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Abstract

In this paper, we introduced a new graph, it is called complement subgroup product
graphs (CSPG) derived from cyclic groups. The set of vertices is the proper subgroup of
group G and for each two proper subgroups H, K is connected if and only if HK=G. We
study the formulas for vertex degrees, isolation properties of certain graphs, matrix degree
representations, and edge calculations.
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1. Introduction and Preliminaries

In [1] and [2], Angsuman Das and Shaker, presented a new graph with
name subgroup product graph of group, the new graph I, is structure of the set
of vertices of group G and for any two subgroups of group G are join if HK = G,
this mean any two subgroup is edge in this graph if satisfying the condition. In
graph theory, inverse of a graph I is the complement graph T and the set of the
vertices are same, but for any two vertices is join in graph is non-join in
complement graph. It is well known, the subgroup product graph is define, Let
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['(V,E) be a finite graph, where V(T') is the set of all vertices and E(T") is the set
of all edges of the graph I'. The product subgroup graph of a group, denoted by
Isp (V,E), is a simple graph devoid of loops and edge multiplicities. Its set of
vertices comprises all proper subgroups, with two vertices < H > and < K >
joined if < HK > = (. A vertex without any edges is termed an isolated vertex.
It is clear that, the product subgroup graph of cyclic group of order p, I, (Cp) is
null graph, and T, (Cpq) = P, is a path graph for each cyclic group of order pq
are prime numbers. Let G be a finite group, the set of all subgroup we denoted
by Sub(G) = {H|VH < G}, TSub(G) = {e,G}. and the set of all proper
subgroup of group G is denoted by PSub(G), it defined as the difference between
Sub(G) and TSub(G), PSub(G) = Sub(G) / TSub(G). In [1] computed the
degree of vertex in product subgroup graph degg,(H) for each vertex in graph
I'sp(G) by the following:

( deg({a”)) = (20D - 1)
| deg((a?i®i)) = (2072 — 1)
deg(v) = :
Y deg ((al—hsis(r—z)pi )) =3
kdeg ((an1sis(r—1)pi )) =1

Where V(I's,(G)) = {(aP), (aPiPi), (aPiPiPk), (aPiPiPkPh)  (qllisisa-2)Pi ),
(allisisc-1Pi) } are proper subgroups. The matrix degree, it introduced by [3-
5], Let I be a graph, the matrix degree is given by the following: DMy, @) =
(H(M) pa) o n(q)

)\’1 )\’2 )\’n
multy degree. For more information see refers [6-17].

) Where 2, is a degree of vertices and p(a;) ia s

2. Main Results

Definition 2.1: Suppose that H and K are a subgroups of group G, the
complement product subgroup graph E is the graph with vertex set Psub(G),
in which two distinct vertices H and K are joined if HK # G

Proposition 2.2: In the following are hold:
1- r_sp(cp) = l—‘sp (Cp)
2-  T,(Cyy) is empty graph.

Proof: 1t is clear that, the set of all vertices of V(I's,(C,)) = @ since there is no
proper subgroups of the group C, and V(E(Cp)) = @, since the number of
vertices in graph V(I (C,)) equals to the number of vertices in its complement
graph V (E(Cp))’ then there is no edge in this graph. For group C,, the set of
all proper subgroups are {(aP),(a?)}, this mean, the set of vertices is
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V(T (Cpg)) = {(aP),(a%)}, since (aP).(a%) = Cp,, then Ty,(C,,) is empty
graph without edges.

Theorem 2.3: Let E(Cpq) be a complement product subgroup graph of cyclic
group of order [1;s1 p;. The degree of vertices is given by the following
deg({a?) = V(@) - (207V - 1)
deg((a”®1)) = [V(&)| - (207P - 1)
deg(v) = :
deg(<aﬂ1sis(r—z)m )) =|V(6)| -3
k deg(<anlsis(r—1)pi )) =|V(G)| -1

Proof: Suppose that, G is a finite group, by Proposition 2.1 in [2] if H,K is a
proper subgroup of G such that [G:H] and [G:K] are coprime, this mean,

H~K € E(T5,(G)). deg(v) = |V (Fsp (G))| — deg(v) for each vertices in graph.

deg(v) = |V (Iop(©))| - deg()

( deg(a?)) = (201 —1)

deg({(a”®i)) = (202 — 1)

= v ()| - ;
deg(<anlsis(r—z)pi )) =3

L deg((anlsis(r—nl’i )) =1

( deg(a?) = V()| - (20V —1)
deg({a”®i)) = [V(6)| = (2072 - 1)
deg(v) = :
deg(<an1sis(r—z)l’i )) = V(G)| -3
L deg((allisisr=nPi)) = [V(6)| - 1

t(isisr-1P) = 1 =1(P1) - T(Pr-1) = 1= (D) ..() =1 =20V =1

By similar for remains of vertices. To find the degree of all vertices in
complement Graph G, we must be Note those Axioms: Firstly, the degree of
vertex refer to the number of vertices that connect with vertex. Secondly, the
number of vertices in I',(G) compute as follow: Y721 €/ and in this graph
I's,(G) has not loop, Hence We will exclude the vertex itself and the associated
vertices to get the degree of vertex

deg((aMsizrri)) = |V (I (@) = (2070 - 1)

Theorem 2.4: Let G = C,, be a cyclic group and n = [|1<i<y i is a positive
integer number, the matrix degree is given by the following:
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") = cf i o

POV -@CY - Ve - P -1 - V(6] -1
Corollary 2.5: If G is a cyclic group of order n = [11<i<, 0; is a positive integer
number, then:

_ V)| - (20D - 1)) ¢
E(FSP(G)):ZL_ (14©] g )

References

[1] S.]. Abd and H. B. Shelash, “On subgroups product graph of finite
groups,” BIO Web Conf., vol. 97, p. 155 (2024).

[2] D. Angsuman, M. Saha, and S. Al-Kaseasbeh, “Subgroup Product
Graph of a Group,” (2021). [Online]. Available: https://www.re-
searchgate.net/publication/350456889_Subgroup_Product_Graph_
of_a_Group.

[3] H.B.Shelash and A. R. Ashrafi, “The number of subgroups of a given
type in certain finite groups,” Iran. ]. Math. Sci. Informatics, vol. 16, no.
2, pp. 73-87 (2021).

[4] H. B. Shelash and A. R. Ashrafi, “Table of marks and character table
of certain finite groups,” Quasigroups Relat. Syst., vol. 28, no. 1, pp.
159-170 (2020).

[5] H.R.Hashim, F. Luca, H. B. Shelash, and A. A. Shukur, “Generalized
Lucas graphs,” Afrika Mat., vol. 34, no. 1, p. 10 (2023).

[6] R. Schmidt, Subgroup Lattices of Groups, vol. 14. Berlin, Germany:
Walter de Gruyter (2011).

[7] The GAP Group, “GAP-Groups, Algorithms, and Programming,” no
title. [Online]. Available: http://www.gap-system.org.

[8] I. M. Kadhim, H. J. Mehdi, W. M. Salah, and H. B. Ameen, “Com-
puting the number of subgroups of group T4nxC2,” Math. Statist.
Eng. Appl., vol. 71, no. 3s3, pp. 109-114 (2022). [Online]. Available:
https:/ /www.philstat.org.ph/index.php/MSEA /article/view /352.

[9] S.FE. Mousavi, A. Gilani, M. Alaeiyan, and M. Golriz, “A characteriza-
tion by the product element orders for some groups,” J. Inf. Optim.
Sci., vol. 41, no. 4, pp. 1133-1139 (2020). [Online]. Available: https://
doi.org/10.1080/02522667.2020.1745384.



THE COMPLEMENT SUBGROUP PRODUCT GRAPH 397

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

O. Zaka and M. A. Mohammed, “The endomorphisms algebra of
translations group and associative unitary ring of trace-preserving
endomorphisms in affine plane,” Proyecciones (Antofagasta, On line),
vol. 39, no. 4, pp. 821-834 (2020). [Online]. Available: https://doi.
org/10.22199 /issn.0717-6279-2020-04-0051.

O. Zaka and M. A. Mohammed, “Skew-field of trace-preserving en-
domorphisms of translation group in affine plane,” Proyecciones
(Antofagasta, On line), vol. 39, no. 4, pp. 823-850 (2020). [Online].
Available: https://doi.org/10.22199/issn.0717-6279-2020-04-0052.

T. Sahoo, M. D. Shetty, N. J. Groenewald, P. K. Harikrishnan, and S.
P. Kuncham, “On completely 2-absorbing ideals of N-groups,” J. Dis-
crete Math. Sci. Cryptogr., vol. 24, no. 2, pp. 541-556 (2021). [Online].
Available: https://doi.org/10.1080/09720529.2021.1892268.

A. G. Algam and H. B. Shelash, “Dynamics of monad graph of finite
group,” J. Discrete Math. Sci. Cryptogr., vol. 24, no. 6, pp. 1589-1593
(2021). [Online]. Available: https:/ /doi.org/10.1080/09720529.2020.
1790735.

A. H. Alwan, “Small intersection graph of subsemimodules of a
semimodule,” Commun. Combin. Cryptogr. Comput. Sci., vol. 2022, no.
1, pp- 15-22 (2022).

S. Ediza, M. Cancana, and M. R. Farahani, “Eccentric connectivity and
connective eccentricity indices of generalized Petersen graphs,” Com-
mun. Combin. Cryptogr. Comput. Sci., vol. 2021, no. 1, pp. 1-6 (2021).

R. Ponraj, S. Prabhu, and M. Sivakumar, “Pair mean cordial labeling
of total graph of some graphs and prism related graphs,” Commun.
Combin. Cryptogr. Comput. Sci., vol. 2024, no. 2, pp. 181-192 (2024).

F. O. Oduol and I. O. Okoth, “Counting vertices among all noncross-
ing trees by levels and degrees,” Commun. Combin. Cryptogr. Comput.
Sci., vol. 2024, no. 2, pp. 193-212 (2024).

Received May, 2024



