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Abstract

In our work, the new concept of union in certain graphs: W (N), AP,(N), I'(N) and
PG/(N) are dealt, which depends on the case of the intersection of edges in the subgraphs
in which it equals an empty set, as well as a study of the case of homomorphism, where we
reached many new theorems and Results that can be generalized to other graphs or algebra
graph theory.
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1. Introduction

The first who consider the concept of the mathematical system:near ring is
Pilz[1] and Groenwald[2] introduced completely prime ideal (simply, CPI) of a
near ring N while Al-swidi [3]defined weakly completely ideal when is not
equal zero in near ring and introduced [4] several ideals like almost v-prime
ideals (v=1,2,3) in near ring.

In 1988, Beck [5] determined the idea of the zero divisor graph G(R)
associated with a commutative ring R. In this graph, the vertices represent the
elements of the ring R, and two distinct vertices x and y are connected by only
one edge if the product of them is zero in R. [5] Beck investigated various
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properties and coloring aspects of this zero-divisor graph. Later, in 2010,
Satyanarayana [6] defined a new graph structure called the prime graph PG(R)
of a ring R, not necessarily commutative. In the prime graph PG(R), the vertices
correspond to all the ring’s elements, and any two different vertices (x and y) are
connected by one edge iff xRy = 0 or yRx = 0, where R represents the ring
operations. [6] Satyanarayana and his colleagues studied several properties and
relationships associated with this prime graph PG(R).

In 2023, Al-swidi [7] and colleagues introduced a novel graph concept
called the WCPG , for a near ring N, denoted as W,(N). This graph is
constructed using a non-zero ideal I of the near ring N as its foundation. The
vertices of W;(N) correspond to elements of N, with two different vertices a and
b forming an edge iff their product (in either order) yields a non-zero element in
I. Additionally, they defined an almost 1-prime graph of N, represented
as AP,(N), where A is not an idempotent ideal of N. In this graph, vertices are
again elements of N, but adjacency between distinct vertices a and b occurs
when their product belongs to the set difference A\A . These graph concepts
can be further extended to other graph types and related mathematical notions
[8-12] and [19-32].

2. Preliminary

Pilz [14] and Kandasamy [13] determined the idea of the radical for an
ideal in N. Specifically, they defined the radical of an ideal I in N as the set of
elements m in N such that m™ is contained in I for some positive integer n.
[14,13]. Furthermore, Pilz [14] and others have defined an ideal I of N to be a
completely prime (c-prime) ideal, if for any elements n and m in N, whenever
their product nm is contained in I, then either n is an element of [ or m is an
element of I. [1,14] This property of completely prime ideals (CPI) is a stronger
condition than the standard concept of a prime ideal in N [1].

The ideal I © N is called a 3-prime ideal if for any x and y in N, whenever
the product xNy is contained in I, then either x is in I or y is in I [14].
Furthermore, a non-trivial N is called a symmetric N if the product of any
element in N with the additive identity O is equal to 0 [15].

Based on the references provided [16,17], a graph G is defined as a
mathematical model consisting of two sets: the vertex set IV and the edge set E.
Each edge in the edge set E is represented by an unordered pair (x,y) of
vertices from V.

The degree of v € G is the edges number’s that are incident on that vertex
v. The maximum degree among all vertices in the graph G is denoted by the
symbol A. A subset W of the vertex set I/ is considered a clique if every distinct
pair of vertices within W are adjacent, meaning they are connected by an edge
[16-18].

Furthermore, if there is a path (one edge or more) between any two
different vertices a and b belong to G, then G is a connected graph. Conversely,
if such a path does not exist between any two vertices a and b, then the graph G
is a disconnected [16-18].
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3. Main Results

This part introduces the concept of union with special case and generalized
it with some graphs.

Definition 3.1: A graph G = (V, E) is said to be joining edge if
i. V@GHUV(G2)=V()
ii. E (Gy)V E (G,) = E(G) with E(G,) and E(G,) are disjoint
Whenever G, and G, are subgraphs of G. Then we denoted as G = G, @G,

Definition 3.2: Let the ideal I of N and S; be a subgraph of W; (N), AP; (N),
I'(N) and PG; (N) with each vertices represent the elements of I is adjacent with
the subgraph N\I is not clique.

Example 3.3: assume that ideal I = {0, 4} of the R-module 8, then W; (J) are
illustrate in down Figure 1.1.

Wil N 5 Woir

Figure 1.1
Lusion subgraphs of W;(N).

Theorem 3.4: Let ideal I <, then Wi (J) = S;® Wy, (J)

Proof: As V (S)) U V(Wny (J) = N = V(W (J)). Let Xy €E (W; (J)). Then,
0% x.y € ITor0# y.x € I.Suppose x.y € I. Then we have two cases:

Casel: If x € I, or y € 1. Using proposition 3.2.5 in Ameer Al-swidi [8], we
get x have a maximum degree or y have a maximum degree at least n, V
xe I\{0} or y € I\{0}, where [N|=n. Therefore Xy € E(S;). Note that Xy ¢ E
(Wxur (N)).

Case 2: If x € I ory & I. Then (xy) € E (Wny (N)). Using above definition
Xy €& E (S)). Therefore, from cases 1 and 2 implies that E (W; (N)) cE (S)) UE
(Wny (N)), With E(S)) and E (W (N)) are disjoint. Now, as S; and Wy (N) are
subgraphs of Wy (N). Then we get that, E (S)) U E (Wxy (N)) < E (W) (N)). So
that, E (W; (N)) =E (S)) @ E (Wny(N)). And similar proof if 0# y. x € L.

Corollary 3.5: Let I be a weakly CPI of J, then W; (J)=S; ® Wy, (J).

Proof: As I be a weakly CPI. Then directly from theorem3.4 (case (1)). We get
the result.
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Corollary 3.6: Assume that I be a W-semi CPl of N, Then W;J) =
S @ Wy ().

Proof: Directly from theorem3.4 (case (1)). We get the result. O

Corollary 3.7: Let I be an ideal of N; with y:N;—N, be epimorphism then
W,i(N2) =S, @Wy\ 1y (N2)

Proof: As y(I) is an ideal of N, then directly from theorem3.4 (case(1)). We get
the result.

Example 3.8: Let N\= Zs to N, = Zg x Z, such that y: Zg — Zg x Z,, and

v(2)=(0, a) be epimorphism and let [,={0,3} <Ny, then I, = {(0,0), (0,1)} <Ny,
then W, (N,) illustrates in Figure 1.2.

Figure 1.2
Union subgraphs of W;(N).

3.9 Theorem. Let A be an ideal of N. Then AP, (N) =S 4 @ APy, 4 (N).

Proof: As V (S,2) U V(APy\ 4 (N)) = N = V(AP (N)). Let X7 € E (AP, (N))
then x.y € A\A? or y.x € A\A?. Suppose x.y € A\A? 50 x.y € A. Then two
cases below are valid:

Case 1: If xEA or yEA. By proposition 3.3.5 in Ameer Al-swidi [8], we get x
have a maximum degree or y its less than n (< n), V xe A \{0} or y €A \{0},
where |[N|=n. Therefore (Xy ) € E (S_(A)). Note that (Xy) & E (AP_(N\A)).

Case 2: If x € A andy & A. Then (Xy ) € E (AP_(N\A)(N)). By above
definition. (xy )™ & E (S_(4)).

Case-1 & case-2 implies that E (AP; (N)) € E (S,4) U E (APy\ 4 (NV)),
with E(S4) and E (APy\,, (N)) are disjoint. Now, as S; and AP_(N\A) (N)
are subgraphs of AP_(A) (N). Then we get that, E (S4) U E (APy\ (N))
CE (APg (N)). So that, E (AP4 (N)).= E (S4) ® E (APy\ (N)). And
similar proof if y.x € \AZ.
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Corollary 3.10: Let A be an almost 1- prim ideal of N. Then AP, (N) =
Sa @ APy, (N).

Proof: As A be almost 1- prime ideal of N then directly from theorem3.9 (case
(1)). We get the result.

Corollary 3.11: Let A be an almost 1- semi prim ideal of N. Then AP, (N) =
S @ APy\ 4 (N). Where A is not idempotent ideal.

Proof: Directly from theorem3.9 (case (1)). We get the result.

Corollary 3.12: Let A be an ideal of N with y : N1 — N2 be epimorphism.
Then APy(dq) (Nz) =Sy(c/l) @ APNZ\y(ﬂ)(NZ)-

Proof: As y(A) is an ideal of N,. Then from theorem3.9 (case (1)). We get the
result.

Corollary 3.13: Let A be an almost 2- prime ideal of N. Then AP, (N) =
S, ® APy\ 4 (N). Where A is not idempotent ideal and every a€A is
idempotent element.

Proof: Directly from theorem3.9 (case (1)). We get the result. [

Corollary 3.14: Let A be an almost 2- semi prime ideal of N. Then AP, (N) =
S ©® APy 4 (N).

Proof: Directly from theorem3.9 (case (1)).
Theorem 3.15: For a simple near ring N, then I}_(0\(J) = S;=03(J) @ L\ i=(0y(4)-

Prooﬁ AS V (SI={0}(N)) U V(FN\I={0}(N)) = N = V (FI={0}(N))' Let W € E
(Fy={o}(N)). Then x.y =0 or y.x =0

Let us x.y =0, then we have two cases:

Case 1: If x =0 or y =0, then we have already Xy € E (S;-(o;) with Xy ¢ E
(Tyvi=(o3(N)).

Case2: Ifx # 0Oand y # 0. ThenXy € E (FN\,z{O}(N))By previous definition.
Xy & E (Syyi=gop)-

Case-1 & case-2 implies that E (I7-(o;(N)) < E(S;=0))VE(Iy\;=(03(N)) with
E(S/={0}) and E (Iy\;=(03(N)). are disjoint and similar proof if y.x =0.

Corollary 3.16: Assume that I= {0} be a CPI of N. Then [;_(0j(N) =
Si=(0} ® Tnyi=(03(N)
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Proof: Directly from theorem3.15 (case (1)). We get the result. O

Corollary 3.17: Let y : N; — N, be epimorphism of a simple near rings N; and
Na. Then Ty 1y=0)(N2) = Sy 1y=(0) @ Iy \ sy (N2)

Proof: As y(A) is an ideal of N,. Then from theorem3.15(case (1)). We get the
result.

Theorem 3.18: If N be a simple zero symmetric N. Then PG;_j(N) =
SI:{O} @ PGN\I={0}(N)

Prooﬁ AS |74 (PGI={O}(N)) V] V(PGN\I={0}(N)) =N=V (PG1={0}(N)) Let W eE
(PG;—03(N)). Then x.N.y =0 or y.N.x =0. Suppose x.N.y =0 then we have two
possibilities:

Case 1: If x =0 or y =0, as N is zero symmetric near ring. Then Xy € E
(PGy=(o3(N)), with Xy € E (PGpyj=(01(N)).

Case 2: If x # 0 and y # 0, Then it’s impossible because N is zero symmetric
near ring. Therefore, from casel and case2 implies that Xy & E (S,-(p}). with

Xy € E (PGyy\i=(o}(N)).

Therefore, from two cases above 1 and 2, implies that E (PG;-o3(N))<
E(Si—NDUE  (PGyy—y(N) with E(Sitey) and E(PGyy/(qy(N) ) are
disjoint. And similar proofif yN.x =0. o

Corollary 3.19: Let I= {0} be a 3-prime ideal of N. Then PG;—0y(N) =
Si=(0} @ PGy\i=0}(N)

Proof: Directly from theorem3.18 (case (1)). We get the result. O

Corollary 3.20: Assume that y: N; — N, be epimorphism of a simple zero
symmetric near rings Nyand Ny. Then PGy_0y(N2) = S, (1)=t0y © PG\ ya)(N2)

Proof: As y(I) is an ideal of N,. Then from theorem3.18(case (1)). We get the
result.

Theorem 3.21: For an ideal I # {0} SN, then Wum (N) = Saay @ W ni raa )
(N).

Prooﬁ As V(Srad(l) )UV(W N/ rad (I) (N)) =N=V (Wrad(l) (N)) As1 c rad(I), let
Xy € E (W((N)). Then 0+ x.y € I € rad(I) or 0# y.x € I € rad(I). And in any
line we take, we have two cases and can proved it same cases in theorem3.4. O
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Corollary 3.22: Let I be an ideal of N; with y : N; — N, be epimorphism. Then
Wy raa 1)(N2) = Syraa 1) ® Iny\y(raa 1) (V)

Proof: As 1 C rad(I), we proved it directly from theorem 3.4.

Theorem 3.23: Let A be an ideal of N. Then AP,.qA) (N)=Sa4eA) B AP, raa
A, (N), whenever A is not idempotent ideal.

Proof: Same proof theorem 3.9.
Theorem 3.24: For a simple N. Then [4q¢=(0})(N)= Sraa=(03) © Ti\raag=op™)-
Proof: Same proof theorem 3.15.

Theorem 3.25: Let N be a simple zero symmetric near ring. Then PGrqq(=(0})
(N) = Sraaa=(0}) ® PGay\raaq=10p(N)-

Proof: Same proof theorem 3.18.
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