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Abstract

Previously, some authors have presented a study on the e-small projective Modules.
The aim of this paper provides as comprehensive study as possible about e-small Projective
semimodules and related concepts to access some new features and results of semimodule.
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1. Introduction

The concept of projective semi modules was studied by many authors one
of them [1]. We discuss in this paper a new generalization of projective
semimodule (it has been studied previously for modules [2]). The idea is to
introduce and study e-small projective semimodule. The study of superfluous
subsemimodule has been extensively considered, a subsemimodule F of a
semimodule M is said to be “small”, “denoted by F « M, if for each “j <
M such that “F +j = M, implies “j = M. A surjective homomorphism
§: AnB,where A, B are semimodules is called “small surjective” if Kerf < A”
[3]. “Pawar studied some useful results on essential subsemimodules™ [4, 12-
20]. Ali and Alhussaini are submitted a comprehensive study of small
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subsemimodule and some results [5]. We study in this research the concept of
essential-small subsemimodule, written (e-s), as it is a subsemimodule B, where
Mis semimodule is said to be e-s subsemimodule of M, written B «, M. If for
each essential subsemimdule J of M with B+ J = M implies J =M . A
semimodule M is e-s projective if for each e-s surjective homomorphism
g: ANB, and any §: M1B, there exists: MNA is a homomorphism such that

gt = #.

2. Preliminaries

Remark: The definitions: “semimodule, subsemimodule, subtractive
semimodule, projective semimodule, cancellative semimodule, direct sum,
direct summand and retract subsemimodule are found in” [6].

Definition 2.1: [7] “A map #: MW is called a morphism of a semimodule if
“$(o +6) =#(0) +$(6)”, and “F(ro) = r§(o) “for all “ ¢, € M ’and
“r € R

For a morphism of a semimodule #: M\ we define:

(1) “Ker(§)={v € M|f(v) = 0};

2) Im(#) ={oc €N,o+ #(v) = F() for some v, € M}”.

Definition 2.2: [8] “let M and V'semimodules”. “A homomorphism #: MAN"
is said to be “k-regular homomorphism”, if for all &, € M. So that"f (o) =
f(6)= 0 +# =56+ A£" for some "k, £ € Ker(§)".

Definition 2.3: [3] “A homomorphism g: M1V of semimodules is considered
k-quasiregular,if £ belong to Ker(g) occurs T < M, & belong to M /T, and &
belong to T, if g(&) = g (&) consequently & = & + £.

Definition 2.7: [8] “A semimodule M is called completely subtractive, if all of
its subsemimodules are subtractive”.

Definition 2.8: [9] “A Modular Law for semimodules” is defined by if M is a
semimodule, J, K, and H are semimodules of M with “J is a subtractive” and
“HK<J,then“INK+H)=K+(InNH)".

3. Essential-Small

Definition 3.1: A subsemimodule X of a semimodule M is called essential-
small or (e-s), written H <, M, if for each X <, M, such that H + K = M.
Implies X = M.

Definition 3.2: Let A,B be a semimodules, A surjective homomorphism
g: AnB is said to be e-s surjective homomorphism if Ker(g) <, A.

Lemma 3.3: If9: M 1T is a homomorphism, and X <, T, then 91 (K) <, M.
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Proof: The method of proof is similar to the proof in modules [10].

Lemma 3.4: Let 9: MNP be a homomorphism of a semimodules and H <
9 (M), then 9~ (H)) = H nI(M) = K.

Proof: The method of proof is similar to the proof in modules [10].

Proposition 3.5: If V' is an e-s subsemimodule of M'and 9: M 1T is a k-quasi-
regular homomorphism, then 9(JV") is an e-s subsemimodule of 9 (M).

Proof: Let H <, 9(M), and I(WV) +H =9I(M), since H < I(M), then
YO (H)) = H. Implies that (V) + I~ 1(H)) = I(M), claim M = N +
97H(H), let m € M, then 9(m) € I(N + I~ (H)), I(m) =I9(n + #A),
where n € V and A4 € 971(H), implies that m = n + A + £, % € Ker(9) <
IH(H), M =N+ 971 (H), then 971(H) = M. Hence H = I9(M), then
IV K, I(M).

Lemma 3.6: Assume that H and K are subsemimodules of M. If H is an
essential subsemimodule of K and IV is a subsemimodule of i, then H N IV is
an essential of K.

Proof: since ' subsemimodule of K, such that H NK)NN =0, then
H N K nN) =0, implies that H N N = 0, then N = 0.

Lemma 3.7: If V' be an e-s subsemimodule of X, K is a subsemimodule of M,
and K be a subtractive, then N is an e-s subsemimodule of M.

Proof: Assume that N < M and for each H <, M. Let V' + H = M, since
N <, K, implies that for each non-zero sub semimodule H of K, such that
N +H =X, then H = K. By Modular Law of semimodule we have (V' +
H)YNK= N+ HNK)=X, since K is a subtractive, then N K = K,
since H N K <, K[by Lemma 3.6] and V'K, K, then K < H, such that
H MHNK L, K.SoN +H =H, thenH =M. Hence N K, M.

Lemma 3.8: If P = P,®P,, where L, is subsemimodule of P, and L, is
subsemimodule of P,, hence Ly + L, = L;DL,.

Proof: 1t is clear.

Proposition 3.9: H + K <, T ifand only if H «, T and K <, T, where T is
asemimodule XK <, V < T,and H <, T.

Proof: (=) Assume that K + H K, M. Let K + J =T, where J <, T, then
K+H+J=7T, implies that J =T, hence KX <, T. Let H + J =T, where
J e T,then K +H + J =T, implies that ] = T. Hence H <, T.
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(&): Assume that K L, T and H L, T, let X +H +J =T, where
JZe T, then H +J <, T,K <, T, implies that H + J =T, sinceH <, T,
then J =T.Hence K + H <, T.

Lemma 3.10: Let Ay < M, A, S M, f: A; = A, be an isomorphism and
g:M; > M, be an isomorphism such that g|A, = f . If Ay <® M, then
A, <® M,

Proof: 1t is clear.

4. E-Small projective

Definition 4.1: A semimodule P is e-s projective semimodule, if every e-s k-
regular surjective homomorphism g: AnB and any #: PnB is homomorphism,
there exists £: PnA is homomorphism such that g£ = #.

Proposition 4.2: Let P be an R-semimodule, then the following statements are

equivalent:

(1) P is e-s projective semimodule.

(2) For each semimodule A and each #: P11 A/H is a homomorphism, where
H K, A there exists i: PriA such that g# = #, where g is the natural
map of A onto A/H.

(3) For each e-s surjective homomorphism g:AnB and any #:PnB is a
homomorphism, there exists #: PricA such that g£ = #.

Remark 4.3: If A is fixed in Definition 4.1 we say P is e-s projective relative
to A.

Proposition 4.4: Let P be an R —semimodule which is e-s projective relative to
A. If B is a subtractive subsemimodule of A then P is e-s projective relative
to B.

Proof: Let € be an R-semimodule such that A < €. Consider the diagram

Where i is the inclusion: ANE and ¢ is defined by é’(g(a)) =a/
(Ker(g)) [Note that Ker(g) < A < &, £is well defined since g(a,) = g(a,),
then a, + #, = a, + #, for some #,,#, € Ker( g ), which implies a, /
Ker(g) = a, / Ker(g)]. By assumption there is 4: P1n€ a homomorphism so
that th = ¢f. Note that for x € P, (A(x)) = £($(x)), then A(x)/Ker(g) =
a/Ker(g), where g(a) = f#(x) for some a € A, A(x) + £, = a + £, for
some £4,%, € Ker(g). so f(#(x)) =a / Ker(g), if and only if #(x) = g(a).
t($(P)) = {a/Ker(g) |g(a) = f(x), for some a€g (F(P)}=
g (#(P)) / Ker(g) , hence m(A(P)) =g '($(P))/Ker(g) ., A(P)+
Ker(g) = g7 ($(P)) + Ker(g) , then A(P)+Ker(g) =g ($(P))
Therefore A(P) = g 1 (#(P)) < A.
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Definition 4.5: “ P-cyclic subsemimodule: Similar to the define in modules”.

[11]
Definition 4.6: “ P-principally injective: Similar to the define in modules”. [11]

Definition 4.7: A semimodule P is called e-small factor of a semimodule %, if
there is an e-s surjective homomorphism £: KnP.

Proposition 4.8: Let P be an e-s projective semimodule such that every
P — cyiclic subsemimodule of P is e-s projective, then every e-s factor
semimodule of a P-principally injective semimodule is P — principally injective
semimodule.

Proof: Let g: AnB be an e-s surjective homomorphism, where A is P -
principally injective semimodule, where #:@(P)nB is a homomorphism,
@ € End(P), and a: ((P)nP is inclusion homomorphism. By assumption
@(P) is an e-s projective semimodule, so there exists A:@(P)NA is a
homomorphism so that g/ = #. Since A is P-principlly injective, there is a
homomorphism £,: P1iA such that A,a = A. Define A,: PnB by A, = gh,.
hoa =ghia=gh=F§.

Corollary 4.9: If P is an e-s projective semimodule such that every P —cyclic
subsemimodule of P is e-s projective, then every e-s projective, then every e-s
factor semimodule of an injective semimodule of an injective semimodule is
P —principally injective.
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