Journal of Discrete Mathematical Sciences & Cryptography
ISSN 0972-0529 (Print), ISSN 2169-0065 (Online)

Vol. 28 (2025), No. 2, pp. 511-524

DOI : 10.47974/JDMSC-2249

On metric dimension of circumcoronene series of benzenoid networks

Faryal Chaudhry *

Department of Mathematics and Statistics
The University of Lahore

Lahore 54000

Pakistan

Azhar Ali Abbas *

Department of Information Technology

College of Computer Science and Information Technology
University of Kerbala

Karbala 56001

Iraq

Mohammed Abdul Jaleel Maktoof *
Department of Computer Technologies Engineering
Al-Turath University

Al Mansour

Baghdad 10013

Iraq

Umar Farooq '

Department of Mathematics and Statistics
The University of Lahore

Lahore 54000

Pakistan

This article has been corrected with minor changes. These changes do not impact the aca-
demic content of the article.

* ORCID-ID: 0000-0002-1997-1515
$ ORCID-ID: 0000-0003-4078-8536
* ORCID-ID: 0000-0002-6591-2903
" ORCID-ID: 0000-0002-7301-7853

* E-mail: faryal.chaudhry@math.uol.edu.pk
¥ E-mail: mohammed . jaleelQuoturath.edu.iq
" E-mail: 70126471@student.uol.edu.pk

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2249

512 F. CHAUDHRY ET AL.

Mohammad Reza Farahani ©

Mehdi Alaeiyan *

Department of Mathematics and Computer Science
Iran University of Science and Technology (IUST)
Narmak

Tehran 16844

Iran

Murat Cancan °
Department of Mathematics
Faculty of Education
Yuzuncu Yil University
Van

Turkey

Abstract

In molecular topology and chemistry, resolving sets and metric bases are essential
concepts. They have numerous applications in computer science, artificial intelligence,
chemistry, pharmacy, traffic networking, mathematical modeling, and programming.
Adivision S of the vertex set y of a linked graph G is said to resolve G if eachpoint of G can
be represented from its neighborhood in S. A metric dimension of a graph is the number of
the smallest resolving set, also known as the metric basis of the graph.In the current research
we will determine the metric dimension and metric basis of the circumcoronene series CS
of benzenoid H, for k > 1. We prove that a set with three vertices is required to resolve this
graph, and therefore, its metric dimension is 3.

Subject Classification: 05C12, 05C76, 05C90, 68R10.

Keywords: Resolving set, Metric basis, Metric dimension, Circumcoronene series, Benzenoid.

1. Introduction

Metric graph theory is a powerful tool for analyzing distance-based
systems in the real world. Its implementation in computer sciences, artificial
intelligence, industrial chemistry, molecular topology and networking are widely
used to facilitate various applications and advancements in these fields [1-2]. It
has interesting problems starting from structure and symmetries due to which

® ORCID-ID: 0000-0003-2969-4280
* ORCID-ID: 0000-0003-2185-5967

* ORCID-ID: 0000-0002-8606-2274

@ E-mail: mohammad_farahani@mathdep.iust.ac.ir;
mrfarhani88@gmail.com
* E-mail: alaeiyan@Qiust.ac.ir (Corresponding Author)

* E-mail: mcancan@yyu.edu. tr



ON METRIC DIMENSION OF BENZENOID NETWORKS 513

researchers attracted from different fields and even from mathematics also. The
concept of assigning unique identities to nodes, based on a special set, known as
a metric basis, and determining the minimum number of elements in that set,
called the metric dimension, is consistently advantageous [3-4]. These ideas
have been effectively applied in drug patterns to accurately identify specific
atoms.

The application of resolving set and metric dimension can be seen in
robotic networking, artificial intelligence, engineering, robot manufacturing and
navigation, gaming, and traffic signal working, where a lot of observers in a
system or robotic network may be there by measuring the distance or length
from the position of a selection of SONAR stations (Sound, navigation and
ranging), which is given an identical position in networking. The discovery of a
robot's precise location is achieved through the application of resolving vectors,
a widely recognized approach known as "robot navigation." This problem has
received significant attention and has been extensively discussed in the field.
The primary objective is to determine a set of resolving vectors that enables
accurate localization of the robot within a given space. By identifying the
minimum number of essential elements in this set, known as the metric
dimension and fault tolerant metric dimension, the process becomes more
efficient, reducing both the cost and time required for successful robot
navigation [4].

In combinatorial chemistry, a fundamental challenge is to show
mathematically a huge set of atoms, molecules, and bounding between atoms of
compounds in an identical manner within complex structures.

This is accomplished by assigning labels to the points and edges of a
graph, where the points represent the types of atoms and the edges shows the
types of bonds either it is single or double bond. Consequently, the goal is to
develop distinct mathematical representations for the graph vertices, ensuring
that different vertices have different interpretations within the structure. The
distance d(uq,u,) between the vertices u, and u,of a graph is equal to the

number of edges between u; and u, in the shortest path. For an ordered set of
u

verticesS = {w; W, W3, ..., w,},  then-vectors 7 (E) ={du, ) d(u,

W13,)... d(u, wy,) is the vector representationr (%)of u with respect toS. The set

Sis called the resolving set of graphs G, if every vector has identical
representation [6].

The concept of dimension inspired the idea of making its generalized form
for metric dimension was introduced by “Blumenthal” in 1953. Due to the
continuous nature, of standard Euclidean space, its application was limited so no
work was done in this way until Haray and Melter developed this concept for a
distance graph in 1976 [3]. Today we can fide a huge literature that shows
working on the dimensions of metric space, comparatively, there is no data
present in typical metric space. A revolving set with the lowest cardinal number
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is known as the bases and the number of elements is known as the dimension of
which is represented as dim(G).

We have presented data about the metric dimension concept in different
areas of sciences see Figure 1. From  Scopus  database
(https://www.scopus.com/) it can be seen most of papers are published in
mathematics (42.5%), computers science (25.3%), Engineering (8.4%), Physics
(6.4%), Decision sciences (3.1%), and material Science (2.3%).

Documents by subject area Scopus

Other (6.1%)
A

Medicine (1.1%)
Biochemistry, G... (1.2%)

Soclal Sciences... (1.6%)
Chemistry {1.9%)
Materials Scien... (2.3%) Py ~ Mathematics (42.5%)
Decision Scienc... (3.1%) g
Physics and Ast... (6.4%)

Engineering (8.4%)

Computer Scienc... (25.3%)
Copyright © 2023 Elsevier B.V. All rights reserved ® is 8 ademark of Elsevier B.V.

Figure 1
The bibliometric analysis of metric dimension concept in different areas of science

Also we used the scopus data based (https://www.scopus.com) to plot this
graph (see Figure 2), which shows that metric dimension concept is interlinked
in different countries.

-

Figure 2
The bibliometric analysis of metric dimension concept in different countries.
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The metric dimension keyword in different areas such as complex
networks, graph entropy, chemical graph theory, molecular structures and rest of
them are agent-based modeling, risk evaluation respectively were used. We used
the Scopus data based (https://www.scopus.com) to plot this graph (see Figure
3) which shows that metric dimension concept is interlink in different forms.

The concepts of metric dimension and resolving sets for graphs were
initially introduced by Slater. Subsequently, Melter and Harary independently
developed these ideas. Further exploring and advancing this idea of resolving set
was applied in networking and Games. A graph is stated to exhibit aperpetual
metric dimension if the consequence of its dimension does not transformation
through the variation of variables. In case of path graph (B,) the metric
dimension remains the same. If graph is complete (K,) its metric dimension is
n-1 for all n>1, [7-10] and the dimension of cyclic C,, is 2 for n>1. In general
the metric dimension of Peterson graph(B,) is calculated, in [18-34] few new
consequences about constant metric dimension have been calculated.
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Figure 3
The bibliometric analysis of metric dimension keyword in different networks

A unique and identical dilemma in ‘chemistry in combination’ is to show
the group of accurately compounds and molecules in a different way to a
structure. Thus, atoms and bonds between the atoms are represented in vertices
and edges. These vertices and edges are given specific name according to
desired requirement and need. So different atoms are given the position
according to their bond connectivity and represented as vertices and bonds are
represented by edges [11-17].

These edges and vertices are given different names according to their
functions in the network and to interpret the properties of that substance.
Benzenoids are a category of organic molecules that are explored in the field of
organic chemistry, and they contain at minimum one benzene ring [7]. The
resonance within the benzene ring leads to higher levels of stability for these
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compounds. The molecular structure of CS of benzenoid compound was created
by “Henrich Von Schmaedel”.

It is the family of the polycyclic aromatic hydrocarbons based on the
circumcoronene molecule, a large planer, hexagonal ring with 12 fused benzene
rings is known as the CS of benzenoid compounds. The history of the CS can be
back to the earliest 20" century when the study of PAHS (poly cyclic aromatic
hydrocarbons) was gaining momentum [5].

O

”1’C(;

(=benzene)

Hy=Ca(Cg)

(=coronene )
Hy=circumcoronene

Figure 4
The family of the Circumcoronene series of Benzenoid H; for k>1 consisting of
several copies of benzene Cg on circumference.

A two-dimensional planer graph of CS of benzenoid H; for k>/ is prepared
in which atoms are shown as vertices and bonds are represented by edges. In this
research, we will calculate the metric basis and metric dimension of the CS of
benzenoid Hy and we consider each cycle as a single partition and will find the
resolving set for each layer, the result will be generalized see Figure 4. Also,
Figure 4 from the group of Circumcoronene homologous series of benzenoid
consists of different copies of benzene Cy on circumference, its general form is
Figure 4. Now, we calculate the metric dimensions and resolving set for the CS
of benzenoid H,.

The vertex set of the CS of benzenoid H, for k>1 is

{X1,1'Xl,z,)(1,3.)(1,4,)(1,5,)(1,6} u {X2,1,)(2,2;X2,3,)(2,4, :)(2,18} u
{X3,1')(3,2'X3,3')(3,4: ---:Xs,so} U.... U {XK,I)XK,Z)XZ,B!XKA—) ---:XK,(lzn—e)}-

Consider the setS = {Xn,p Xn,2J(n,2n+1}~ Our goal is to prove Sis a
resolving set for CS of benzenoid Hy for k>1. For 1* cycle the resolving
setS = {)(1,1, X1.2 )(1’3} for p = 2n.The distance vectors lying on 1% cycle are

r(XLl/S) —(p— 2,p,p),r(X1‘2/5) =(p-1p-1p-1)
r()ﬁ,a/s) _ (p,p—2,p—2),r(X1'4/5) =(p+1Lp—1p-1)
r()ﬁ's/s) — (o,p, p),r(hﬁ/s) =(p-1p+1,p+1)
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The resolving set for 2 cycleis § = {)(zyl,xzyz,les}forp = 2n wheren =
2 the distance vectors lying on second cycle are

()(21/) (0 —4,p—2,p), r()(z.z/s)z(p—3,p—3,p—1)
r(*23/5) = -2p-4p-2),r(***/s)=(p—1p=-3,p-3)
- (Xz.S/S) =(p,p—2,p—4),r (XZ'B/S) =(p+Lp—1p-3)
r(X”/S) =(+2pp— 2),T(X2’8/ ) =(@-3p+Lp—-1)
r(*2%/s) = o+ 4p+2.p),7(**/5) = (0+5p+3,0+1)
r(*21g) =+ 4,p+4p+2),r(212/) = (0 +3,p+5p+3)
r(213/g) = +2p+4p+4,r (M) =+ 1p+3,p+5)
r(X2,15/S) = (p,p + 2’p+4)’r()(2,16/5) =(p-1p+1p+3)

r()(z,17/5) _ (p—2,p,p+2),r(xz’18/5) =(p-3p—-1p+1)

The resolving set for 3rd cycle is S = {)(3,1,)(3_2,)(3,7} for p = 2n where
n = 3.
The distance vectors lying on 3rd cycle are

r(*s) = —-6p-4p-6),r(*?s)=(p-5p-5p-1)
r<X3'3/S)=(p—4,p—6,p—2),T(X3'4/5)=(p_3'p_5'p_3)
r<X3'5/S)=(p—2,p—4,p—4),7‘(X3'6/5):(P—l'P_3'P_5)
r(%7/5) = (oo —2.p- 67 (%) =(p+1Lp—1,p-5)
(%) = o+ 20,0 = 0,7 (B*/5) = (0 +3,p+1,p—3)
r(B1/g) =G +ap+2p-2r(B%)=(0+5p+3,p-1)
r(X3'13/ )=(p+6p+4p) r()(3,14/ )z(p+7,p+5,p+1)
r()(315/5) p+8p+6p+2)r()(316/
(**7/g) = +8p+8p+4,r(F1/)=(0+7,p+9p +5)
r()(3,19/5) (
(**2/g) = +4p+6,p+8),r(F?2/) = (p+4,p+5p +9)
r(B2/)=(+2p+4p+8)r(B%/)=+1Lp+3,p+7)

r(325/5) = (oo +2.p+6),7(F*?/s) = (b= 1,p+ 1,p +5)

0+9p+7,p+3)

<

)=
)
(p+6,p+8p+6),T )(3,20/5) (p+5p+7,p+7)
: )
)
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r (X3'27/5) =(p-2pp+ 4)#(%3'28/5) =(p-3p-1p+3)

r(X3,29/S) _ (p—4,p—2,p+2),r()(3’30/5) =(p-5p=-3p+1)

The resolving set for 4th cycle is § = {)(4_1, )(4,2,)(4_42} forp = 2n where
n=4. The distance vectors lying on 4th cycle are

r(*/s) = -8p=-60.7("*s)=(0=7.p=7.p -1
r(*3/s) = -6,0-8p-2,r(**/g)=(-5p-7p-3)
r()m.s/s) = 4p—6p—4)T(X4‘6/)=(P_3:P_5:P_5)
T(X4n7/5) (p—2,p—4p— 6)r(X48/) (p—Lp=3p-7)
r(*9/g) = (.p=2p-8)r (M) =(o+1p-1p-7)
P59 = 0+ 2.0 - 0,7 (5) = 0+ 39+ 19—

r(M3/g) = +4p+2p-9r (M) =(+5p+3,p-3).

r(15/5) = o+ 6,0+ 40— 2,m (F41/g) = (0 + 7,p + 5,0~ 1)
r(*7/) = (o +8p+6,p),r (M) = (0+9p+7.p+1)
r(*19/5) = (o +10,p+8,p +2),7 (¥*2°/s) = (p + 1L,p +9,p + 3)
r(%42s) = (0 +12,p+10,p + 4,7 (¥*22/¢) = (0 +13,p + 11,p +5)
r(Xm/S) (p+12,p+12,p +6), r(X“‘*/S) =(p+1Lp+13,p+7)
r(%425/¢) = (0 +10,p +12,p +8), 7 (¥25/) = (p +9,p + 11,p +9)
)= 0 8101007 (S5) 74941
r(%2/s) = (o +6,p+8,p+12),7 (¥*3°/s) = (0 +5,p+7,p + 13)
r(%31/g) = (o +4p+6,p+12),7(*32/c) = (o +3,p+5,p +11)
r(%3/s) = (o +2.p+4p+10),r (**3/) = (o +1L,p+3,p+9)
r(x435/s) (pp+2p+8)r(?(436/)—(p—1p+1p+7)
r(*7/g) = (o =2.p.p+6),7 (**/5) = (0 =30 1p +5)
)= b2 ()= =503+
r(M1) = -6p-4p+2,r (/)= (0-7p-5p+1)
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The distance vectors lying on ith cycle is

r(Xi'l/S) =(p—2i,p—2i+ 2,p)r(Xi'2/S)
=1+p—-2i,1-2i+p,—1+p)

r(Xi'3/S) =(p—-2i+2,p—2ip- 2)'7,()(1',4/5)
=(p—-2i+3,p—2i—1,p—3)

r(Xi'S/S) =(p—2i+4p—2i—2,p —4),r(Xi'6/S)
=(p—2i+5p—2i—3,p—5)

r()(i,7/5) =(p—2i+6,p—2i—4,—6),

Representation of vectors for nth cycle, we have r (Xi'”/ S) =((p—-2i+

n—1,..,
p —n+ 1) Now, by puttingp = 2n, we further generalized it, as

T()(z,n/s): Bn-2i—1,p—-2j+2) forn=1n+1)
r(Xi,n/S)= Bn-2i—1,p—-2j+1) forn=2,n+1)

r()(i,n/s):(3n—2i—1,p—2j+n—3)forn23,Tl+1)

The set S will be considered a resolving set for the CS of benzenoid.

Theorem 1: Let Hybe the molecule of CSof benzenoid Hy for k>1 networks, we
have dim ( Hg) = 3.

Proof: To show that no set of nodes of cardinality two or fewer may be
converted into a resolving set for the CS of benzenoid H, for k>1 thus the idea of
producing a set containing just one element is not considered because there is no
path to take. We will try to find out the set of two elements that resolves the
graph is w = {)(p‘l-, X, j}.Let us see the following possible options.

First Possibility is, If selected vertices are from the same cycle in @, then

1. In case of p = & = 1 and both vertices are present on the same cycle, we
have 1(x2, | @)=r(x2.25 |@),which is a contradiction.

2. In case of p = & = 2 and both selected vertices of @ are on 2™ cycle we
have 1(x433 | @)=r(x435 | @),again this leads to a contradiction.

3. In case ofp = £=3 and selected vertices of @ are from 3™ cycle then we
have 1(x651 | @)=1(Xe5s3 | @w),leads to a contradiction.

4. In case of p = =4 and selected vertices of @ are from 4th cycle then we
have (s 71 | @)=1(xs7 | @), a contradiction.

5. In case of p = =5 and selected vertices of @ are from 5™ cycle then we
have 1(x1089 | @)=r(x1091 | @), a contradiction.
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In case of p = & = r and selected vertices of @ are from rth cycle then we
will get f(Xartors | @)=F(tar 1004 | @), leads to a discrepancy.

If designated vertices are from(r + )™ succession and r is odd so
therefore p = § =t + 1 and we have (a2 100414 | @)=t(Xar 100416 | @), this
shows a contradiction.

In circumstances of the designated vertices are on n” cycle then p = &=n

and we preparet(X .k 10(n-k)-5 | @)=t(Xnk-12 | @), for k=0,1,...... ,n-2.

Possibility 2: If selected vertices in @, are from the adjacent or neighboring
cycles

1.

In case of selected vertices of @ are from 1% and 2™ cycles, suppose the 1
one is ;1 and o isy2j; 1 <] < 18 from second cycle Then y;,=)x3 s or
X32=Xa3s.shows a contradiction.

Similarly, if selected vertices of ware from 2™ and 3™ cycles suppose on
2 cycle selected one is y,; also the vertex on third cycleis y3 ;1 <] <
30. Then y4,=x43s Or X42=Xs4sleads to a contradiction.

Similarly, if selected vertices of @ are from 3™ and4™ cycles we assume,
that the vertex from 3™ cycle is X31 and on 4™ cycle is Xajy 1 <] <
42.Then y5,=xs.450T Xs2=Xs5s, leads to a discrepancy.

Ifl*'vertex of @ lies on ith cycle and the 2"vertex in @ is selected from
(i + Dth cycle where i is odd. Defeat of generality assumedly, the vertex
on C; is ;| and the vertex on C; ;1S Xi+1,j; 1 <j < 12i-6. Then yii2:=Xis2,
1+15 OF Xi+20=Xi+3,1+25, @ discrepancy.

Let 1™ vertex of w deceit onn — 1cycle and the second one is from
cycle n. Let the vertex from n cycle is y, ; and the vertex onn — 1is y,y;
1 <j<12n— 6. Then Y, 2=Xn.10n-5 OT Xn-12=Xn, 10n-5, l€ads to a discrepancy.

Possibility 3: If the nodes are from @, are from unlike cycles which are not
neighboring.

1.

If selected vertex is from 1* and ith cycle where 3 < i < n—2. Devoid of
exhausting generalization. Let the vertex from 1% cycle is y,; and the
ith cycleis y; j where 1 <j<12i—6. Then x;412 = Xit1,12i-6 OF Xi422 =
Xi+1,3shows a discrepancy.

If 1% vertices in @ lie on ith cycle and another vertex lies on kth cycle
where 1 <i< k < n. let the vertex on ith cycle is y; ; the vertex on
kth cycleis y; jwhere 1 <j <10k — 5. Then x;_11 = Xi10i-5 OT Xi—11 =
Xi2 leads to a discrepancy.

We derive from above conversation that a set or any set which has

cardinality 2 cannot resolve the CS of benzenoid H; for k>/ so its Dimension is
always grater than two.

And we eventually obtain the dim(Hy) = 3.
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Conclusions

Resolving sets for a certain robot(chain of networks) or graph contain
central data required for the distinctive identity of each module current in the
network. We prove that the CS of benzenoid H; for k>/ invariable metric
dimension three and it is independent from K. People working in the field of
nano engineering, nano devices, and micro devised constructed from nano scale
materials can benefit from the results established in this article the CS of
benzenoid H; for k>1. In nano-biotechnology and pharmacy, in pharmacological
designs where various nodes have varying degrees of significance, these
findings may also be useful.

References

[1] S. Khuller, B. Raghavachari, and A. Rosenfeld, “Landmarks in
graphs,” Discret. Appl. Math., vol. 70, no. 3, pp. 217-229 (1996). [On-
line] Available: https://doi.org/10.1016/0166-218X(96)00032-5.

[2] G. Chartrand, C. Poisson, and P. Zhang, “Resolvability and the up-
per dimension of graphs,” Comput. Math. Appl., vol. 39, no. 12, pp.
19-28 (2000). [Online] Available: https://doi.org/10.1016/S0898-
1221(00)00176-9.

[3] F.Harary and R.A. Melter, “On the metric dimension of a graph,” Ars
Combinatoria, vol. 2, pp. 191-195 (1976).

[4] C. Hernando, M. Mora, P. J. Slater, and D.R. Wood, “Fault-tolerant
metric dimension of graphs,” Convexity in Discrete Structures, vol. 5,
pp. 81-85 (2008).

[5] M.R. Farahani, “Computing Edge-PI index and Vertex-PI index of

Circumcoronene series of Benzenoid Hk by use of Cut Method,” Int.
J. Math. Model. Appl. Comput. vol. 1, no. 6, pp. 41-50 (2013).

[6] V. Chvatal, “Mastermind,” Combinatorica, vol. 3, pp. 325-329 (1983).
[Online] Available: https://doi.org/10.1007 /BF02579324.

[7] C. Hernando, M. Mora, .M. Pelayo, C. Seara, J. Caceres and M.L.
Puertas, “On the metric dimension of some families of graphs,” Elec-
tron. Notes Discrete Math. vol. 22, pp. 129-133 (2005). [Online] Avail-
able: https:/ /doi.org/10.1016/j.endm.2005.06.024.

[8] M. Ali, G. Ali, M. Imran, A. Q. Baig, and M.K. Shafiq, “On the metric

dimension of Mobius ladders,” Ars Combinatoria, vol. 105, pp. 403-410
(2012).



522 F. CHAUDHRY ET AL.

[9] M. Munir, A. R. Nizami, Z. Igbal, and H. Saeed, “Metric Dimension
of the Mobius Ladder,” Ars Combinatoria, vol. 135, pp. 249-256 (2017).

[10] Z.Hussain, M. Munir, M. Chaudhary, and S. Kang, “Computing Met-
ric Dimension and Metric Basis of 2D Lattice of Alpha-Boron Nano-
tubes,” Symmetry, vol. 10, no. 8, p. 300, Jul. (2018), doi: https://doi.
org/10.3390/sym10080300.

[11] HM.A. Siddiqui and M. Imran, “Computing the metric dimen-
sion of wheel related graphs,” Appl. Math. Comput., vol. 242, pp.
624-632 (2014). [Online] Available: https://doi.org/10.1016/j.
amc.2014.05.096.

[12] Z. Hussain, M. Munir, A. Ahmad, M. Chaudhary, J.A. Khan, and L
Ahmed, “Metric basis and metric dimension of 1-pentagonal carbon
nanocone networks,” Scientific Reports, vol. 10, no. 1 (2020). [Online]
Available: https://doi.org/10.1038 /541598-020-76516-1.

[13] D.J. Klein and A. T. Balaban, “The eight classes of positive-curvature
graphitic nanocones,” J. Chem. Inf. Model. vol. 46, no. 1, pp. 307-320
(2006). [Online] Available: https:/ /doi.org/10.1021/ci050325m.

[14] S. Iijima, “Helical microtubules of graphitic carbon,” Nature, vol.
354, no. 6348, pp. 56-58 (1991). [Online] Available: https://doi.
org/10.1038/354056a0.

[15] G.Brinkmannand N. Van Cleemput, “Classification and generation of
nanocones,” Discret. Appl. Math., vol. 159, no. 16, pp. 1660-1674 (2011).
[Online] Available: https://doi.org/10.1016/j.dam.2011.06.015.

[16] J. Gillot, W. Bollmann, and B. Lux, “Cigar-shaped graphite crystals
with conical structure,” Carbon, vol. 6, no. 3, pp. 381-382 (1968). [On-
line] Available: https://doi.org/10.1016,/0008-6223(68)90060-0.

[17] D. J. Klein, “Topo-combinatoric categorization of quasi-local gra-
phitic defects,” Phys. Chem. Chem. Phys., vol. 4, no. 11, pp. 2099-2110
(2002). [Online] Available: https:/ /doi.org/10.1039/B110973A.

[18] M. Imran, A. Q. Baig, M.K. Shafiq, and L. Tomescu, “On metric di-
mension of generalized Petersen graphs P(n, 3),” Ars Combinatoria,
vol. 117, pp. 113-130 (2014).

[19] Z. Ahmad, M.A. Chaudhary, A.Q. Baig and M.A. Zahid. On metric
dimension of P(n,2)*K1 graph,” . Discrete Math. Sci. Cryptography, vol.
24, no. 2. pp. 629-645 (2021). [Online] Available: https://doi.org/10.1
080/09720529.2021.1907017.



ON METRIC DIMENSION OF BENZENOID NETWORKS 523

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

(28]

Z. Ahmad, M.A. Chaudhary, A.Q. Baig and M.A. Zahid. Fault-tol-
erant metric dimension of P(n,2)*K1 graph,” |. Discrete Math. Sci.
Cryptography, vol. 24, no. 2. pp. 647-656 (2021). [Online] Available:
https://doi.org/10.1080/09720529.2021.1899209.

M. Cancan, M. Naeem, A. Aslam, W. Gao and A.Q. Baig, Geometric
arithmetic and Mostar indices of P2n+FPn+1. J. Inf. Optim. Sci., vol.
41, no. 4, pp. 1007-1024 (2020). [Online] Available: https:/ /doi.org/1
0.1080/02522667.2020.1745382.

M.A. Mohammed, A.J. Munshid, HM.A. Siddiqui, and M.R. Fara-
hani, “Computing metric and partition dimension of tessellation of
plane by boron nanosheets,” Eurasian Chem. Commun., vol. 2, no. 10,
pp- 1064-1071 (2020). [Online] Available: https://doi.org/10.22034/
ecc.2020.251927.1083.

M. Cancan, I. Ahmad and S. Ahmad, “Molecular descriptors of cer-
tain OTIS interconnection networks”, Proyecciones (Antofagasta, On
line)., vol. 39, no. 4, 769-786 (2020). [Online] Available: https://doi.
org/10.22199 /issn.0717-6279-2020-04-0048.

D.A. Kadhim and B.Y. Hussein, “A new type of metric space via
proximit structure,” J. Interdiscip. Math.”, vol. 26, no. 6, pp. 1053-1064
(2023). [Online] Available: https:/ /doi.org/10.47974 /jim-1605.

M.S. Sardar, S.-J. Xu, M. Cancan, M.R. Farahani, M. Alaeiyan, and
S.V. Patil, “Computing Metric Dimension of Two Types of Claw-free
Cubic Graphs with Applications,” J. Comb. Math. Comb. Comput.,
vol. 119, no. 1, pp. 163-174 (2024). [Online] Available: https://doi.
org/10.61091 /jcmcc119-17.

M.S. Sardar, K. Rasheed, M. Cancan, M.R. Farahani, M. Alaeiyan and
S.V. Patil, “Fault Tolerant Metric Dimension of Arithmetic Graphs,” J.
Comb. Math. Comb. Comput., vol. 122, no. 1, pp. 13-32 (2024), [Online]
Available: https:/ /doi.org/10.61091 /jcmcc122-02.

M.A. Mohammed, R.S. Haoer, A. Ali, M. Ahmad, M.R. Farahani, and
S. Nazeer, “Redefined Zagreb indices of Rhombic, triangular, Hour-
glass and Jagged-rectangle benzenoid systems,” Proyecciones (Antofa-
gasta), vol. 39, no. 4, pp. 851-867 (2020), [Online] Available: https://
doi.org/10.22199 /issn.0717-6279-2020-04-0053.

M. Imran, M.K. Siddiqui, S. Ahmad, M.F. Hanif, M.H. Muhammad,
and M.R. Farahani, “Topological properties of benzenoid, phenylenes
and nanostar dendrimers,” J. Discrete Math. Sci. Cryptography, vol. 22,



524

[29]

(30]

(31]

(32]

(33]

(34]

F. CHAUDHRY ET AL.

no. 7, pp. 1229-1248 (2019), [Online] Available: https://doi.org/10.10
80/09720529.2019.1701267.

Y. Gao, M.R. Farahani, M.S. Sardar, and S. Zafar, “On the Sanskruti
Index of Circumcoronene Series of Benzenoid,” Applied Mathematics,
vol. 08, no. 04, pp. 520-524 (2017), [Online] Available: https://doi.
org/10.4236/am.2017.84041.

M. A. Mohammed, S. Y. A. AL-Mayyahi, M.R. Farahani, and M. Alaei-
yan, “On the Cluj-Ilmenau index of a family of Benzenoid systems,”
J. Discrete Math. Sci. Cryptography, vol. 23, no. 6, pp. 1107-1119 (2020),
[Online] Available: https:/ /doi.org/10.1080/09720529.2020.1809110.

M.R. Farahani, R. Rajesh, and W. Gao, “On the Szeged, Revised Sze-
ged and Normalized Revised Szeged Indices of Circumcoronene Se-
ries of Benzenoid Hk,” J. Chem. Biol. Phys. Sci., vol. 6, no. 1, pp. 316-
323 (2016).

M.R. Farahani and W.Gao. “The Second Multiplicative Zagreb Ec-
centricity index of Circumcoronene series of Benzenoid,” Int. |. Appl.
Math. Machine Learning, vol. 4, no. 1, pp. 31-42 (2016), [Online] Avail-
able: https:/ /doi.org/10.18642 /ijamml_7100121590.

M. R. Farahani, M. Rajesh Kanna, M. Jamil, and M. Imran, “Com-
puting the M-Polynomial of Benzenoid molecular graphs,” Sci.Int.
(Lahore), vol. 28, no. 4, pp. 3251-3255 (2016), [Online]. Available:
https:/ /www.sci-int.com/pdf/637305122086263465.pdf.

Y. Gao, M.R. Farahani, and W. Nazeer, “On Topological Indices of
Circumcoronene Series of Benzenoid,” Chem. Methodol. vol. 2, no.
1, pp. 39-46 (2018), [Online] Available: https://doi.org/10.22631/
chemm.2017.99300.1013.

Received February, 2025



