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Abstract

Several concepts are presented within this article that will be utilized in the diagonal
matrix calculation and compute the (g (=* D)), p > 3 is prime number. Where ¢ (=* D)) is
indicate for the tensor product of the rational character table matrix of dihedral group D, by
itself.
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1. Introduction

As well as Dunya M.H and Intider Z.M in [3,4] they computed the
invariant factors of the tensor product of the g (=" Cg3).Also authors in [5-8]
studied the same idea for PSL(2,p) and SL(2,p) where p = 31, 37 and SL(2,49).
Finding the general form of (g(E* D)), p = 3 prime number is the paper's

purpose.

2. Preliminaries

Definition 2.1: [5] A ring Ris known as principal ideal domain (P.I.D) if R
integral domain and each ideal is principal ideal.
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Definition 2.2: [1] The tensor product, or Kronecker Product of two matrices

Q11 J12 ... Q1s Kig  Kipo e Ky
921 922 :::q.ZS and K = kyy ki :::k2t

dv1 Qo1 Qus XS kw1 sz kwt wXt
is symbols by Q @ K and is define by,

d11 K g2K ... qpK
Q® K= q21K  g22K :::CI2nK

Q= over a field R

qle qle '“quK v Xst

Theorem 2.1: [5] Let N be w X w matrix over R, where R is P. I. D, then 3 non-

singular matrices S, C and D such that.

a. SN C™'=D is known as diagonal matrix

b. If we refer D, by d,, then 3¢ € Z* such that 0 < ¢ <w and ¢ > o, then
d, =0andif £ < o hence d; # 0 and 1 < ¢ < o implies dy|d,_;.

Definition 2.3:[5] Let R be a P.I.D, if N is a matrix over R and N equivalent to a
matrix D=Diag { d;, d, - ,dg, 0,0, - , 0} such that d,/dp,, for 1 < ¥
<, then D is known as invariant factor matrix of N.

Theorem 2.2:[2] If p #2 is a prime number and I._, is identity matrix of size r-
1 and let A and B be two matrices

2 2 T TTTTTTe 2 1 1
Iy 0 0 0
A=
1 1 1 1 1 1
1 11 1 0 1
and
1 0 0 1
(p—1) 1 O S
p(p—1) (p-1 1 0 0 00
pPe—1  pp-1) =1 e 0 0 00
B= ; ; P e .
PRy P T G 1000
—pHp—1) p? P LA
o 0 0 0 0 0 o

Hence, A (=" D,r)B=Diag { 2p",p"~*,p'=2, - oo oo ,p .11}
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Theorem 2.3: [5] Let S, C be matrices such that| Sl # 0 and | Cl # 0 over R
such that R is P.I.D and if Y;S X, =Diag {d,(S), d(S), -+ d,,(S)}= D(S) and
Y,C X, =Diag{ d,(C), d,(C), --~d,,(C)}= D(C). Hence, (Y; &Y,).(SE C).( X, &
X2)=D (S) & D(C).

Theorem 2.4: [2] The rational character table of D, (=* D,) is given by
QCT(D,) 1 R s
0, p1 | -1 |0
W, 1 1 1
y, 1 1 -1

3. Diagonal Matrix of The Tenser Product (=™ D,), p > 3 is prime number

Everywhere in this essay we are using Th.(2.3) to calculate the diagonal
matrix of ((% ="D,)), s.t g(z* D,)=(=*D,) ® ...Q (=" D,). By Theorem

«- w—times -»

p—1 -1 0
(2.4) we have, (=" Dp)—< 1 1 1 ) And by utilizing Theorem (2.2)
1 1 -1

2 11
and Th(2.3), we can found two non-singular matrices S=<1 1 1) and

101
1 0 0
C—(—(p—l) 1 0).

p 0 -1
2p 0 0
Hence, S(="D,) C = (0 1 0>—Diag {2p,1,1 }. Now, we take the
0 0 1

case where w=2, hence
SR)((="D)Y® (="' D)(CR®  O(g (g4 (=" D). (5 O=D
2 (="D,)

42 0 00 0 00 0 0
{0 2p 00 0 00 0 ow
0 0 2p0 0 00 0 0
0 o0 o2pr 0 00 0 O
| 0 0 00 2p 00 0 0| =Diag{4p? 2p,2p,2p,2p,1,1,1,1}
0 o o0 O 10 0 O
l o o o0 0 01 0 0]
\0 0 00 0 00 1 0/
0 0 00 0 00 0 1/,

If we take w=3, hence

39).(2 (=" D). (2 C)=Diag{23p3,22p?,---,22p?,2p, - ,2p ,1,---,1 }=D
® ® P/ ®

3 -6 > - 12 > «- 8->

(¢ G"Dp)).
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In case w=4 = (é S).(é (=" D). (é C)=Diag{2*p*,
_ 4 %
23],3'....’23],3,22],2, ...... '22],2,2],' ..... 2p , 1,0 a1 —‘D(® (= Dp)

- 8-> - 24 > =32 > - 16 >

If @=5 = (3 (9 (E" D). (g (O)=Diag {2°p°, 2*p*, - -+, 2%p*,
«-10 >

23p3, e ,23p3, 22p2, e ,22p2 2p, e e 2p,1,,1}=D (é (='D,))
- 40 > 6 % 80 > 6«-- 80 > =32 >
If =6 = (g (5)-(g - (" Dp)). (g (C)=Diag {2°p®, 2°p®, -+, 2%p° ,

- 12 -»
24-]94’ - 24p4 ] 23 3’ . 23p3 , 22p2’ - 22p2 , zp’ vee ,2]3 . 1’ vee ’1 }ZD
6 60 160 - 240 > 192 > 64 >
(g (" Dy)).

The general of the whole of 'D(g (=" D,)), where p =3 is prime
number, w € Z* is to offered in below theorem:

Theorem 3.1: If p = 3is prime number and D, is dihedral group, w € Z* then

D(g (=" Dp))=Diag{(2p)®, 2p)* 7", ..., @p)“ ™1, 2p)“ 7%, ... .., 2P)“ 72,

- Z(Wwf;)l )— times —» 22 (2,(+L2)| ) - times

2p)*@73, ., (2p)2 73, (2p)° 74, ... ... ,(2p)e4, ...,

3. (@) g o4 (9 4
2 (3!((.)—3)!) times - <2 (4!(@—4)!) times ->

(2p), e, D), L 1 3= (9)): (5 (27 D)) (g ()
207 (i) times = 3¢ times

Proof: The phrase is undoubtedly correct for w = 1, according to an inductive
argument assuming it is valid for an arbitrarily chosen w

D (g (=" Dp))=Diag{(2p)®, (7)Y 1) L

- Z(Wwf;), ) -times -

2p)272, ..., (2p)972, (2p)273, .., (2P) 973,

e 22 (2!(%2)!)’ times -» b 23(?(%;),) -times -»
s (2P)) e e, (2P) , (11,13 1=(59)(5 (F" D)) (5 O
- 2@ —times >

—_ w! .
<2970 (oo )~ times

Now, it must be proven that it correct for w + 1. However, we immediately

obtain this from Th.(2.3), hence (“’51(5* Dp)):((g (=" Dy)) R(="Dy)).

Therefore D(“gl (=" Dy)=D (g (=" D)) R(D (=" Dy)).

Conclusion

This paper is to study and submit the general formula of the diagonal
matrix of the tenser product of the (=* D,,).
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