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Abstract

This paper discussed a new parameter in the fuzzy graph F.= (€}, n)). This parameter
is named the cutoff fuzzy domination number and is represented by (7,) and tested in a
strong fuzzy graph. Some features and limitations of this parameter are presented, such as
the fuzzy path, cycle, complete, complete bipartite, wheel, and star. In addition, the relation
between this parameter and other known concepts in fuzzy graphs is introduced.
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1. Introduction

The concept of the fuzzy graph, denoted as(F;), was first put forth by
Rosenfeld back in 1975 [1], taking inspiration from L. Zadeh’s earlier
exploration of fuzzy sets in 1965 [2]. This innovative idea has since found its
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way into a plethora of graph theory disciplines, including fuzzy graphs [3-8],
topological graphs [9-11], and labeled graphs [12], among others [13-14]. The
fascinating exploration of the domination number shapes discussions across
numerous studies and applications. Now, when we dive into the world of fuzzy
graphs, domination takes a particular turn as highlighted by A. Somasundaram
and S. Somasundaram [15], who pointed out that domination in (Fj;) hinges on
certain operative boundaries. Another intriguing angle was offered by Nagoor
Gani and Chanderskeran [17], who focused on the notion of domination through
strong arcs. Meanwhile, Mahioub and Soner broadened the scope by analyzing
domination numbers in fuzzy graphs, investigating all potential fuzzy
dominating sets and aiming to capture the minimum sum of their membership
values [18]. In a twist of ideas, Xavior and colleagues [19] proposed yet another
interpretation of fuzzy domination. Let V be a finite and non-empty set of a
fuzzy graph for a pair of functions Q: V = [0,1] and n: V XV = [0,1] such that
n (x,y) <min{Q(x),2(y)}Vx,y €V and denoted by F; = (,n). An edge
(x,y) is called effective if n(x,y) = min [Q(x),Q(y)] and (F;) is named
strong if each edge belongs to it is effective. A vertex x of (F;) is said to be a
cutoff vertex if n (x,y) < min{Q(x), Q(y)} for all y € V — {x}. A set D for
some vertices of (Fy;) is fuzzy dominating set (FDS) of (Fy;) if for every vertex
x €V — D there exists y € D such that (x,y) is effective edge and we say y
dominates x or x is dominated by y. If the number of vertices of D is minimum
then it is called a minimum fuzzy dominating set (MFDS) of (F;). Fuzzy
domination number of (F;) is the sum of membership values of vertices of
(MFDS) and it is denoted by y. In this article, we deal with the strong fuzzy
graph. For more information we refer [20-29].

2. Cutoff fuzzy dominating set (CFD — set) of strong fuzzy graph (Fg).

Definition 2.1: If D has at least one fuzzy cutoff vertex, it is referred to as a
cutoff fuzzy dominating set (CFD — set) of Fg;.

Definition 2.2: If D does not contain any (CFD — sets) it is known as a
minimal (CFD — set).

Definition 2.3: If all (CFD — sets) have more vertices than or equal to the
number of vertices in D, then D of Fj; is said to be minimum (MCFD — set).

Definition 2.4: A cutoff fuzzy domination number of F; = (Q,7n) is the
minimum sum of membership values of the vertices for all (MCFD — sets) and
denoted by y.¢(Fg) or simply y. (for example see Figure 1). MCFD — sets
are: Dy = {v3, v} and D, = {v,, vs}. ¥ = min{0.7,0.4} = 0.4
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Figure 1
A cutoff fuzzy domination number of F; = (Q, 7).

Remark 2.5:
1) (MCFD — set) has a minimum fuzzy cardinality is said to be y.r — set.
ii)  Every independent (FDS) in F; is (CFD — set).

Proposition 2.6: Let K] be a complete fuzzy graph then y. (K]) =
min Q(v),v € V(K,{).

Proof: Since each vertex in K,{ has n — 1 effective neighbors, then any ( CFD —
set) of K,{ which (MCFD — set) contains only one vertex. Therefore
Yef (K,{) = min Q(v), veV(K,{)

Proposition 2.7: Let an be a fuzzy wheel, then ycf(an ) = Q(v),v is center
vertex.

Proof: Since the center vertex v of a wheel fuzzy graph an dominates all the
other vertices, hence y,S(an ) = Q).

Proposition 2.8: Let S,{ be a fuzzy star, then ycf(S,{) = Q(v),v is center
vertex of S,{ .

Proposition 2.9: Let K,{ m be a complete bipartite Fg; then:
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YQ(x),x EVyif m>n
Fy_ QW) yi €V, if n>m
Ver (Knm) = { {Zﬂ(xi), X €V,

min
UM S 20, v; € 7,

| ifm=n
Proof: Given K,{, m be a complete bipartite F;with two bipartitions (X,Y) such
that X = |V| and Y = |U|, then there are three cases:

Case 1: If n<m and let V = {v,,v,,.., v}, U= {u,uy, ..., uy}, then
any (MCFD — set) of K,{ m contains all vertices of V;, therefore )/Cf(K,{ m) =
Z‘Q (xl')l x; € Vl'

Case 2: if n > m it is similarly to prove case 1.

Z 'Q‘(xi)l x; € Vl

Case 3: If m = n, it is clear that ycf(K/:,m) =min {Z Q) v €V
iHJi 2

Theorem 2.10: Let F; = Petersen fuzzy graph Fg , then y(Fg) =
minY Q2 (x;),x; € D,D is (MCFD — set).

Proof: Let F; be the Petersen fuzzy graph, since any set of two vertices can
dominate at most 8 vertices, then any (FDS) which is also (CFD — set) of (F;)
should contain at least three vertices. Therefore, ycf(Gf) =min[XQ(x;),x; €
Dj,D]- is MCFD — sets.

Theorem 2.11: If F; is a disconnected fuzzy graph with Fgq, Fg,, ..., Fgy as its
components, then: y.r(Fg) =min{s;},1<i<k where s; = ys(Fg) +

Z?:l,jii Yr(Fgj)-

Proof: Suppose that d = min{s,,s,, ..., s} and let D be a y;s — set of a Fgy
also let A; be ay; — set of Gy; Vi = 2. Then the set D U (UK, 4) is (CFD —
set) of Fg, so that y.p(Fs) < Ve (Fgr) + X v (Fgj) =d =min{s;},1 < i <
k. Now, let D be a minimal (CFD — set) of F;. Then D must intersect the
V(Fg;) of every component Fy;;, and so D N V(Fg;;) is a minimal (FDS) of F;,
Vi = 1,2, ..., k. Further, one of the sets of D N V(Fg;), say D N V(Fg;), must be
(CFD — set) of Fg;. Therefore ver(Fg) = vep(Foj) + Zhey jui Ve (Fei) = dj =
min{s;},1 <i < k. Hence y.s(F;) = min{s;},1 <i < k.

Corollary 2.12: For any F contains a cutoff vertex, then y.s(Fg) = v¢(Fg).
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Theorem 2.13: If F; is fuzzy graph of ordern, theny, + ar < Y, 2(x)V x €
V(Gf), where a; is a fuzzy covering number of Fg.

Proof: Let S be a ay — set of (Fg). If a vertex x € S is not dominated by any
vertex of V — S, then § — {x} is a fuzzy cover of (F;) and that is not possible.
Thus, V — S is (FDS) of F;, since S is a fuzzy cover set of F;, then V — S is
independent fuzzy set and at the same time it is independent (FDS) of F;.
Hence, y.r < [V =S| =X Q (x) — af.

Theorem 2.14: If F; is a triangle-free fuzzy graph without any cutoff vertices,
then any (MCFD — set) of F;; contains exactly two vertices.

Proof: Given F; is a triangle-free fuzzy graph without cutoff vertices and since
F; is strong there exists effective edge {x, y} in F;. As F; is a triangle-free fuzzy
graph, then no vertex in (F;) has effective edge to both x and y, then each
vertex z & {x,y} has effective edge either to x or to y in F;. Hence, the set
{x,y}say D is (CFD — set) of F; which it is (MCFD — set). If D has only one
vertex, then (F;) has a cutoff vertex. This contradicts our assumption.

Theorem 2.15: Let F; = (,n) has no cutoff vertices and D is minimal
(CFD — set) of F;, then V — D is (FDS) of Fg;.

Proof: Suppose V — D is not (FDS). Then there exists y € D is not dominated
by any vertex of V — D, because F; has no cutoff vertices, then y has effective
edge in D. Thus, D —{y} is (CFD — set) of F; which is incongruity with
minimality of D.

Theorem 2.16: Let D be any (CFD — set) of Fg. Then D is minimal if and only
if D is 1-minimal.

Proof: Let D is (CFD — set) of F;. Suppose D is 1-minimal and there exists
A C Dis (CFD — set) of F;. Then the vertices in A —D are only the non-
cutoff of D. Now choose a vertex x € A — D, then the set D — {x}is (CFD —
set) of Fy, this is inconsistent with our assumption. The converse is directly.

Theorem 2.17: (CFD — set) of Fg is minimal (CFD — set) if and only if each
vertex in D has a private neighbour with respect to D.

Proof: Let D be a minimal (CFD — set) and y in D. If y is cutoff then y is a
private neighours of itself. Suppose y is not cutoff. If y has no private
neigbbours with respect to D, then D — {y} will be (CFD — set) of F;. This
offers an inconsistency to the minimality of D and so y must have a secluded
neighbour with reverence to D. Conversely, assume that D is (CFD — set) of F;
in which each vertex has a private neighbour with respect to D. If D is not
minimal, by Theorem 2.15, following D is not 1 — minimal (CFD — set) of F;
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and there is a vertex y in D such that D — {y}is (CFD — set) of F;. Therefore,
every vertex in ¥V — (D — {y}) must have at least one neighbour in D — {y} and
so the vertex y can have no secluded neighbor with deference D. This denies our
supposition. So, the proof is done.

Corollary 2.18: If D is (CFD — set) of F; which is minimal with respect to
being cutoff domination, then D is a minimal (FDS) of F;.

Proof: Let D be a minimal (CFD — set) of F;. Then by Theorem 2.15, every
vertex of D has a private neighbour with respect to D and consequently by
Theorem 3.6 in [16] implies that D is a minimal (FDS) of Fj;.

Theorem 2.19: Every maximal independent set is a minimal (CFD — set).

Proof: Let D be a maximal independent set then every vertex in V — D has
effective neighbour to at least one vertex of D. Therefore D is (FDS). As D is
an independent set it is actually (CFD — set) and also every vertex of D has a
private neigbour namely itself. Hence, by Theorem 2.16, the proof is complete.

3. Conclusion

This article provided,some features on cutoff fuzzy dominating set of
strong fuzzy graphs. Furthermore, for the particular graphs referred above, its
cutoff fuzzy domination number is deliberated.
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