similarly, /(1) = ( ).H K L Ka v d′ ′  Therefore: 

/ / / /( ) = [ : ] ( ) ( ).K L K K K K K K K L Kv L K v f vd d d′ ′ ′ ′′ +

It results by /L Kd -transitivity [3]: 
[ : ]

/ / / /= ( ) ( ).L K
L K K K K K L KNd d d′

′ ′ ′⋅

Corollary 4: Consider y  as the character of H  and y ∗ ∈  induced by .y  

/ /( ) = ( ) (1) ( ).K K K K Kf v f fy d y y∗
′ ′+

Proof: Indeed: 

/

/

/ /

( ) = ( , ) = ( , | )
= ( , )
= ( , ) ( , )
= (1) ( ), with = ( )

H

H K K H

H K K H

K K K K K

f a a
r f a
r f a

f f v

y y y
y l
l y y
ly y l d

∗ ∗

′

′

′ ′

+ ⋅

+

+

 

Proposition 4: Consider ,c∈  cc ∈  such that |
cc

c   isn’t trivial ( = 1cc −  
when = 1).c  Thus, we have: 

/( ) = ( ) 1L Kf ccc j +

where u∀  integer 

/
0

1( ) = ( , 1) 1.L K
s

u Inf i u
g

j
∈

+ −∑ 


Proof 7: If ,i cc≤  then ( ) = 0,ic   hence (1 )c  − ( )ic  = 1;  if > ,i cc  then 
( ) = 1,ic   so (1 )c  − ( )ic  = 0.  Applying corollary 2 to proposition 2, we 

get: 

	

=

/
=0 0

( ) = = ( ) 1.
i c

i
L K

i

g
f c

g

c

cc j +∑
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Corollary 5: Consider = ( )H ker c  and K′  such that / ,L K H≅  consider cc
′ ∈  

such that ( / )cG H
c′
≠ {1 }.  So, ( )f c = / ( )K K ccj ′ ′ + 1,  and it is an integer 0.≥  

Proof 8: Herbrand’s theorem [3] establishes that cc
′ = / ( ).L K ccj ′  ( )f c

= /K Kj ′ ( ) 1cc
′ +  therefore results simply from the j -transitivity. Since 

/ ( ) ,K K ccj ′ ′ ∈  it follows from the Hasse-Arf theorem [3], since /G H  is 
abelian.

Here is finally a proof of the theorem 1.

Proof 9: It is a question of proving that: ( )f c ∈  when .c∈  We already 
know from corollary 3 to proposition 2, that it is a positive rational number; 
it remains to show that it is an integer. In line with to Brauer’s theorem [1], 

= ,i i in nc c ∗ ∈∑ 

i iHc ∈  of ,  characters of degree 1. Thus, we are left to demonstrate 
that ( )f c ∗ ∈  when c∈  of degree 1. Under these hypotheses ( )f c  is 
an integer according to Corollary 5 to Proposition 4, and it is therefore the 
same for ( ),f c ∗  according to the Corollary of Proposition 3. 

5. Conclusion

In this paper, it was a question of giving a linear portrayal of the 
Galois group   by the ring of irreducible character of the hyperoctahedral 
group .nB

I first appears that the group 2 2= = n
n n nB jS S    where j  is a 

homomorphism defined by 2: ( ).n
n Autj →S 

Finally, the function a  defined by 

1

( ), if 1;
( )

( ), otherwise.
s

f i s s
a s

f i s
≠

− ⋅ ≠= 
 ∑






( )a s  is an element of a linear portrayal of the Galois group   from 
the hyperoctahedral group ;nB  where f  is the index of K  in ,L  .s∈

In a forthcoming article, we will see that the structutures of Q -valent 
modal logic [6, 7, 16] can be modeled using combinatorial structures that 
have symmetrical properties, such as those described by hyperoctahedral 
group.
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