Journal of Discrete Mathematical Sciences & Cryptography
ISSN 0972-0529 (Print), ISSN 2169-0065 (Online)

Vol. 28 (2025), No. 1, pp. 17-27

DOI : 10.47974/JDMSC-1639

Left generalized homoderivations in 3-prime near-rings

Samir Mouhssine *

Abdelkarim Boua *

Department of Mathematics

Sidi Mohamed Ben Abdellah University
Polydisciplinary Faculty of Taza (FPT)
Laboratory of Engineering Sciences (LSI)
Fez, Taza

Morocco

Abstract

In this paper, the structure of 3-prime near-rings with left generalized homoderivation
satisfying certain conditions on a semigroup ideal will be investigated. After that, we’ll
provide examples to explain why the hypotheses used in the various results are necessary.
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1. Introduction

Throughout this paper, A/ stands for a left near-ring with center
Z(N). Usually N will be 3-prime, if for a,be N, aNb={0} implies
that a=0 or b=0. A near-ring N is called zero-symmetric if 0x =0 for
all xe NV (recall that right distributivity yields x0=0). Recalling that
N is called 2-torsion free if 2x =0 implies x=0 for all x e A/. A non-
empty subset U of N is called a semigroup left (resp. right) ideal of N
if MUc U (resp. UN c U), and if U is both a semigroup left ideal and a
semigroup right ideal, it is called a semigroup ideal of N.
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In (2019), A. Boua [3] has introduced the notion of homoderivation
of a 3-prime near-ring N in the following way. An additive mapping
h:R—R is homoderivation if h(xy)=h(x) h(y)+ h(x)y + xh(y) for all
x,y € N.In (2021) A. Boua and E. Farhan [4] have defined the generalized
homoderivation of a near-ring N as follows. An additive mapping
G: N - N iscalled left (resp. right ) generalized homoderivation associed
with homoderivation & on N if G(xy) = h(x)G(y) + h(x)y + xG(y)
(resp. G(xy) = G(x)h(y) + G(x)y + xh(y)) for all x,y e N. An additive
mapping G: N —N is called a generalized homoderivation associated
with homoderivation # on N if it is both a left and a right generalized
homoderivation with associated homoderivation 4. A homoderivation # is
of course a generalized homoderivation.

Forall x,y € NV, thesymbol [x,y] stands for the commutator xy— yx
and the symbol xoy stands for the anti-commutator xy+ yx. Let Ec N
and f amap from N to N.If f(E)cE, then f is said to preserve E,
and if for each x € E, there exists a positive integer k(x)>1 such that
f*(x)=0, themap f is said zero-power valued in E.

Many authors have recently investigated the commutativity of
prime and semiprime near-rings (resp. gamma near-rings) admitting
suitably constrained additive mappings, such as generalized derivations,
generalized semi-derivations, and generalized higher derivations acting
on appropriate subsets of the near-rings (resp. gamma near-rings) (see
[[2], [5], [6]], ..., etc. for reference, where further references can be found).
In this work, we’ll look at the structure of a 3-prime near-ring with
generalized homoderivations that satisfy suitable algebraic conditions on
the semigroup ideals of N, and we generalize a few results from [7].

2. Some preliminaries

The literature contains numerous near-ring outcomes that are well-
known, and we list a few of them below. These results will be heavily cited
to support our results.

Lemma 1:[1, Lemmas 1.2 (i), 1.2 (iii), and 1.3 (iii)] Let N be 3-prime near-
ring.
(i) If ae Z(N)\{0}, then a is not a zero divisor.

(i) If Z(N) contains a nonzero element a for which a+ a € Z(N'), then N
is abelian.
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(iii) If a € Z(N)\{0} and t € N such that at € Z(N') or ta e Z(N), then
te Z(N).

Lemma 2 : [1, Lemmas 1.3 (i), 1.4 (i), and 1.3 (iii)] Let N be a 3-prime near-
ring.
(i) IfIis a nonzero semigroup right (resp. semigroup left ) ideal of N and
ae N such that In={0} (resp. al ={0}), then a=0.

(ii) IfIis a nonzero semigroup ideal of N' and a,be N such that alb= {0},
then a=0 or b=0.

(iii) If I is a nonzero semigroup right ideal of N' and a € N which centralizes
I, then a e Z(N).

Lemma 3 : [7, Lemma 1.5] If N is a 3-prime near-ring and Z(N') contains a
nonzero semigroup left ideal or semigroup right ideal, then N is a commutative
ring.

Lemma4:[7, Lemma 6] Let N be a 3-prime near-ring. If N admits a nonzero
additive map f on N which is zero-power valued on N. Then the following
assertions are equivalent:

(i) ft)+te Z(N) forall te N.
(i) t+ f(t)e Z(N) forall te N.

(iii) N is a commutative ring.

Lemma 5 : Let f be a nonzero additive map which is zero-power valued on a
near-ring N.

(i) Ifte N suchthat f(t)+t=0, then t=0.

(i) If te N suchthat t+ f(t)=0, then t=0.

Proof: (i) Let te N. Suppose that f(t)+ t=0. By recurrence, we can
easily arrive at f"(t)+ (- 1)"'t=0. Given that f is zero-power value on
N, thereis an integer k(t)>1 such that f K9 (t) = 0. In the above equation,
we obtain t =0 by substituting k(t) for n.
(ii) We arrive at the proof by employing reasoning similar to (). [
The result that follows is a generalization of [3, Lemma 2.5].

Lemma6:Let N bea 3-prime near-ring. If G is a left generalized homoderivation
associated with a nonzero homoderivation h on N, then for all a,b,ce N we
have
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h(ab)(G(c)+ c) = h(a)h(b)(G(c)+ ¢)+ h(a)b(G(c)+ c)+ ah(b)(G(c)+ c).

Proof: We calculate G(abc) in two different ways, we have
G(abc) = h(ab)G(c)+ h(ab)c+ abG(c) = h(ab)(G(c)+ c)+ abG(c).

On the other hand
G(abc) = h(a)G(bc)+ h(a)bc+ aG(bc)
= h(a)h(b)G(c)+ h(a)h(b)c+ h(a)bG(c)+ h(a)bc+ ah(b)G(c)
+ ah(b)c+ abG(c).

We arrive at the needed result by comparing the two final
expressions. O
The following result is a generalization of [7, Lemma 3.2].

Lemma 7 : Let N be near-ring. If N is 2-torsion free and admits a left
generalized homoderivation G which is zero-power valued on N associated with
a nonzero homoderivation h, then N is zero-symmetric near-ring.

Proof: By using the definition of G, we get
G(0t) = h(0)G(t)+ h(0)t+ 0G(t)
=0G(t)+ On+ 0G(t) for allt € N.

On the other hand
G(0t) = G(0(01))
=0G(t)+ Ot+ 0G(t)+ Ot+ 0G(t)+ Ot+ 0G(¢t) for allt € N.

Thus, for all te N, we find that 2(0G(t)+ 0t) =0 by comparing the
last two expressions. So, we obtain 0G(t)+ 0t =0 for all t € N' using the
2-torsion freeness of N. By recurrence, we obtain 0G’(t)+ (- 1)"'0t=0
forall te N ,pe N " Using the fact that G is zero-power valued on N,
there exists an integer k(t)>1 such that G () = 0. Taking k(t) in place of
p in last equation, we obtain 0t =0 for all t € N. Which means that A is
zero-symmetric near-ring. a

3. Results for semigroup ideal and generalized homoderivation

The following result is a generalization of [7, Lemma 3.3].
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Lemma 8 : Let N be a 3-prime near-ring and G be a left generalized
homoderivation associated with a nonzero homoderivation h on N'.

(i) IfIis a nonzero semigroup left ideal of N, then G(I)= {0}.

(i) If N is zero-symmetric and I is a nonzero semigroup right ideal of N,
then G(I)#= {0}.

Proof: (i) Assume that G(I)={0}, where I is a nonzero semigroup left
ideal on N. Then, we have 0 = G(tu) = h(t)G(u) + h(t)u + tG(u) = h(t)u
for all uel,te N. This implies that h(f)[ ={0} for all +e N. Hence
h =0 by Lemma 2 (i); which gives a contradiction with our hypothesis.
(if) Suppose that I be a nonzero semigroup right ideal on N and
G(I)={0}. It follows that 0 = G(uvt) = h(u)G(vt) + h(u)vt + uG(vt) =
h(u)ot for all u,ve I,te N. So, h(u)lt={0} for all ue I,te N . By
using lemma 2 (i), we get a contradiction. a
We now give a generalization of [7, Lemma 3.5].

Lemma 9 : Let I be a nonzero semigroup ideal of a 3-prime near-ring N and G
be a left generalized homoderivation associated with a nonzero homoderivation
h on N such that h preserves 1. If te N and [G(t)+ t,h(I)]=1{0}, then
G(t)+ t e Z(N).

Proof: Let t € N such that [G(t)+ ¢, h(I)] = {0}. We set

Clt) = {xe N | (G@Et)+ t)x = x(G(t)+ t)}. Since h{I) < Ct)n I, it
follows that both h(yu), h(u), h(y) and yh(u) are in C(t) for all ue I,
ye Clt)nI. In view of (G(t)+ Hh(yu) = h(yu)(G(t)+ t), we arrive at
h(y)ue C(t) for all uel. So h(y)uv e C(t) for all u,vel and 0=
[G(H)+ t, h(y)uv] = h(y)ul(G(t) + t),v]. Consequently h(y) [[(G(t)+ t),v] =
{0} for all v e I. Using the fact that h(I)# {0} and Lemma 2 (ii), we get
[G(t)+ t,1]1={0}. Thus, G(t)+ t € Z(N) according to Lemma 2 (iii). O

The following result extends [7, Theorem 3.6].

Theorem 1 : Let I be a nonzero semigroup left ideal of a 3-prime near-ring N .
If N admits a left generalized homoderivation G associated with a nonzero
homoderivation h such that h and G are zero-power valued on N. Then the
following assertions are equivalent:

(i) G(i)+ie Z(N) forall ie I.
(i) —i+ Gi)e Z(N) forall ie L

(iii) N is a commutative ring.
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Proof: (i)=(iii) Assume that G(i)+ie Z(N) for all iel. Thus,
G(ti)+ tie Z(N) forall i e I,t € N. Which gives
G(H)+ ti = h(H)G(i)+ h(t)i+ tG(i)+ ti
=(G(@i)+ i)(h(t)+ t)e Z(N) forall iel,te N.

Since G(i)+ i € Z(N), by Lemma 1 (iii), we obtain G(i)+ i =0 for all
iel or hit)+te Z(N) forall te N.

According to Lemma 5, if G(i)+ i=0 for every ie I, we arrive at
the paradoxical result I ={0}. Therefore, h(t)+ t € Z(N) forall te N. By
Lemma 4, it follows that A is a commutative ring.

(if) =(iii) Suppose that—i + G(~i) e Z(N) forall i e I. Then

—(G(t)+ ti) =— (h(t)G(i)+ h(t)i+ tG(i)+ ti)

=(-i- G@)(t+ h(t)) e Z(N) forall iel,te N.

As —i— G(i) € Z(N), using Lemma 1 (iii), we find —i— G(i) =0 for all
iel ort+h(t)ye Z(N) forall te N.

First assume that —i— G(f)=0 for all ie I. Using Lemma 5, we
obtain I={0}; a contradiction. Hence, t+ h(t)e Z(N) for all te N.
Consequently A is a commutative ring by Lemma 4.

The implications (iii) =(i) and (iif) =(ii) are clear. O

The following Theorem is a generalization of [7, Theorem 3.8].

Theorem 2 : Let I be a nonzero semigroup ideal of a 3-prime near-ring N
If N admits a left generalized homoderivation G associated with a nonzero
homoderivation h, which satisfies the following conditions:

(i) hand G are zero-power valued on N,
(if) h preserves I,
(iii) [A(I),G(I)+ I]=1{0},

then NV is a commutative ring.

Proof: A direct application of Theorem 1 and Lemma 9 is used to prove
this result. |

Theorem 3 : Let I be a nonzero semigroup ideal of a 3-prime near-ring N. If
N admits a left generalized homoderivation G which is zero-power valued on N,
and associated with a nonzero homoderivation h. Then the following assertions
are equivalent:

(i) G(lx,yD)+ [x,yl=[h(x),y] forall x,y e I.
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(i) N isa commutative ring.

Proof: (i) =(ii) Suppose that
G([x,yD+ [x,yl=[h(x),y] forall x,ye L (1)

It is clear that [h(x),x]=0 for all x € I. Replacing y by xy in (1), we
find

h(x)(G([x, yD+ [x, y])+ x(G([x, y])+ [x,y]) = x[h(x),y] forall x,yel.

By using (1), we arrive at h(x)yh(x) = h(x)h(x)y forall x,y € I. Taking
yt instead of y in last equation, and using it we obtain h(x)I[t, h(x)] = {0}
forall x e I,t € N. Using Lemma 2 (ii), we obtain h(x) =0 or h(x) € Z(N)
for all xeI. Consequently, h(I)c Z(N). From (1), it follows that
G([x,y])+ [x,y]=0 for all x,y e l. Du to Lemma 5, we get [x,y]=0.
for all x,ye I, and from Lemma 2 (iii), we conclude that Ic< Z(N).
Consequently, N is a commutative ring by Lemma 3.

(i) = (i) is obvious.

The result that follows is a generalisation of [7, Theorem 3.12]

Theorem 4 : Let I be a nonzero semigroup ideal of a 3-prime near-ring N .
If N admits a left generalized homoderivation G associated with a nonzero
homoderivation h such that h and G are zero-power valued on N, then the
following assertions are equivalent:

(i) GQy)+xye Z(N) forall x,y e I.

(i) N isacommutative ring.

Proof: (i)=(ii) Suppose that G(xy)+ xy € Z(N) for all x,y e I.Then
G(txy) + txy = (G(xy) + xy) (W(t)+ t) e Z(N) for all «x,y,tel By
Lemma 1 (iii), we get G(xy)+ xy =0 for all x,y € I or h(t)+ t e Z(N) for
all te I

Assume That G(xy)+ xy =0 forall x,y € I, by using Lemma 5, we get
xy =0 forall x,y € I. 3-primeness of N leads to I ={0}; a contradiction.
Consequently, h(t)+ t € Z(N) for all te I, so N is a commutative ring
by Theorem 1.

(i1) =(7) This implication is trivial. O

The following result is an extension of [7, Theorem 3.13].

Theorem 5 : Let [ be a nonzero semigroup ideal of a 2-torsion free 3-prime
near-ring N. There is no left generalized homoderivation G which is zero-
power valued on N, and associated with a nonzero homoderivation h such that
G(xoy)+ xoy=[x,y] forall x,y e 1.
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Proof: Assume that

G(xoy)+ xoy=[x,y] forall x,yel (2)
So,
ylx, yl=Gyxey)+yxoy
=h(y)G(xoy)+h(y)xeoy)+yG(xey)+y(xoy)
=h(y)lx,y]+y[x,y] forall x,yel.

Which implies that h(y)xy =h(y)yx for all x,y € I. Putting xn in
place of x in the last equation, we find h(y)I[n,y]={0} forall ye I,ne N.
Using Lemma 2 (ii), we get

ye Z(N) or h(y)=0 forall yel (3)

If there is an element y, in I such that y, € Z(N), from (2) it follows
that G(2xy,)+ 2xy, =0, for all x € I. By using Lemma 5, we arrive at
2xy, =0 for all x € I, and by the 2-torsion freeness of N, we find that
Iy, ={0}. Thus, y,=0 according to Lemma 2 (i). Therefore, (3) gives
h(I) = {0} which contradicts the Lemma 8. O

The result that follows is a generalisation of [7, Theorem 3.14].

Theorem 6 : Let I be a nonzero semigroup ideal of a 2-torsion free 3-prime near-
ring N. There is no left generalized homoderivation G associated with a nonzero
homoderivation h on N such that G([x,y])+ [x,y]l=xcy forall x,y € I.

Proof: Assume that

G([x,y])+ [x,y]=xcy forall x,yel (4)

That gives

y(xoy)=G(lyx, yD+ [yx,y]
=h(y)(G([x, y)+ [x, yD+ y(G([x, yD+ [x, y])
=h(y)(xoy)+ y(xoy) forall x,yel.

Which implies that h(y)(xcy)=0 for all x,yel. Thus,
h(y)xy =—h(y)yx for all x,y € I. Taking xm in place of x in the last
equation, we arrive at h(y)Im(y)+ —y)m)={0} forall ye I, me N.
By Lemma 2 (ii), we have

—ye Z(N) or h(y)=0 forall yel (5)

Let’s suppose that I has an element y, such that —y, € Z(N). Taking
-y, inplace of y in (4) we find 2(- y,)x =0 forall x € I. 2-torsion freeness
of N, leads to (~y,)I ={0} and by Lemma 2 (i), it follows that y, =0.
Hence, (5) yields to h(I)={0}, which is a contradiction by Lemma 8. [
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A generalisation of [7, Theorem 3.15] is the result that follows:

Theorem 7 : Let I be a nonzero semigroup ideal of a 3-prime near-ring N'. There
is no left generalized homoderivation G which is zero-power valued on N, and
associated with a nonzero homoderivation h such that G(xy)+ xy =[x,y] for all
x,yel

Proof: Assume that
Glxy)+ xy=[x,y] for all x,yel (8)

Therefore,
ylx, y1=G(yxy)+ yxy
= h(y)(G(xy)+ xy)+ y(G(xy)+ xy)
=h(y)[x,y]+ ylx,y] forall x,yel

Which gives h(y)[x,y]=0 for all x,y € I. In virtue of the Theorem 6
proof’s it follows that

ye Z(N) or h(y)=0forall yel. 7)

If I contains an element y, such that y, € Z(N), by using (6) it follows
that G(xy,)+ xy, =0 for all x € I. By Lemma 5, we find that xy, =0 for
all x € I, so Iy, ={0}. Using Lemma 2 (i), yields to y, = 0. So, (7) implies
that h(I) = {0} which gives a contradiction by Lemma 8. O

The following result extends [7, Theorem 3.17].

Theorem 8 : Let I be a nonzero semigroup ideal of a 2-torsion 3-prime near-
ring N. If N admits a left generalized homoderivation G associated with a
nonzero homoderivation h such that h and G are zero-power valued on N, then
the following assertions are equivalent:

(i) G(xoy)+ xoye Z(N) forall x,ye I.

(i) N isacommutative ring.

Proof: 1t is easy to see the implication (if) = (i).
(i) =(if) Assume that
G(xoy)+ xoy e Z(N) for all x,y e I. (8)
Replacing y by xy in (8), we obtain h(x) G (xoy) + h(x) (xoy) +

xG(xoy) + x(xoy) € Z(N) for all x,y e I. Using (8), leads to (G(xoy)
+ xoy) (h(x) + x) e Z(N) forall x,y € I. So, by Lemma 1 (iii), we obtain



26 S. MOUHSSINE AND A. BOUA

G(xoy)+ xoy=0 or h(x)+ xe Z(N) forall x,yel )
If there exists an element x,; € I such that G(x, o)+ x,oy =0 for all

y € 1, then, by Lemma 5, we get
x,oy=0 forall yel (10)
Taking x, instead of y in (10), we find 2x; =0. Using 2-torsion
freeness of N yields to x; =0. Putting x,y in place of y in (10), we get
x,yx, =0 forall y eI, so x,Ix,={0}. Thus, x, =0 according to Lemma

2 (ii). Using (9) yields to h(x)+ x € Z(N') for all x e I. Hence, N is a
commutative ring by Theorem 1. a

4. Examples

The following example proves that the 3-primeness of N in Theorems
2,3,4,5,6,7 and 8 can not be omitted.

Example 1: Let A be a zero-symmetric 2-torsion free left near-ring and

u v 0 0 u 0
N =4l0 0 o||u,0,0e A;,I=30 0 o|lu,0e Ay.
000 000

Then I is a nonzero semigroup ideal of ' and N is a 2-torsion free
left near-ring that is not 3-prime. Defining h=G: N >N as follow:

u v 0 0 u 0
0 0 0f=/0 0 0Of.
000 000

It is clear that G is a left generalized homoderivation associated with
anonzero homoderivation /1 such that both & and G are zero-power valued

G

on N which satisfy the following identities:

i) [h(ID),G(D)+ I1={0}, (i)  G([A, B+ [A,B]=[h(A),B],
(iii) G(AB)+ ABe Z(N), (iv) G(AsB)+ AoBe Z(N),

(v) G(AsB)+ AoB=[A,B], (vi) G(A,B])+[A,B]=A-B,
(vii) G(AB)+ AB=[A,B], (vii) G(AB)+ AB=AoB

forall A,Be I, but NV isnotcommutative.
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The following example shows that the condition “zero-power valued
on N of G and h” must be included in the hypothesis of Theorems 1, 2,
3 and 5.

Example 2 : Let N =I1=M,(Z) be the 3-prime 2-torsion free ring.
We consider G=h=id,, then it is clear that G is a left generalized
homoderivation G associated with nonzero homoderivation / such
that both /7 and G are not “zero-power valued on N ” which satisfy the
following identities:

@) (D), G+ I1=10}, (i)  G(A)+ Ae Z(N),
(iii) - A+ G A) e Z(N), (iv) G(AB)+ ABe Z(N),
v) G(AoB)+ AoBe Z(N),

forall A,Be I, but N is not commutative.
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