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Abstract

Gutman developed the concept of Sombor indices and it was shown that any vertex
degree-based graph invariant can be viewed as a reduced Sombor-type index. In the paper,
we investigate extremal graphs concerning the reduced Sombor index for trees, unicyclic
graphs, and the class of graphs with a given number of vertices and cut edges (pendent
vertices).
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1. Introduction

The notation G=(V,E) denotes a graph with vertex set V(G) and
edge set E(G). The degree of a vertex v is the number of all neighbors of the
vertex v in G and denoted by deg (v). If deg (u)=1, then the vertex u is
termed pendent, and a pendent edge is an edge where one of its end vertices
is pendent. In a connected graph G, a cut edge is an edge that, when
removed, causes the graph G to become disconnected. For a vertex w in G,
9 (w) denotes the set of all neighbors of w. Additionally, denote 9t [w]
as the set M _(w) U {w}.
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A novel graph invariant based on vertex degree, introduced by
Gutman [9] and called the ‘Sombor index” of a graph G, denoted by SO(G),
is defined as follows:

SO(G)= 3 deg (x)’ +deg (1)’

xyeE(G)

After the introduction of the graph invariant, researchers promptly
investigated its fundamental properties and applications in [3, 4, 13, 15, 16,
17, 18]: Cruz et al. [3] determined the extremal graphs concerning the
Sombor index for hexagon systems, trees and molecular graphs. In [13]
and [14], sharp upper and lower bounds on the Sombor index were
obtained for some classes of graphs. Das et al. [4] established relations
between the classical Zagreb indices of graphs and the Sombor index.

The reduced Sombor index [9] is described as

50,4(6)= EZE(G)\/(degG(x) ~1)* +(deg (y) - 1)*.

In [9], it was demonstrated that the irregularity (Albertson index) is
related to the distance between the degree-points and their duals. In [5],
authors investigated certain vertex degree-based topological indices of an
m* -graph, where k is a positive integer. Gutman [10] showed that any
graph invariant based on vertex degree can be viewed as a reduced
Sombor-type index, i.e., as being related to the distance between the
degree-points and some other elements of the degree-space. Kulli and
Gutman [8] established precise formulas of the reduced Sombor index for
certain networks. The study of [6] focused on exploring some extremal
properties of SO_,, and it characterized bicyclic graphs attaining extremal
SO, values.

In the paper, we establish some extremal properties of SO, , index
and identify extremal graphs concerning SO_, over trees and unicyclic
graphs. For the class of graphs with the given order and cut edges (pendent
vertices), the problems have been studied of characterizing graphs that
attain the extremal first and second Zagreb indices [7], reduced second
Zagreb index [12], Sombor index [13], multiplicative sum Zagreb index
[14], Wiener, Hyper-Wiener and Harary indices [2, 19], and F-index [1].
Furthermore, we explore this problem for SO,, index.
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2. Graphs with maximum SO, -value

The main purpose of the section is to characterize the graphs that
have maximal SO, , index. Firstly, we present three lemmas that will play
a crucial role in our main results.

Lemma 2.1: Let x and y be vertices in G such that deg (x) = deg_(y) and

MW\ M =y, vy sy} 2D If G =G—Ayy,, Yy, - Yy} +
{xy,, xy,, ..., xy,} then SO, ,(G") > SO, _,(G).

Proof: One can easily see that deg (z) = deg_(z) for z#x,y whereas
deg (x) = deg (x) + t and deg_(y) = deg(y) —t. For convenience, set
d, = deg(z) — 1. forall ze V(G). It can be easily seen that

R A R (1)
since d,>d, and t>1. For fixed positive integers p,q (p=q) and ¢,
consider a function h(s) = Jp+s2+® + Jg-s2+. Then

() = p+s _ q-s

\/(p+s)2 +c? \/(q—s)z +c?

and one can easily see that h'(s)>0 for s>0, since p>4. Hence, we get
h(t) > h(0) because / is continuous, and it follows that

\/(dx+t)2 +d’ +\/(dy—t)2 +d? >\/df+dj +\/d;+d5, 2)

! , we have
, if xyeE(G) red

50,/G)=80,,@)= 3 \Jd +t+d +2 [ +1) +d;

ueMq (x)\M;[y]

+ Y Jd +P+di+ Y ; (d, —t)* +d;

veM (x)NM; (y) veM (x)NM; (y

S d A+t +(d -t - a2 d2 a? d2
+0 \/( 7t )+ y ) ueM (x)\sm [y]\/ " Z\/ i
- A +d? - d’+d> — dz+d2

vefmc(;\fmc(y) * ¢ véfm((x)f\fm((y)\/ ¢ \/

> Y (A d s\l -t el - E e d - 8 )

veM; (x)NM (y)

- [J(d, +D7+(d, —t) - \Jd2+d]>0

Let ¢ = {é i#xy¢EC)  Then from the definition of SO

by using inequalities (1) and (2). This finishes the proof.
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In the statement of Lemma 2.1, it is worth noting that if G is connected,
then G' is connected if and only if xy € E(G) or M (x) N M _(y) # D. Let
G be the class of connected graphs with n vertices and at least k cut
edges.

Lemma 2.2: [11] Let G be a connected graph, and xy be an edge in G such that
m.y)\ M [xl=1y,, v,, ..., y,}. For the graph G'=G-{yy,, yy,, ...,
yy,} + {xy,, xy,, ..., xy,}, the cardinality of the set of cut edges in G’ is greater
than or equal to the cardinality of the set of cut edges in G.

Proposition 2.3: Let G be a connected graph in G with SO, being
maximum in gj*. Then the maximum degree A(G) is n—1.

Proof: On the contrary, assume that x is a vertex such that deg (x) =
A(G), and deg (x) < n—1. Since G is connected, one can find vertices y
and y, in G such that xy and yy, are edges in G, while xy, is not, where
y, is the vertex at a distance of two from x. Clearly, y, € 9 _(y) \ M [x]
and let M. (y) \ M [x] = {y,, y,, ..., y,}. Consider the graph

G’=G—{yy1,yy2,...,yyt}+{xyl,xyz,...,xy,}.

Then G'€G" by Lemma 2.2.

Also, we get SO, ,(G) < SO,,,(G") since Lemma 2.1, deg (1) = A(G)
and t >1. Hence, we encounter a contradiction since SO_,(G) is maximum
in G*". Consequently, we deduce that A(G)=n-1.

Denote by H'" the class of connected graphs with n vertices and at
least p pendent vertices.

Proposition 2.4: Let G be a graph in ‘H"" with SO , being maximum in
H’". Then the maximum degree A(G) is n—1.

Proof: On the contrary, assume that x is a vertex such that deg(x) =
A(G), and deg (x) < n—1. Since G is connected, one can find vertices y
and y, in G such that xy and yy, are edges in G, while xy, is not, where
y, is the vertex at a distance of two from x. Clearly, y, € 9 _(y) \ M [x]
and let M (y) \ M [x] = {y,, y,, ..., y,}. Consider the graph

G =Gy YW YY)+ XY, XYy o, XY, ).
Then, for all vertices z in G except for x and y, deg (z) = deg_(z). On

the other hand we have deg (x)>2 and deg_(v) > 2. Therefore all pendent
vertices in G are also pendent in G’ and we get G'e H/". Additionally,



REDUCED SOMBOR INDEX OF GRAPHS 81

according to Lemma 2.1, we observe that SO_,(G) < SO_,(G’), leading to
a contradiction. Therefore, we obtain the desired result.

Building on the above proposition, we readily derive the following
two theorems.

Theorem 2.5: For any tree T with n vertices, we have
SO, ,(T)<(n-2)(n-1)

with equality holding if and only if T is isomorphic to the star graph S, .

Theorem 2.6: For any unicyclic graph U with n vertices, we have
SO, U <2(n—27 +1+(n-3)(n-2)+~2

with equality holding if and only if U is isomorphic to S, +e.

Let K” be the obtained graph from a null graph pK, by joining each
vertex of pK, to one vertex of a complete graph K, . Note thatif k>n-2
then G is the same as the set of all trees with n vertices. Consequently,

when k>n-2, SO, (S,) attains its maximum in g,f*, since Theorem 2.5.

Proposition 2.7: Let n and k be non-negative integers such that k <n-3. If
SO _(G) attains its maximum in Qf* , then G is isomorphic to K’;

red

Proof: Let w be a vertex in G such that deg (w) = A(G). Then we have
deg (w) = n—1 from Proposition 2.3. Therefore, each cut edge of G is a
pendent edge incident to w. Let [ (I>k) be the number of cut edges in G.
If I>n-2, then by Theorem 2.5, G is isomorphic to S, . According to the
definition of SO_,, if xy ¢ E(G), then we have:

50, (G)<SO, (G +xy). 3)

red”’

On the other hand by k<n-3 and the inequality (3), we have S+
ee g”"* and SO _,(S,)<SO,_, (S, +e). This is a contradiction. Let now
I<n-3. Since SO, (G) is maximum, we have G = K }i by the inequality
(3). Suppose that I > k and let G’ be a obtained graph from G by connecting
a non-pendent vertex to a pendent vertex of G. Then G'e G and

50,,(G)>SO, (G)

by the inequality (3). However, this contradicts the fact that SO _,(G)
attains its maximum in G". Thus, we conclude that =k, completing the
proof.
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Theorem 2.8: For any graph G in G distinct from K*, we have
SO, ,(G)<SO, (K¥)=k(n —2)+(Z](q—1)\/§+qd(q—1)2 +(n-2)?,

where g=n—-k-1.
Proof: From Proposition 2.7, we have

SO .(G)<SO, ,(K")

since G is distinct from Ks Because Kf; IS gj c gj*. Moreover, it can be
readily verified that

SOW(K'J)=k(n—2)+@(q—1)\5+q (-1 +(n—2).

Hence, we get the required result.

Denote by H’ the class of connected graphs with n vertices and p
pendent vertices. Applying the same argument as in the proof of Theorem
2.8, we obtain the following result.

Theorem 2.9: For any graph G in 'H?, we have
SO,,(G)<p(n-2)+ ["_5_1J(n —p=2N2+(n-p-1)(n—2) + (n-p—2)°

with equality holding if and only if G=K”.

3. Graphs with minimum SO _, -value

The main purpose of this section is to identify graphs with the
minimum reduced Sombor index. Initially, our focus is on determining
the extremal trees of order n with the minimum reduced Sombor index.

Theorem 3.1: For any tree T with n vertices, we have

SO_(T)>(n-312+2 (4)
with equality holding if and only if T=P,.

Proof: Clearly, T has at least two pendent edges, as expected for a tree. Let
e, and e, be pendent edges in T. Denote by u, and u, the non-pendent
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end vertices of e, and e,, respectively. Also we denote deg (u,)=d, and
deg (u,)=d,. Then we have
50,,(T)=(d, ~D+(@, -1+ % [(deg ()1 +(deg,(y)-1)

xXye. 1,6,

d x)—1+d -1
>d +d -2+ > egg()I*degg(y)
xyeE(T)\fe, e,} \/5

_ _ogy V211 (e
= (@, +d,~2)- 3 M)~ W2

2\/E(\/E—l)+%-(4n—6)—(n—1)\/£=(n—3)\/5+2

since d, =deg (#,)>2, d,=deg (v,)>2 and M (T)>4n-6, where M, is
the well-known first Zagreb index and M, (T) = 4n—6 if and only if
T = P,. Therefore, we easily conclude that equality holds in (4) if and only
if T=P.

A pendent path in G is a path where one terminal vertex, known as
the origin, has a degree of at least three, the other terminal vertex is
pendent, and each internal vertex (if it exists) has a degree of two in G.
Denote by U the unicyclic graph with n vertices, exactly one pendent
vertex and girth n—k. Let Z/lr’:+ ={U’, s>k}

Theorem 3.2: Let k and n be non-negative integers so that 5 <k +3 <n. Consider
a cyclic graph G satisfying SO, (G) attains its minimumin G**. Then GeU"".

Proof: If the size of G exceeds n, then there must be a non-cut edge e in
G. Consequently, SO, ,(G) > SO, , (G—e) and G—eeg,’,”, leading to a
contradiction. Therefore, G must be unicyclic, since k<n—3.

Suppose there exists two pendent paths in G, denoted as Q and P
with origins v and u, respectively. Let x be a vertex on P such that xu
E(G). Also let zy be the pendent edge on Q and deg (y)=1. Recall that
d, = deg_ (z)-1 forall vertex in G. If G'=G — ux+xy and u#v then
(G)-50,(G)= 3 L+d +d*+d’

weM (u)\x

SO

red

T SN B N e e S &

weM; (u)\x

>d+d> = 1+d? +d_—1+d>.

Since d_<1, d >2 and d_2>1, we get SO,_,(G) > SO,_,(G').
Letnow G'=G-ux+xy and v=u. If u=z then
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$0,,(G)-50,,(G)= ¥  \d+d +d, +\d+d

weM (u)\{x,y}

- Yl -1 e - d, -1 -1

weM (u)\{x,y}

> a2 +d> PP +d? 20

by d, >1.
Let u#z and x’ be the vertex on Q adjacent to u. Then

(G)-S0, (G') = Ja2 +d2 o+ +

weMg u)\[x x'}

+d2+d2 +d_ -1 +d -1 +d’

— Y, - e d -\ d, -1 +d?

weM (1\[x,x')
>\ +d +d — 1P +d> - 1P +d.

Therefore, based on the above inequalities, it follows that

red

S0_(G)>SO._ (G

since d >2, d_>1 and d_<1. This is a contradiction, because G'e Q,i”
Hence G is isomorphic to U} for some positive integer s. Thus, since
Ge gj* and s>k, we conclude that G e Z/{:*.

Theorem 3.3: Let SO, (G) attain its minimum in G\ .
(i) If k=n-1then G=P,.
(if) If k<n—1 then GEU,’;.

Proof:

(i) As k=n-1, G" becomes the class of trees with n vertices, leading to
the conclusion that G is isomorphic to P, by Theorem 3.1.

(ii) When k=n-2, G’ is an empty set. Therefore k<n-3. If k=0
or k=1 then there is the unique unicyclic graph C, or U in G',
respectively. Otherwise, by G =G and Theorem 3.2, we have
GeG' n U This completes the proof and establishes the required
result.

Theorem 3.4: Let g and n be non-negative integers satisfying 3< g<n-2. If
SO, ,(G) attains its minimum in the set of unicyclic graphs with n vertices and
girth g, then G is isomorphic to U™%.
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Proof: Every unicyclic graph with n vertices and girth g has precisely
n—g cut edges. Therefore, by Theorem 3.3, we readily conclude that G is
isomorphic to U*.

Theorem 3.5: For a unicyclic graph G with n vertices, we have

SO_,(G)=m/2
with equality holding if and only if G is isomorphic to C, .

Proof: Let g be the girth of G.If g <n—2 then we have SO_,(G) > (n—4)W2
+3V5 +1>n2. If g2n-1 then G=U, or G=C,. An elementary
calculation gives that SO _,(U}) = (n—3)2 + 245 +2> ny2 = SO_,(C)).
This finishes the proof and establishes the required result.

Acknowledgment

This work is supported by the Mongolian National University of
Education (Funder ID: 100020678, Grant No. MNUE2025A003).

References

[1] R. Amin and S. M. A. Nayeem, “Extremal F-index of a graph with k
cut edges,” Matematicki Vesnik, vol. 72, no. 2, pp. 146-153 (2020).

[2] H.Chen and R. Wu, “On extremal bipartite graphs with given num-
ber of cut edges,” Discrete Mathematics, Algorithms and Applications,
vol. 12, no. 2, pp. 2050015 (2020).

[3] R.Cruz, I. Gutman, and J. Rada, “Sombor index of chemical graphs,”
Applied Mathematics and Computation, vol. 399, p. 126018 (2021).

[4] K. C. Das, A. S. Cevik, I. N. Cangul, and Y. Shang, “On Sombor in-
dex,” Symmetry, vol. 13, no. 1, p. 140 (2021).

[5] N. De, M. Cancan, M. Alaeiyan, and M. R. Farahani, “On some de-
gree based topological indices of mk-graph,” Journal of Discrete Math-
ematical Sciences and Cryptography, vol. 23, no. 6, pp. 1183-1194 (2020).

[6] Sh. Dorjsembe and B. Horoldagva, “Reduced Sombor index of bicy-
clic graphs,” Asian-European Journal of Mathematics, vol. 15, no. 7, p.
2250128 (2022).

[7] Y. Feng, X. Hu, and S. Li, “On the extremal Zagreb indices of graphs

with cut edges,” Acta Applicandae Mathematicae, vol. 110, pp. 667-684
(2010).



86 S. DORJSEMBE, L. BUYANTOGTOKH AND B. HOROLDAGVA

[8] V.R.Kulliand I. Gutman, “Computation of Sombor indices of certain
networks,” International Journal of Applied Chemistry, vol. 8, pp. 1-5
(2021).

[9] I. Gutman, “Geometric approach to degree-based topological indi-
ces: Sombor indices,” MATCH Communications in Mathematical and in
Computer Chemistry, vol. 86, no. 1, pp. 11-16 (2021).

[10] I. Gutman, “Some basic properties of Sombor indices,” Open Journal
of Discrete Applied Mathematics, vol. 4, pp. 1-3 (2021).

[11] B. Horoldagva, L. Buyantogtokh, K. C. Das, and S. G. Lee, “On gen-
eral reduced second Zagreb index of graphs,” Hacettepe Journal of
Mathematics and Statistics, vol. 48, no. 4, pp. 1046-1056 (2019).

[12] B. Horoldagva, L. Buyantogtokh, and Sh. Dorjsembe, “Difference of
Zagreb indices and reduced second Zagreb index of cyclic graphs
with cut edges,” MATCH Communications in Mathematical and in Com-
puter Chemistry, vol. 78, no. 2, pp. 337-349 (2017).

[13] B. Horoldagva and C. Xu, “On Sombor index of graphs,” MATCH
Communications in Mathematical and in Computer Chemistry, vol. 86, no.
3, pp- 703-713 (2021).

[14] B. Horoldagva, C. Xu, L. Buyantogtokh, and Sh. Dorjsembe, “Extre-
mal graphs with respect to the multiplicative sum Zagreb index,”
MATCH Communications in Mathematical and in Computer Chemistry,
vol. 84, no. 3, pp. 773-786 (2020).

[15] I. Milovanovi¢, E. Milovanovi¢, and M. Mateji¢, “On some mathemat-
ical properties of Sombor indices,” Bulletin of International Mathemati-
cal Virtual Institute, vol. 11, no. 2, pp. 341-353 (2021).

[16] I. RedZepovié, “Chemical applicability of Sombor indices,” Journal of
the Serbian Chemical Society, vol. 86, pp. 445-457 (2021).

[17] T. Reti, T. Dosli¢, and A. Ali, “On the Sombor index of graphs,” Con-
tributions to Mathematics, vol. 3, pp. 11-18 (2021).

[18] Ts. Selenge and B. Horoldagva, “Extremal Kragujevac trees with re-
spect to Sombor indices,” Communications in Combinatorics and Opti-
mization, vol. 9, no. 1, pp. 177-183 (2024).

[19] K. Xu and N. Trinajsti¢, “Hyper-Wiener and Harary indices of graphs
with cut edges,” Utilitas Mathematica, vol. 84, pp. 153-163 (2011).

Revised June, 2021



