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Abstract  
The graph that has vertices as elements in a commutative ring  , such that 

  and   are adjacent only if     , is called the zero-divisor graph,     . We 
study the domination of       for all parts of   in this study, since    is one of 
the well-known rings. 
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1. Introduction 
Here, we used some definitions and notation from the Section 2. An 

unusual but highly important technique in mathematics is to create an item that 
appears to be too far away from the original in order to obtain much more 
information about the structure. These include, among other things, grouping 
representations and finite plane uses in cryptography and coding theory. We 
discover that the same steps apply for building the      for a ring. 
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In     , Beck found the thought of a      for a commutative ring [7]. 
Anderson and Livingston [6] provided the initial Beck’s graph simplification in 
    . Additional changes emerged as a result of Mulay [16]. This history 
demonstrates that different zero-divisor graph definitions might be helpful 
depending on the objectives. For instance, in our situation, loops had to be 
eliminated. One of the primary subjects in the domination graph, which was 
initially presented by Jsenish in 1862, in order to determine the least number of 
unique queen pieces required in order to control the chessboard game. In     , 
Claude Berge [8] produced his book on graph theory, in which he proposed the 
concept of the domination number of a graph, which is the coefficient of an 
external stability. In     , Cockayne and Hedetniemi [9] released a survey and 
make advantage of      as a symbol on a graph denoting the domination 
number. In     , Rad et al. [17] found the domination number for the product 
of two commutative rings’ zero-divisor graph with  , and they provide the 
domination number for each commutative Artinian ring’s zero-divisor graph. In 
    , Jafari and Rad [13] examined the domination over for a commutative ring 
with zero-divisor graphs of matrix rings  . In     , Shipiya Raj Shree et al. 
[18] provided some findings on the domination number, both total and co-total, 
for a few zero-divisor graphs on the direct product of commutative rings. Our 
objective is to provide a comprehensive solution for the domination number of 
     ,    . 

2. Definitions and Notion 
For all of the graphs in this research, undirected simple graphs        , 

where the edge set of   is denoted by       , and the vertex set by   
    . The number of incident edges to   , or     , equals the vertex’s degree 
of   (      ) [19-27]. In equivalent terms, the maximum (lowest) degree of 
the vertex is      (    ). We refer to the complete (null) graph on   vertices 
as    (  ). 

We emphasize that a clique need not be maximal; it might refer to any 
arbitrary full subgraph in this context.      is the clique number of  , which is 
the greatest clique of vertices consisting of  . When no edge joins any two of a 
set’s vertices, the set is said to be independent (coclique) [2, 3, 11, 14]. A graph 
termed      is created with two independent sets of vertices,       , and 
       that can split (  , and   ), so that every vertex in    and every vertex 
in    has a connection. If   is not chordal [10], then   is an induced cycle of 
length at least four.     is the union of   and  , with the vertex set is 
         , and the edge set is           [15]. 

Definition 1: For a numbers   and  , where    , we say   is a totative, if 
            . In other words,   and   are coprimes. 
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Definition 2: [12] The totient function of Euler,     , is the number of totatives 
of  .  

Lemma 3: [12] The statement below is valid:  
   ∑            . 

Definition 4: [7] The graph whose vertices are the elements of   such that there 
is an edge between the vertices   and   if and only if     , is known as a 
zero-divisor graph of a commutative ring  ,     .  

Notation 5: The ring    of a number   is the ring modulo  , that is created from 
the congruence classes. It may be understood in a variety of ways, such as by the 
set            . Being identical in    is similar to congruence modulo  . We 
will utilize a natural number     

     
     

          for a ring    all 
along.  

Definition 6: [3] We say that   is exponent-free, if             .  

3. Auxiliary Results 
3.1 The Equivalence Classes of      

To have a good image of     ,   is for whatever commutative ring  , we 
will propose an equivalence relation   on its base set  . Firstly, we define the 
general concept for this equivalence relation for an arbitrary graph.  

Definition 7: [3] For a graph  , ac       ;   other vertex          . 
Thus, a  , where  ,  , and   are the vertices belong to     .  

Remark 8: Proving the transitivity of   is a simple task.  
Upon examining the (most fascinating) specific situation in which     , 

we now obtain.  

Definition 9: [3] For other element          ,          ,        , 
then    .  

Remark 10: In our work, loops are prohibited in     , as we said in the 
Section 2 above. This explains why (   , and    ) are not included.  

Definition 11: [3]       is the class of   in   for    . A subset of the shape 
      will have a name of either class or partial subset. We will utilize the well-
known ring,   , where (   ). 

Notation 12: [3] Suppose   be any proper divisor,    . The auxiliary subset of 
   will be denoted by     , where                

     
 
     .  

 



442� H. AL-JANABI ET AL.

  

Theorem 13: [3] The sets      where   runs across all proper divisors of   (in 
other meaning,           ) are the equivalence classes for the relation  . 
Moreover, the one-element class    .  

Remark 14: Even though zero-divisors are specified as non-zero, practically 
speaking, it is preferable to retain the zero vertex of the ring in the      and 
place it next to everything.We acquire the set of all totatives of   for    . 
Actually, the two straightforward claims that follow are really helpful in 
understanding the composition of our      . Take note that they apply to any 
type of  .  

Proposition 15: [3] Given two distinct classes    and    with regard to  , let us 
assume the following: we identify an edge     , s.t.,      and     . Next, 
every vertex in    and every vertex in    are join to each other. Conversely, it is 
evident that any vertex in    and any vertex in    are not neighboring if this    
is not an edge.In every class   and for every simple  ,   is either an independent 
set or a clique.  

Definition 16: [3] We say that    is adjacent to    if    and    are two distinct 
partial subsets with every vertex       and, any vertex       being 
neighboring. The Application of Theorem 13 above for any element   in    is 
now under consideration.  

Theorem 17: [3] Let   be an arbitrary element of   , and         . Then 
           .  

Representation of the zero-divisor graph of the ring    [3] 
We will say      , for the zero-divisor graph of   , we will explain it 

more in below:       vertices represents the class       as a circle, as you can 
see in Figure 1. This circle a figure only, it is not a subgraph. It illustrates a good 
picture for      , Which makes understanding easier for all readers. 

Claim 18: [3]     
     

     
         ,    ⌈   ⌉,        , 

      if and only if      modulu  . 

Lemma 19: [3] Consider     
     

     
       ,     

     
   

  
         , and    . As usual,        . A clique is induced in       by 

 . If        ,      , then    ⌈   ⌉. In the absence of this,   generates 

an empty graph and (   ⌊   ⌋).  
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Proof: Considering two numbers in  ,         and        , such that 
    

       
       

               then               
       

     
  
                 

       
       

                         . Then, 
there exists an edge      between any two vertices   and   belong to  .  

Remark 20: [3] Our figures do not indicate if a class in       causes an 
independent set or a clique.  

Remark 21: [3] Assume for the moment that    and    have the same number 
of powers and primes. Then, the two matched graphs on them differ only in 
class sizes; they have the same number of classes.Moreover,        and        
are depicted (drawn) in a same way. Figure 1 represents a way of drawing for 
     , where   is a value of the shape           .  

 
Figure 1 

Illustration of Remark 21,                 . 

Remark 22: [3] Henceforth, two classes      , and      ; where       
   , it is join with every vertex of      , and       is the set of all totatives of 
  (isolated vertices) will not be shown in our statements and Figures. Since we 
will be using them to prove Theorem, we will mention the corollary and its 
proof below 36. 

Corollary 23: [3] Assume   be exponent-free, then,   a clique   in  , s.t., 
      is the cardinality of this clique. 

Proof: We can divide (the product of    
 and    

) by  . As a result,       
 
  
 , 

and       
 
  
  are join to each other, where       and    . One vertex 

from each    was taken by the authors to create  .   will be a size of it. 

Corollary 24: [3] If     , s.t., the classes will be      ,                 ,  
then the statements below are valid: 

    let   be an even, the clique number is:      ∑  |      | ⌈  ⌉        



444� H. AL-JANABI ET AL.

  

      let   is odd, then the clique number is:        ∑  |      | ⌈  ⌉    
     

Definition 25: [3] The union of all clique-classes is    .  

Corollary 26: [3]     is a clique.  

Lemma 27:       is chordal when   is a prime power of   .  

Definition 28: [3] Suppose   be a class, let us delete the zero class      ,   is 
join with exactly one class,  . Thus,   is referred to as a leaf-class. Moreover,   
is said to be a branch-class.  

Lemma 29: [3] The leaf-classes for    are           , and              
are the branch-classes, where          .Moreover, for every one branch-
class, there is exactly one leaf-class adjacent to it.In particular, if      and 
   . Subsequently, there is one leaf-class,      , and one branch-class, 
        , as Figure 2 illustrates. If    , then it is evident that there is no 
leaf-class.  

Corollary 30: [3] Now, allow us to examine      , where       . After that, 
each leaf-class functions independently, and each branch-class has the structure 
      

 
  
        

     
       

             is a clique-class, where 

  
      . It is easy to observe that the following statement is accurate. 

Observation 31: [3] Every class in       is an independent class if   is 
exponent-free.  

Lemma 32: [3] Now, allow us to examine              , where     
or    . subsequently there exists a clique    , s.t.,    is the unique clique-
class in      , so: 

|      |  |  |     

 
Figure 2 

Represents      ,       means other independent classes 
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3.2 About Domination of       
This section included a few definitions and findings. 

Definition 33: [1] A set        in         is called a dominating set if 
every vertex in      is either an element of   or is adjacent to the element of  .  

Definition 34: [1] The minimal cardinality of a minimal dominating set of   
referred to as a  -set of   is the domination number (    ) of that  .  

Proposition 35: [4, 5]         of order  ,        if         . 
Especially,                     . (iii) If    , then          ; 
otherwise          , where       . 

4. Main Result 
Theorem 36: Let us        ,      . If        , and     , then 
      . Otherwise,       .  

Proof: Based on the value of  , there are four scenarios that may be used to 
demonstrate this theorem, as follows: 

Case  : The class        will have one vertex,    (Definition 11, Notation 12, 
and Theorem 13), if         and     . Then,   is isomorphic to      
since the vertex    is adjacent to every vertex in the class       . According to 
Proposition (35 iii),       . 

Case  : There are two sub-cases if     , or    . These are indicated tow 
subcases:            will be complete if    , in which case            , 
Proposition 35.      There is one vertex   in clique-class          (Corollary 
24 and Lemma 29) that dominates on all the other vertices in the         if 
   . Therefore,        is a chordal (Lemma 27). 

Case  : According to             , if   is exponent-free. 
Additionally, there are two sub-cases:       will be isomorphic to      with 
    if    , which is         (here,        ). Therefore,         
    (using Proposition (35. iii)).          allows us to select one vertex (  ) 
from each independent branch-class    (see Corollary 23 and its proof), such that 
the vertex    will dominate on all vertices of the leaf-class        (Lemma 29) 
and on all vertices of the other branch-classes   ,     (when         
    ), As can be seen from Observation 31, each class is autonomous. About 
the other vertices in other independent classes, all classes       are connected 
to    such that     , where   is a valid divisor of  . Thus, the vertex    in    
may dominate on       vertices.       , since the number of branch-classes 
equals   (Corollary 23). 
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Case  : In this instance, where     
     

     
          (Lemma 29 and 

Corollary 30) state that we can select one vertex (  ) from each clique branch-
class    such that the vertex    dominates on all vertices of the leaf-class        
(Lemma 29) and on all vertices of the same branch clique-class   . Because all 
classes       are related to   ,     , where   is a valid divisor of  , is achieved. 
Thus,    in    can dominate on       vertices. Lemma 29 makes it clear that 
there are   leaf-classes; so,       . In particular,     

           
  , where      , Hence, as stated in Lemma 32, there is only one clique 
branch-class and all other branch-classes are independent.  

Example 37: The Graph         is given by          . This graph’s 
classes are       and       ,       ,      ,       ,        , and 
        , we have             ,            , and         . 
The leaf-classes in         are       and      , whereas the branch-classes 
are    and   .              because the vertices    and    in the classes    
and    dominate on all the vertices in other classes. The domination of vertices 
   and    alone is depicted in Figure 3; no other connections are shown. 
However, this image does not depict the additional adjacency between certain 
other classes in        .  

 
Figure 3 

Illustrations the domination of              . 
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