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In our work, the new concept of union in certain graphs: WI(N), 

API(N)   (N) and PGI(N) are dealt, which depends on the case of the 
intersection of edges in the subgraphs in which it equals an empty set, as well as 
a study of the case of homomorphism, where we reached many new theorems 
and Results that can be generalized to other graphs or algebra graph theory.  
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1. Introduction 
The first who consider the concept of the mathematical system:near ring is 

Pilz[1] and Groenwald[2] introduced completely prime ideal (simply, CPI) of a 
near ring N while Al-swidi [3]defined weakly completely ideal when is not 
equal zero in near ring and introduced [4] several ideals like almost v-prime 
ideals (v=1,2,3) in near ring.  

In 1988, Beck [5] determined the idea of the zero divisor graph G(R) 
associated with a commutative ring R. In this graph, the vertices represent the 
elements of the ring R, and two distinct vertices x and y are connected by only 
one edge if the product of them is zero in R. [5] Beck investigated various 
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properties and coloring aspects of this zero-divisor graph. Later, in 2010, 
Satyanarayana [6] defined a new graph structure called the prime graph PG(R) 
of a ring R, not necessarily commutative. In the prime graph PG(R), the vertices 
correspond to all the ring’s elements, and any two different vertices (x and y) are 
connected by one edge iff xRy = 0 or yRx = 0, where R represents the ring 
operations. [6] Satyanarayana and his colleagues studied several properties and 
relationships associated with this prime graph PG(R). 

In 2023, Al-swidi [7] and colleagues introduced a novel graph concept 
called the WCPG , for a near ring N, denoted as 𝑊𝑊 (N). This graph is 
constructed using a non-zero ideal I of the near ring N as its foundation. The 
vertices of 𝑊𝑊 (N) correspond to elements of N, with two different vertices a and 
b forming an edge iff their product (in either order) yields a non-zero element in 
I. Additionally, they defined an almost 1-prime graph of N, represented 
as A𝑃𝑃𝒜𝒜(N), where 𝒜𝒜 is not an idempotent ideal of N. In this graph, vertices are 
again elements of N, but adjacency between distinct vertices a and b occurs 
when their product belongs to the set difference 𝒜𝒜\𝒜𝒜  2. These graph concepts 
can be further extended to other graph types and related mathematical notions 
[8-12] and [19-32]. 

2. Preliminary  
Pilz [14] and Kandasamy [13] determined the idea of the radical for an 

ideal in N. Specifically, they defined the radical of an ideal I in N as the set of 
elements m in 𝑁𝑁 such that 𝑚𝑚𝑛𝑛 is contained in I for some positive integer n. 
[14,13]. Furthermore, Pilz [14] and others have defined an ideal I of 𝑁𝑁 to be a 
completely prime (c-prime) ideal, if for any elements n and m in 𝑁𝑁, whenever 
their product nm is contained in 𝐼𝐼, then either n is an element of 𝐼𝐼 or m is an 
element of I. [1,14] This property of completely prime ideals (CPI) is a stronger 
condition than the standard concept of a prime ideal in 𝑁𝑁 [1]. 

The ideal 𝐼𝐼  𝑁𝑁 is called a 3-prime ideal if for any x and y in 𝑁𝑁, whenever 
the product 𝑥𝑥𝑥𝑥𝑥𝑥 is contained in 𝐼𝐼, then either 𝑥𝑥 is in 𝐼𝐼 or y is in I [14]. 
Furthermore, a non-trivial 𝑁𝑁 is called a symmetric 𝑁𝑁 if the product of any 
element in 𝑁𝑁 with the additive identity 0 is equal to 0 [15]. 

Based on the references provided [16,17], a graph 𝐺𝐺 is defined as a 
mathematical model consisting of two sets: the vertex set 𝑉𝑉 and the edge set 𝐸𝐸. 
Each edge in the edge set 𝐸𝐸 is represented by an unordered pair (𝑥𝑥 𝑦𝑦) of 
vertices from 𝑉𝑉.  

The degree of 𝑣𝑣 ∈  𝐺𝐺 is the edges number’s that are incident on that vertex 
v. The maximum degree among all vertices in the graph G is denoted by the 
symbol 𝛥𝛥. A subset 𝑊𝑊 of the vertex set 𝑉𝑉 is considered a clique if every distinct 
pair of vertices within 𝑊𝑊 are adjacent, meaning they are connected by an edge 
[16-18]. 

Furthermore, if there is a path (one edge or more) between any two 
different vertices a and b belong to G, then G is a connected graph. Conversely, 
if such a path does not exist between any two vertices a and b, then the graph G 
is a disconnected [16-18]. 
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3. Main Results 
This part introduces the concept of union with special case and generalized 

it with some graphs. 

Definition 3.1: A graph 𝐺𝐺 = (𝑉𝑉 𝐸𝐸) is said to be joining edge if  
i.  𝑉𝑉 (𝐺𝐺 )   𝑉𝑉 (𝐺𝐺 ) = 𝑉𝑉(𝐺𝐺)  
ii.  𝐸𝐸 (𝐺𝐺1)   𝐸𝐸 (𝐺𝐺2) = 𝐸𝐸(𝐺𝐺) with 𝐸𝐸(𝐺𝐺1) and 𝐸𝐸(𝐺𝐺2) are disjoint  

Whenever 𝐺𝐺1 and 𝐺𝐺2 are subgraphs of 𝐺𝐺. Then we denoted as 𝐺𝐺 = 𝐺𝐺1  𝐺𝐺2 

Definition 3.2: Let the ideal I of N and SI be a subgraph of WI (N), API (N), 
I(N) and PGI (N) with each vertices represent the elements of I is adjacent with 
the subgraph N\I is not clique. 

Example 3.3: assume that  ideal I = {0, 4} of the R-module 8, then WI (J) are 
illustrate in down Figure 1.1. 

 
Figure 1.1 

Lusion subgraphs of Wi(N). 

Theorem 3.4: Let ideal 𝐼𝐼  𝐽𝐽, then WI (J) = SI ⨁ WN/I (J) 

Proof: As V (SI)   V(WN\I (J) = N = V(WI (J)). Let xy ̅̅ ̅̅  ∈E (WI (J)). Then, 
0 ≠  𝑥𝑥.𝑦𝑦 ∈  𝐼𝐼 or 0 ≠  𝑦𝑦. 𝑥𝑥 ∈  𝐼𝐼. Suppose x. y ∈ I. Then we have two cases: 

Case1: If x ∈ I, or y ∈ I. Using proposition 3.2.5 in Ameer Al-swidi [8], we 
get x have a maximum degree or y have a maximum degree at least n, ∀ 
𝑥𝑥 𝐼𝐼\*0+ or 𝑦𝑦  𝐼𝐼\*0+, where |N|=n. Therefore xy ̅̅ ̅̅  ∈ E(SI). Note that xy ̅̅ ̅̅ ∉ E 
(WN\\I (N)). 

Case 2: If 𝑥𝑥 ∉  𝐼𝐼 or 𝑦𝑦 ∉  𝐼𝐼. Then (xy) ̅∈ E (WN\I (N)). Using above definition 
xy ̅̅ ̅̅ ∉ E (SI). Therefore, from cases 1 and 2 implies that E (WI (N))  E (SI)   E 
(WN\I (N)), With E(SI) and E (WN\I (N)) are disjoint. Now, as SI and WN\I (N) are 
subgraphs of WI (N). Then we get that, E (SI)   E (WN\I (N))  E (WI (N)). So 
that, E (WI (N)) = E (SI) ⨁ E (WN\I (N)). And similar proof if 0≠ y. x ∈ I.  

Corollary 3.5: Let I be a weakly CPI of J, then WI (J)= SI ⨁ WN\I (J). 

Proof: As I be a weakly CPI. Then directly from theorem3.4 (case (1)). We get 
the result.  
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Corollary 3.6: Assume that I be a W-semi CPI of N, Then WI(J) = 
𝑆𝑆  ⨁ 𝑊𝑊𝑁𝑁\  (𝐽𝐽). 

Proof: Directly from theorem3.4 (case (1)). We get the result. □ 

Corollary 3.7: Let I be an ideal of N1 with :N1→N2 be epimorphism then 
W(I)(N2)=S(I) 𝑊𝑊𝑁𝑁2\( )(N2) 

Proof: As (I) is an ideal of N2 then directly from theorem3.4 (case(1)). We get 
the result.  

Example 3.8: Let N1= Z6 to N2 = Z6  Z2 such that 𝛾𝛾: Z6 ⟶ Z6  Z2, and 
γ(a)=(0, a) be epimorphism and let I1={0,3}  N1, then I2 = {(0,0), (0,1)}  N2, 
then 𝑊𝑊 2(𝑁𝑁2) illustrates in Figure 1.2. 

 
Figure 1.2 

Union subgraphs of Wi(N). 

3.9 Theorem. Let 𝒜𝒜 be an ideal of N. Then AP𝒜𝒜 (N) = S𝒜𝒜 ⨁ AP𝑁𝑁\𝒜𝒜 (𝑁𝑁).  

Proof: As V (S𝒜𝒜 )   V(AP𝑁𝑁\𝒜𝒜 (𝑁𝑁)) = 𝑁𝑁 = 𝑉𝑉(AP𝒜𝒜 (N)). Let xy ̅̅ ̅̅ ∈ E (AP𝒜𝒜  (N)) 
then x. y ∈ 𝒜𝒜\𝒜𝒜2 𝑜𝑜𝑜𝑜 y. x ∈ 𝒜𝒜\𝒜𝒜2. Suppose x.y ∈ 𝒜𝒜\𝒜𝒜2 so x.y ∈ 𝒜𝒜. Then two 
cases below are valid: 

Case 1: If x∈𝒜𝒜 or y∈𝒜𝒜. By proposition 3.3.5 in Ameer Al-swidi [8], we get x 
have a maximum degree or y its less than n (< n), ∀ x 𝒜𝒜 \{0} or y ∈𝒜𝒜 \{0}, 
where |N|=n. Therefore (xy ̅̅ ̅̅  ) ∈ E (S_(A )). Note that (xy ̅̅ ̅̅ ) ∉  𝐸𝐸 (𝐴𝐴𝐴𝐴_(𝑁𝑁\𝐴𝐴 )). 

Case 2: If x ∉  𝒜𝒜 and y ∉  𝒜𝒜. Then (xy ̅̅ ̅̅  ) ∈  𝐸𝐸 (𝐴𝐴𝐴𝐴_(𝑁𝑁\𝐴𝐴 )(𝑁𝑁)). By above 
definition. (𝑥𝑥𝑥𝑥 ) ̅ ∉  𝐸𝐸 (𝑆𝑆_(𝐴𝐴 )).  

Case-1 & case-2 implies that 𝐸𝐸 (𝐴𝐴𝐴𝐴𝒜𝒜  (𝑁𝑁))  𝐸𝐸 (𝑆𝑆𝒜𝒜 )    𝐸𝐸 (𝐴𝐴𝐴𝐴𝑁𝑁\𝒜𝒜 (𝑁𝑁))  
with 𝐸𝐸(𝑆𝑆𝒜𝒜 ) and 𝐸𝐸 (𝐴𝐴𝐴𝐴𝑁𝑁\𝒜𝒜  (𝑁𝑁)) are disjoint. Now, as S𝒜𝒜  and 𝐴𝐴𝐴𝐴_(𝑁𝑁\𝐴𝐴 ) (𝑁𝑁) 
are subgraphs of 𝐴𝐴𝐴𝐴_(𝐴𝐴 ) (𝑁𝑁). Then we get that, 𝐸𝐸 (𝑆𝑆𝒜𝒜 )    𝐸𝐸 (𝐴𝐴𝐴𝐴𝑁𝑁\𝒜𝒜  (𝑁𝑁))  
 𝐸𝐸 (𝐴𝐴𝐴𝐴𝒜𝒜  (𝑁𝑁)). So that, 𝐸𝐸 (𝐴𝐴𝐴𝐴𝒜𝒜  (𝑁𝑁)). =  𝐸𝐸 (𝑆𝑆𝒜𝒜 ) ⨁ 𝐸𝐸 (𝐴𝐴𝐴𝐴𝑁𝑁\𝒜𝒜  (𝑁𝑁)). And 
similar proof if y. x ∈ \𝒜𝒜2.  
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Corollary 3.10: Let 𝒜𝒜 be an almost 1- prim ideal of N. Then AP𝒜𝒜 (N) = 
S𝒜𝒜 ⨁ AP𝑁𝑁/𝒜𝒜 (𝑁𝑁).  

Proof: As 𝒜𝒜 be almost 1- prime ideal of N then directly from theorem3.9 (case 
(1)). We get the result.  

Corollary 3.11: Let 𝒜𝒜 be an almost 1- semi prim ideal of N. Then AP𝒜𝒜 (N) = 
S𝒜𝒜 ⨁ AP𝑁𝑁\𝒜𝒜 (𝑁𝑁). Where 𝒜𝒜 is not idempotent ideal.  

Proof: Directly from theorem3.9 (case (1)). We get the result.  

Corollary 3.12: Let 𝒜𝒜 be an ideal of N with 𝛾𝛾 ∶  𝑁𝑁  ⟶  𝑁𝑁  be epimorphism. 
Then AP𝛾𝛾(𝒜𝒜)(N2) =S𝛾𝛾(𝒜𝒜) ⨁ 𝐴𝐴𝐴𝐴𝑁𝑁2\(𝒜𝒜)(N2). 

Proof: As 𝛾𝛾(𝒜𝒜) is an ideal of N2. Then from theorem3.9 (case (1)). We get the 
result.  

Corollary 3.13: Let 𝒜𝒜 be an almost 2- prime ideal of N. Then AP𝒜𝒜 (N) = 
S𝒜𝒜 ⨁ AP𝑁𝑁\𝒜𝒜 (𝑁𝑁). Where 𝒜𝒜 is not idempotent ideal and every a∈𝒜𝒜 is 
idempotent element. 

Proof: Directly from theorem3.9 (case (1)). We get the result.  

Corollary 3.14: Let 𝒜𝒜 be an almost 2- semi prime ideal of N. Then AP𝒜𝒜 (N) = 
S𝒜𝒜 ⨁ AP𝑁𝑁\𝒜𝒜 (𝑁𝑁).  

Proof: Directly from theorem3.9 (case (1)). 

Theorem 3.15: For a simple near ring N, then 𝛤𝛤 =*0+(J) = 𝑆𝑆 =*0+(𝐽𝐽) ⨁ 𝛤𝛤𝑁𝑁\ =*0+(J). 

Proof: As V (S =*0+(N))   V(Γ𝑁𝑁\ =*0+(N)) = N = V (Γ =*0+(N)). Let xy ̅̅ ̅̅ ∈ E 
(Γ =*0+(N)). Then x.y =0 𝑜𝑜𝑜𝑜 y.x =0  

Let us x.y =0, then we have two cases: 

Case 1: If x =0 or y =0, then we have already xy ̅̅ ̅̅  ∈ E (S =*0+ ) with xy ̅̅ ̅̅ ∉ E 
(Γ𝑁𝑁\ =*0+(N)). 

Case 2: If x ≠ 0 and y ≠ 0. Then xy ̅̅ ̅̅  ∈ E (Γ𝑁𝑁\ =*0+(N)).By previous definition. 
xy ̅̅ ̅̅  ∉ E (S𝑁𝑁\ =*0+).  

Case-1 & case-2 implies that E (Γ =*0+(N)) E(S =*0+) E(Γ𝑁𝑁\ =*0+(N)) with 
E(S =*0+ ) and E (Γ𝑁𝑁\ =*0+(N)). are disjoint and similar proof if y.x =0. 

Corollary 3.16: Assume that  I= {0} be a CPI of N. Then Γ =*0+(N) = 
S =*0+ ⨁ Γ𝑁𝑁\ =*0+(N) 
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Proof: Directly from theorem3.15 (case (1)). We get the result. □ 

Corollary 3.17: Let 𝛾𝛾 ∶ N1 ⟶ N2 be epimorphism of a simple near rings N1 and 
N2. Then Γ𝛾𝛾( )=*0+(N2) = S𝛾𝛾( )=*0+ ⨁ Γ𝑁𝑁2\(𝒜𝒜)(N2) 

Proof: As 𝛾𝛾(𝒜𝒜) is an ideal of N2. Then from theorem3.15(case (1)). We get the 
result.   

Theorem 3.18: If N be a simple zero symmetric N. Then PG =*0+(N) = 
S =*0+ ⨁ PG𝑁𝑁\ =*0+(𝑁𝑁) 

Proof: As 𝑉𝑉 (𝑃𝑃𝑃𝑃 =*0+(𝑁𝑁))   𝑉𝑉(𝑃𝑃𝑃𝑃𝑁𝑁\ =*0+(𝑁𝑁)) =N= V (PG =*0+(N)). Let xy ̅̅ ̅̅ ∈ E 
(PG =*0+(N)). Then x.N.y =0 𝑜𝑜𝑜𝑜 y.N.x =0. Suppose x.N.y =0 then we have two 
possibilities: 

Case 1: If x =0 or y =0, as N is zero symmetric near ring. Then xy ̅̅ ̅̅  ∈ E 
(PG =*0+(𝑁𝑁)), with xy ̅̅ ̅̅ ∉ E (PG𝑁𝑁\ =*0+(N)). 

Case 2: If x ≠ 0 and y ≠ 0, Then it’s impossible because N is zero symmetric 
near ring. Therefore, from case1 and case2 implies that xy ̅̅ ̅̅  ∉ E (S =*0+). with 
xy ̅̅ ̅̅  ∈ E (PG𝑁𝑁\ =*0+(N)). 

Therefore, from two cases above 1 and 2, implies that E (PG =*0+(N)) 
E(S =*0+(N)) E (PG𝑁𝑁\ =*0+(N)) with E(S =*0+ ) and E (PG𝑁𝑁\ =*0+(N)) are 
disjoint. And similar proof if y.N.x =0. □ 

Corollary 3.19: Let I= {0} be a 3-prime ideal of N. Then 𝑃𝑃𝑃𝑃 =*0+(N) = 
𝑆𝑆 =*0+ ⨁ 𝑃𝑃𝑃𝑃𝑁𝑁\ =*0+(N) 

Proof: Directly from theorem3.18 (case (1)). We get the result. □ 

Corollary 3.20: Assume that  𝛾𝛾 ∶ N1 ⟶ N2 be epimorphism of a simple zero 
symmetric near rings N1 and N2. Then 𝑃𝑃𝑃𝑃 =*0+(N2) = 𝑆𝑆𝛾𝛾( )=*0+ ⨁ 𝑃𝑃𝑃𝑃𝑁𝑁2\(𝒜𝒜)(N2) 

Proof: As 𝛾𝛾(𝐼𝐼) is an ideal of N2. Then from theorem3.18(case (1)). We get the 
result.   

Theorem 3.21: For an ideal I ≠ {0} ⊆ N, then Wrad(I) (N) = Srad(I) ⨁ W N\ rad (I) 
(N). 

Proof: As V(Srad(I) ) V(W N/ rad (I) (N)) =N= V (Wrad(I) (N)). As I ⊆ rad(I), let 
xy ̅̅ ̅̅  ∈ E (WI(N)). Then 0≠ x.y ∈ I ⊆ rad(I) or 0≠ y.x ∈ I ⊆ rad(I). And in any 
line we take, we have two cases and can proved it same cases in theorem3.4. □ 
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Proof: Same proof theorem 3.15.  

Theorem 3.25: Let N be a simple zero symmetric near ring. Then PG𝑟𝑟𝑟𝑟𝑟𝑟( =*0+) 
(N) = S𝑟𝑟𝑟𝑟𝑟𝑟( =*0+) ⨁ PG𝑁𝑁\𝑟𝑟𝑟𝑟𝑟𝑟( =*0+)(N). 

Proof: Same proof theorem 3.18.  
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