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Abstract

In this study, we delve into the evaluation of graph entropy through the lens of
topological properties inherent in crystallographic structures. Specifically, we focus on the
crystallographic structure of TiF,[i j,t] (Figure 1). By employing various topological indices
to compute the entropies of TiF,[i,j,t]. This comprehensive approach allows for a deeper
understanding of the entropy characteristics of this particular crystallographic structure,
offering insights into its inherent properties.
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Entropy of TiF [i,jt].

Introduction

The solution of the seven-bridge problem by Leonhard Euler marked the
beginning of graph theory. Seven bridge-related puzzles were resolved by
Leonhard Euler in 1735. Concerning graphs and structure, graph theory is a
significant area of practical mathematics. A graph is any item that consists of
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points and connections. A directed graph, sometimes called a digraph, is a graph
in which all of the connections are one-way.

Graph theory has use in several domains of life. In computer science, for
instance, a network of communication, computing devices, data organisation,
computation flow, etc. are all constructed and displayed using graphs. In
physics, biology, and chemistry, it is also employed to investigate the
characteristics of molecules. Real numbers represent topological indices for any
graph of compounds and graph networks. The characteristics of intriguing
substances are predicted using the topological index, which is invariant. In the
subject of hem informatics, topological indices in conjunction with the
quantitative structure-property and quantitative structure-activity relationships
are required to research the characteristics and chemical bioactivity of
substances. Numerous applications in network theory are also supported by
polynomials, such as topological indices. The Wiener polynomial, also known
as the Hosoya polynomial [1], for instance, aids in the creation of topological
indices that are dependent on distance. The M-polynomial was first presented
to determine degree-dependent topological indices. In chemistry, the valence
and degree have a tight relationship [2]. It is possible to clarify the entire
narrative by saying that the topological index functions as a function that gives
a real number to each molecule structure. First and second Zagreb indices are
degree-based graph invariants that have been extensively explored since the
1970s. We go over several kinds of graph indices below.

Definition 2.1: [3] The First Zagreb index is defined as M;(G) = Ytep)(ds +
dr)

Definition 2.2: [3] The Second Zagreb index is represented by M,(G) and it’s
defined as M, (G) = Ystepe)(ds- dr)

Definition 2.3: [4] The modified second Zagreb index is denoted by "M, (G)
1

and it’s defined as "M, (G) = Xstep@)
ds.dg
Definition 2.4: [5] Augmented Zagreb Index is represented by AZI(G) and it’s

dsde \3
defined as AZI(G) = Yster(c) (m)

Definition 2.5: [6] Hyper Zagreb 2nd Index is denoted by H,(G) and it’s
defined as H;(G) = Xstep(6)(ds- de)?

Definition 2.6: Suppose that we have a probability density function P;; = ZM;ES(Z)
In [7, 8], The entropy for any graph G is defined as I(G,w) =

— X Pyjlog(P;))
Chemical Graph Theory is a significant area of graph theory. It works with
chemistry-related graphs. Graph theory is the study of graphs in mathematics.
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Graphs are the main subjects of study in discrete mathematics. Mathematical
constructs called graphs are used to study pairwise relationships between items.

Figure 1
Crystal structure titanium difluoride TiF,[i,j,t]. (a) The unit cell of TiF,[i,j,t] with Ti
atoms in red and F atoms in green. (b) Crystal structure ofTiF,[4,1,2].

In recent years Chemical graph theory has fascinated increasing research
interest. In 1988, a number of scholars published about 500 publications a year,
all of which were with chemical graph theory. Chemical indices in graph theory,
which have their roots in chemistry and provide findings that chemists utilize,
emerged as the most significant theme across a wide range of works. The
Wiener index, general hyper-Wiener index, Randic index, harmonic index, sum-
connectivity index, general Randic index, general sum connectivity index, and
the first and second Zagreb indices are a few well-known chemical indicators [9-
13]. In the middle of the 20th century, theoretical chemists discovered important
knowledge on several aspects of organic material's molecular structure. By
examining correctly constructed invariants of the underlying molecular graph,
these molecular structures may be identified. Graph invariants that are useful for
chemical determinations are known as topological indices. For the quantitative
structure-property relation (QSPR) and the quantitative structure-activity
relation (QSAR), several topological indices are crucial to employ [14-29].
Structure refers to the molecular structure in this context, while property refers
to any physical or chemical feature.

Results and Discussion

In this section, we will find the entropy of chemical structure by using
some topological indices.

Table 1
Edge partition of TiF,[i,j,t/>1 based on the degrees of end vertices of each edge.

(dg,dy) Frequency Set of dges
(1.4 8 E
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2,4) 8(itj+t-3) E,
4.4 16(ij+ittjt)-16(i+j+t)-24 E;
4,8) 32ijt-16(ij+it+jt)+8(i+j+t)-8 E,

We can now immediately obtain the following results from this edge
partition from Table 1.

Theorem 4.1: The entropy of TiF,[i,j,t]>1 with first Zagreb Index is
8(48ijt —
I(TiF,[i,j,t],M;) =log| 8(ij + it + jt)
22 +j+t)—-1

91.60728(ij + it + jt) +
22.35714(Gi +j +¢t) —
14.3031

8(481}t—
8(ij + it + jt)
+2(i+j+t)-1)

I 414.40559848(ijt) —

Proof: By definition 1. We have M, (TiF,[i,j,t]) = 8[(48ijt — 8(ij + it +
jO+2(i +j + t)—1]

8(48ijt —
I(TiF,, M) = log| 8(ij + it + jb) l

+2i+j+t)-1 8(ij + it + jt)

+2(i+j+t)-1)
A+ 4)|E;|log(1 +4) +
[ (2 +2)|E; |log(2 + 4) + ]
(4 + 4)|E;z|log(4 +4) +
(4 + 8)|E4|log (4 + 8)

8(48L]t— ]

8(48ijt —
I(TiF,,M,) = log| 8(ij + it + jt)
+2i+j+t)—1

1
T s T
8(ij + it + jt)
+2(i+j+t)—1)]
[ (5)IE1|log(5) + ]
| (6)|Ez|log(6) + |
| (24)|E5|1og (2) + |
(12)|E,|log (12) |

8(48ijt —
I(TiF,,M,) =log| 8(ij + it + jt)
+2i4+j+t)—1

1
- 8(48ijt—
8(ij + it + jt)
+2 (i+j+t)—1)]
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[ log2(768ijt +48(i +j + 1) — |
192(i +j +t) + 56) + 384 |
|

log3(384ijt — 192(ij + it + jt) +
144(i +j +t) — 240) +
log5(40)

I ——

8(48ijt —
(TiF,[i,j, t],M;) =log| 8(ij + it + jt) o
+2i+j+t)—1 [8(ij+it+jt)]

1

+2({+j+t)-1)
414.40559848(ijt) —
91.60728(ij + it + jt) +
2235714 +j+1t) —
14.3031

Theorem 4.2: The entropy of TiF,[i, j,t] = 1 with second Zagreb Index is
—-32[(32ijt) —
I(TiF,,M,) =log| 8(ij + it + jt) [

+2(i +j +t)—1)] 8(ij + it + jt)

+2(i+j+t)-1)]
1541.273578(ijt) —
462.382073(ij + it + jt) +
134.861438(i +j + t) —
850.108708

-32[ (321]1:— ]

Proof: By definition 1, we have M,(TiF,) = —32[8ijt — 8(ij + it + jt) +
2(i +j+t)—1]
—32[(32ijt) —
I(TiFy, My) = log|  8(ij + it + jt)
+2(i +j +t)—-1)]

1
T -32[(32ijt-
8(ij + it + jt)

+2(i+j+t)-1)]

(1.4)|E,|log(1.4) +

(2.2)|E;| log(2.4) +

(4.4)|E5|log (4.4) +

(4.8)|E,|log (4.8)

—32[(32ijt) —
I(TiF,, My) = log| 8(ij + it + jt) —W
+2(i +j +t)—1)] 8(ij + it + jt)

+2(i+j+t)-1)]
[8IE | log(2) +]
24|E,|log2 + |
64|E;|log2 +
| 160|E,|log2
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—32[(32ijt) —
I(TiF,, M) =log| 8(ij + it + jt) —W
+2(i +j +t)—1)] 8(ij + it + jt) }
+2(i+j+t)-1)]

[log2(64 + 64(16(ij + it + jt)) +]
24(8(i+j+t—3))—
16(i +j+t) — 24+
160[32ijt — 16(ij + it + jt) +
8(i+j+1t)—8])
—32[(32ijt) —
I(TiF,[i,j, t],M,) = log| 8(ij + it + jt) ‘
+2(i +j +t)—1)] [ 8(ij + it + jt)
+2(i+j+t)-1)]
1541.273578(ijt) —
462.382073(ij + it + jo) +
134.861438(i +j + t) —

-32[ (321]t— ]

850.108708
Theorem 4.3: The entropy of TiF,/[i,j,t]>1 with modified 2nd Zagreb weight is
ijt +
1
. 1., . , .
1 (TiF,. "M,)= log + > G +it +jo)y+|_ W
1., . 19 1. . .
Z(l +j+ t)—: |F2l +it+ o+

[%(L'+j+t)—14—gj
1.505149(ijt) +
1.956694(ij + it + jt) —
1.279376(i+j+t) +
5.719566

Proof: By definition 1, we have "M,(TiF,) = 2(2ijt +i +it+jt+i+
j+t)

N P 1 1 1,1 11 1
o i+ +it+ ) [H‘El‘l"gﬁJTz‘EZVOgT.zJT4‘E3‘l"gTA4+T,g‘E4‘l"grg]
I(TiF,," M,)=log -

1,. . 19 . Voo ooy 1o 19
+Z(l+]+t )—7 [Ut++5(l]+lt+]t)+z(l+j+[) 7}

ng(yﬂwm} [ 4Eiltog [ Exliog s log o+ Esftog 3 |
= log —_

1,. . 19 .. T PR B SN L)
+1(l+j+t)_7 |:l]t++5(lj+lt+_]l)+z(l+j+[) 7:|

.. e . 39
{g/‘m +%(ij+it+ jt)} |:10g2(*5l]f*%(1]HHJI)*%(HJHHT)]
— 10g —

1,. . 19 .. | N (P, 19
w4+t )— [ljt++5(lj+lt+1t)+z(l+1+t) 7}
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Theorem 4.4: The entropy of TiF,[i,j,t]>1 with Augmented Zagreb weight is
1
I(TiF,, AZI) = log(64ijt) — ———[57.797759ijt
(TiF,, AZI) = log(64ijt) 64l]t[ ijt]

Proof: By definition 1, we have
131072 it 745472 (l] +it +]t) + 40768 (l +} + t) _ 10111329512]

AZI(TiF,) = | ijt —
(TiF) 125 J 3375 125
I(TiF,, AZI)
3 3 3
14 14 22 22
(1+472) £, VOg[lﬂ—ZJ +[2+272) ‘Ez‘log(zufzj
3 3 3 3
131072 .., 745472 ,.. . . 44 4.4 s ) 4.8
=log| g Wi+ +[4+4—2) ‘E3‘log[4+4fz) ++[4+488—2J \53\10g[4+872j
- 40768 , . . 1013912 131072 _745472 . . 40768 , . . _1013912
s ()53 [ T35 Ut~ ags (Wit O+ (it j+ )= }

EEijt=C i it + ) [ 24|E)|log 2+24|E, log 2+24|E; |log 2]

=log 125 3375
40768 ,. . 1013912 131072.., 745472 .. . .
il - - +it+
s (i+j+t) 125 35 ijt 3375 (ij +it+ jt)
4 o 1013912
e U )=
[131072.., 745472,.. . = ..]
t— +it+ jt "
=log TR e U ) B [24l0g2(8ij1)]
40768 ,. . 1013912 131072 .., 745472 .. . .
- - +it+ jt
s U7+ | | Tis Uiy D
40768 . . . 1013912
+ 200G+t )-
| s T+ =055
[131072.., 745472 .. . . ..]
s U= 5355 G it + 1) [57.79775%jt]
:10g TT131072,., 745472
40768 . . . 1013912 - o
bl - - +it+ jt
|15 7+~ 125 sa7s UFi+ )
LT gy t013912
L 12s J 1125

Theorem 4.5: The entropy of TiF,[i,j,t]>1 with hyper Zagreb second weight is
924.7641466798(ijt)—376.28749458(ij+ jt+it)
} +317.8876754212(i+ j+1)—250.4569563924

512(ij1)-192(ij+ jt+it
1(1iF,, H,)=log (U‘), Gy _ - — .
+144(i+ j+1)-106 [512(ijt)-192(ij+ jt+it)+144(i+ j+1)~106]

Proof: By definition 1, we have
H,(TiF,) = [512(ijt) — 192(ij + jt +it) + 144 +j + t) — 106]:

I(TiF,, H,)
o [5120i0-192G+ je+it) [(1 2)*|E |log(1 ‘2)2+(2.2)2‘Ez‘log(2‘2)2+(2.4)2‘E3‘log(2‘4)21|
T8 aagijen06 | [512(ij6)—-192(jj+ jt-+it)+144(i+ j+1)-106]

[ 8] [log 2+64) E5 |log 2+384| E; |log 2|
 [512G5j0)-192(ij+ je+it)+144(i+ j+1)-106]

. 512(4t)-192(ij+ jt+it)
+144(i+j+t)-106
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_log| $12G0-192G+jeviny]  [log2SE[+64E|+384IE )]
N +144(i+j+t)—-106 [512(z‘jt)—192(z‘j+jt+it)+144(i+j+t)—106]

log]| 3120192+ jr+it) | _ log2(3072(5jt)-1250(j +jt+it)+H1056(i+)+1)-832)
+144(i+ j+1)-106 [S12(5j0)—192(j+je-+it)+144(i+ j+1)—-106]

Table 2
Edge partition of 7iF,[i,j,t/>2 based on the degrees of end vertices of each edge.
(ds,dy) Frequency Set of Edges
2,4) 4(i+j+t)-8 E,
(4,6) 4(ij+it+jt)-8(i+j+t)+12 E,
(5,8) 4(i+j+t)-8 E,s
(6,8) 4(ij+it+jt)-8(i+j+t)+12 E,
(8,8) 8ijt-8(ij+it+jt)+8(i+j+t)-8 E;s

We can now immediately obtain the following results from this edge
partition from Table 2.

Theorem 4.6: The entropy of TiF,[i,j,t]>2 with first Zagreb Index is

154.1273578(ijr)—49.9441878(ij+it+ jt)
+22.3617021(i+ j+1)+5.2207836
[1284t=32(j +it + jO)+12(i + j +1 )+8]

e s 128ijt—32(ij + it + jt
I .. M,) =log) 20 2000

Proof: By definition 1. We have M, (TiF,) = (128ijt — 32(ij + it + jt) +
12(i +j +t)+8:

I(TiF[i, j,t], M)

+(6+8)|E4|log(6+8)+(8+8)| Es|log(8+8)
[128ijt—32(ij +it + jt)+12(i + j +1 )+8]

(2+4)|Ey|log(2+4)+(4+6)| E, |log(4+6)+ (5+8)| E3 |log(5+8)
—lo 128ijt—32(ij + it + jit)
+12(i+ j+1 )+8

6| [log 6+10|E, [log10+13|E3|log13
+14|E, |log14+16|Es|log16
" [128it=32(i +it + jO)H12(i+ j +1 )+8]

—lo 128ijt—32(ij +it + jt)
+12(i+ j+1 )+8

+log13(52(i+ j+1)—104)+log14[56(ij+it+ jt)-112(i+ j+)+158]
+112log16[ijt—(ij+it+ jt)+(i+ j+t)-1]
[128ijt—=32(ij +it + jt)+12(i + j+1 )+8]

log6(24(i+ j+1)—48)+log10[40(ij+it+ jt)—80(i+j+1)+120]
— log| 128it=32G +it+ jo) |
- F12(i+j+1)+8
Theorem 4.7: The entropy of TiF,/[i,j,t]>2 with second Zagreb Index is

924.7641467(ijt)—642.8588274(ij+it + jit )
+299.3954313(i+j+1)—241.1605134
[512i1—244(ij +it + jr)+128(i + j+1 )-32]

. .. 512ijt—244(ij +it + jt
[Tk, .1, M5 ) = 10g[+12l;(i+j+(;j)_132 ’ )}_
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Proof: By definition 1, we have M,(TiF,) = (512ijt — 244(ij + it + jt) +
128G + j + t)—32:
I(TiF,[i, j,t1,M,)
(2.4)|E||log(2.4)+(4.6)| E, |log(4.6)+ }

—lo 512ijt—244(ij +it + jt) [(5.8)\E3\log(5.8)+(6.8)\E4‘10g(6.8)+(8.8)‘E5\log(8.8)
B +128(i+ j+t )32 [512ijt—244(ij +it + jt)+128(i + j+1 )-32]

8|Ey|log8+24|E, [log 24+
- 512ijt—244(ij +it + jt) 40| E; |log 40+48|E, [log 48+64| Es|log 64
B +128(i+j+¢)-32 [512[/’t7244(4‘j+it+jt)+128(i+j+t )732]

+40l0g40(4(i+j+1)—8)+48log48[4(ij+it+ jt)—-8(i+j+t)+12]
+64log 64[8ijt—8(ij+it+ jt)+8(i+j+1)—8]
[512ijt—244(ij +it + jt)+128(i+ j+¢ )—32]

rzog8(4(i+ 1) -8)+24l0g 24[ A(ij+it+ jt)-8(i+ j+1)+12] ]

-1 512ijt—244(ij + it + jt)
+128(i+ j+¢t)-32

Theorem 4.8: The entropy of TiF,[i,j,t]>2 with modified 2nd Zagreb weight is

[ ~(ijt) ]
e m oo 1
I (TiF,,"M,)= log +E(lj + it + jt) BT
A [ 8 |
+%(l+] +t)—g | +1(ij+it+]t |
[+ (l+]+t)——J

—0.225742(ijt) —
0.144366(ij + it + jt) —
0.097246(i +j + t) +
0.338859

Proof: By definition 1, we have "M,(TiF,) = %(Zijt +i +it+jt+i+
j+t)
= (ijt) ]
1(TiF,,™M,) = log| +3(ij + it + jt) | _(lm
l _(l +j+ t) — EJ += (l]+lt+]t)
+40(L+}+t)—E
1

|log24 46|E2|log4—6+

1 1 1
—|E — 4+ E _
5§/ 3|10g5.8+6.8| allog o5 +|

1 .
241

L. J
885988
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1,..
[ g(l]t) 1
I(TiF,, "My) = —log| +1(ij +it +jt) |+ o
Lo
9 .. . 23 8
+oU+Hj+t) - +3(j+it+jt)
[+%(i+j+t)—%]

1|E|l 1+1|E|l 1+
g 11109g T o P21t 9y

1|E|l 1+1|E|l 1+
407310950 T 387419 g

L g liog
64519 64

GO
I(TiF,™M;) = —log| +1(j+it+jt) |+ o
g
+% (i+j+1t)— g +%(ij+it+jt)

[+ 5(i+j+0)-2]

1 1 1 (4@j+it+jt) —
g{4(1+]+t) 8}logg+24{8(i+j+t)+12} og24+
1 o 1 1 (4@j+it+jt) —
E{4(1+]+t) 8}10940+48{8(i+j+t)+12} 0948+
1 {8ijt —8(ij + it + jt) +} 1
il oM log—
640 8(i+j+t)-8 64

GO
1(TiF,, "M,)= log| + % (ij + it + jt) 1(.1.t)
i)
9 .. . . 23 8
+o+j+t) - +2(j+it+jt)
[+%(i+j+t)—§]

—0.225742(ijt) —
0.144366(ij + it + jt) —
0.097246(i +j + t) +
0.338859

Theorem 4.9: The entropy of TiF,[i,j,t]>2 with Augmented Zagreb weight is
(TiF,, AZI)

1513.37016310667(ijt)—896.40080323762(ij+it+jt)
262144 .. 137292 .. ..
“log| ® (i35G +it+ jt) +631.84083470165(i+ j+1)~367.28086616568
- 95558696 ,. . 55213740 T 262144 137292 .. . -\, 95558696 . . 55213740
(i+j+0)- [ s W0~y Wit JO+H gy (4 74 D=5 }

113533 456533
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Proof: By definition 1, we have

. 262144 .. 137292 ... , , 95558696 . . 55213740

AZI(TlFZ) = [ 343 (Ut) - 343 (L] +]t + lt) + 113533 (L +j + t) - 456533 ]
. _ 262144 ..\ 137292 .. .. .\ 95558696 . . .\ 55213740
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Theorem 4.10: The entropy of TiF,[i,j,t]>2 with hyper Zagreb second weight is
I(TiF,, H,)=log]| 32768(ijt) — 21248(ij + jt + it) + 16384(i + j + )~ 11520 |
{118369.81077500801(1']'1?) —84201.16558679765(ij + jt + it) 1

62143.92246597906(i + j +t) — 40086.67934516046
[ 32768(ijt) — 21248(ij + jit + it) + 16384(i + j+ 1)~ 11520 |

Proof: By definition 1, we have
H,(TiF,) = [32768(ijt) — 21248(ij + jt + it) + 16384(i +j + t) — 11520]

32768(ijt) —
. 21248(ij + jt + it) + 1
(TiF,, H,) = log L T T 32768(0)—
16384(i +j +1t) 21248(ij+jt+it)+
—11520 16384 (i+j+t)
~11520
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I(TI,Fz, Hz) = lOg

I(TI:Fz, Hz) = lOg

I(Tle, Hz) . lOg

Conclusion

M. K. NASEER ET AL.

[(24)%|E|log(2.4)% +]
(4.6)%|E,|log(4.6)% +
(5.8)%|E5|log(5.8)% +

l(6.8)2|E4|log(6.8)2 +J

(8.8)?|Es|log(8.8)?

32768(ijt) —
21248(ij +jt +it) +| _ 1
L T 32768(ij0)—
16384(l T+ t) 21248(ij+jt+it)+
—11520 16384 (i+j+t)
—-11520
128|E;|log(8) +
[1152|E2| log(24) +]
[ 3200|E5|log(40) + |
| 4608|E,| log(48) + |
8192|Es|log(64) |
32768(ijt) —
21248(ij + jt +it) +| _ 1
. . 32768(ijt)—
16384(i +j +1) 21248(ij+jt+it)+
—11520 16384 (i+j+t)
—-11520
128log8(4(i+j+t)—8) +
4(ij + it + jt) —
1152log24 [8(1' +j4t)+12
3200log40(4(i+j+¢t)—8) +
4(ij + it + jt) —
4608log48 [B(i +j+t)+12
8ijt — 8(ij + it + jt) +]
8192064 [ 8(i+j+1t)—8
32768(ijt) —
21248(ij +jt +it) +| _ 1
L, T 32768(ij0)—
16384(l +] + t) 21248(ij+jt+it)+
—11520 16384 (i+j+t)
—-11520
118369.8107750(ijt) —

84201.1655868(ij + jt + it) +
62143.922466(i + j + t) —
40086.6793452

In this paper, we studied crystallographic structure cu,0. We work on
the structure of Crystallographic Structure TiF,/[i,j,¢/ and apply the definition
of entropy to it. In particular, we compute the entropy for Crystallographic
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Structure TiF,[i,j,t] by using some topological indices as weight such as First
Zagreb index, Second Zagreb index, modified second Zagrebindex, Augmented
Zagreb Index, Hyper Zagreb 2nd Index, and using this result we compute
general results of entropies for TiF,/[i,j,¢].
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