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Abstract

Topological indices such as the general Sombor index are studied because of their
extensive applications. For ¢, g € R, the general Sombor index for a graph H is SO, (H) = ¥,z
([d,(@)] +[d,(w)])}, where E(H) is the set of edges of H, and d,(v) and d,(w) are the degrees
of vertices v and w. Trees of given order with the largest SO, for ¢ > 1 and g > 0, trees of
given order with the smallest SO, for ¢ > 1 and g > 1, bipartite graphs of prescribed matching
number and order with the largest SO, for ¢ > 1 and g > 0 are presented. We also obtain several
corollaries including bounds for the classical Sombor index and forgotten index.
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1. Introduction

In a graph H, the notation d,(v) represents the degree of a vertex v.
H with the vertex set V(H) = 5, US,, where 5 NS, =(J, is bipartite, if no
two vertices of S, arejoined and no two vertices of S, arejoined. Moreover,
if each vertex of S, is joined to each vertex in S,, where [S |=z and
|S,|=2,, then H is called complete bipartite and it is denoted by K, .
The path with z vertices is denoted by P.. We denote the matching number
of H by m, edge cover number by f’, vertex cover number by f and
independence number by o.

The general Sombor index

S0, (H)=_ 3 (id, @) +[d, @]
of a graph H, where E(H) is the edge set of H, is a new index defined by
Hernédndez et al. [9] for ¢, g € R. From SOC,g(H ) we get the forgotten index
FI(H) if c=2 and g=1 (see [6]) and the classical Sombor index if ¢=2
and g=. The Sombor index was defined in [7] a few years ago and it has
been extensively investigated.

In [9] and [12], the authors obtained some extremal results on S Oc,g,
and investigated relations between SO, and other indices. Some results
on the Sombor index can be found in [1, 3, 4, 8, 10, 14, 15, 17, 19, 20] and
results on other indices in [2, 5, 11, 13].

2. Main results
First, we investigate trees which are graphs without cycles and such

graphs can represent various chemical structures.

Theorem 1: Let ¢ 21 and g>0. For a tree A with z vertices, where z > 4,

SO, (A)<(z-D(z-1) +1F.

The extremal tree is K, __.

Proof: Let vw be any edge of A with d,(w) < d,(v). Clearly, z > d,(v) +
d,(w) for trees, which gives z—d,(w) > d,(v). Thus for c>1, [z-d,(w)]
>[d,(v)]. So

([d,@)] +[d,@)])* <([d,@)] +[z-d,(@)]')* = f(d,(w))

where BJZdA(w)Zl for g>0 and c21. Then
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f1(d,(@w))=cg(ld, @) = (z~[d, @D I, @) +(z~[d, @]
For a>1 (and g>0), we obtain f'(d,(w))<0, so f(d,(w)) is strictly
decreasing on 1<d,(w) < L;J Thus
([d,@)] +[d,(@)])* <(ld,@)] +[z-d,@)')* = f(d,(w))

< f)=[z-1) +1F,
where the first inequality is equality only for d,(w)+d, (v) = z. The second
inequality is equality only for d,(w)=1. We obtain

50.,(A)=_ % (4, +1d, @]y

<(z-D[(z-1) +1J,

giving equality only if d,(v)=z-1 and d,(w)=1 for every vw e E(A)

which implies that A=K, __
For c=1 (and g>0),

([, ()] +[d,(@)])* <z*

'

and

SO, (A= % [d,()+d,@)F <(z-1)z*,

vweE(A)

giving equality only if d,(v)+d,(w)=2z for each edge vw e E(A) which
implies that A=K, __

.-
Let us present a lemma from [16] which is useful for Theorems 2 and 3.
Lemma 1: Let ¢>1, x>1, ¢, >0 and k, >0. Then
X+ (x+c, +k) > (x+c) +(x+k).
Lemma 2 is also useful for Theorem 2.
Lemma 2: For c21 and g21,
f)=@"+27) —[(x-1)"+2°F

is non-decreasing for x 2.

Proof: We get



104 K. C. DAS, M. IMRAN AND T. VETRIK

Fl(x)=g(x" + 29 ex —cgl(x = 1) + 2°F (x = 1)
=cg[(x + 27 T —(x = )T [(x = 1) + 2]
>0

if ¢>1 and c>1, since [(x-1) +2°P" < (x*+2¥", (x-1)<x,
(x=1)"<x

Theorem 2: Let ¢>1 and g =1. For any tree A having z vertices, where z > 4,
SO, (A)=(z- 3)2D8 +2(2° +1)8.

The extremal graph is P..

Proof: We denote a tree having z vertices and the smallest SO, , for c>1
and g>1 by A. Let us show that A=P.

By contradiction, assume that A 2 P.. Let P:vvv,...v,, be alongest
pathin A. Let k be the smallest natural number where d,(v,) > 3. So, k >1,
d,(v,)=p23, d,(v,)=1and d,(v)) =...=d, (v, |) = 2. Let w, w,, w,,

., w, , be the vertices adjacent to v, notbeing in P. We define A" = A -

v,w + v,w. Then v, and v, are the only vertices with distinct degrees in
Aand A'. We obtain d, (v,)=2 and d,(v,)=p-1.

If k>2, then

SO, ,(A)-S0, (A))
= g[([dA(vk)]C +[d, (@) =4, (v )] +[d, (w)])*]

+([d, ()] +d,(@)I')* =4, (v )] +[d, (w)])
+([d, ()] +d, (v, )I) =4, ()] +[d, (v, )])
+([d, (0, DI +[d, ()] ) =4, (0, )] +[d, (0 )])?
+([d, ()] +[d,()])* = (4, (v)] +[d,(v)])*

= }g[(P” +d, (wW)I)* =([p -1 +[d, (w)])*]
+(p° +[d,(@))* = (2° +[d, (w)]')*
+(p° +[d, (0, DI —([p-10" +[d, (0, )])*
Q24P ) — (2 +[p—1I)¢
+(2°+19)F —(2° +2°)F

> (24P ) (2 +[p—11) +(2° +19)8 — (29 +2°)8

> (2° +3°) = (2:2°)F +(2° +1°) —(2° + 2°)F

>0,
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since by Lemma 2,
(2°4+2°)PF -2+ )Y <@ +3)PF -2 2 < +p ) -2 +[p-1I)®
for ¢,g>1.

If k=1, then instead of considering two edges v, v, and v, v, we
need to consider only one edge v,v,. We obtain

50, ,(A)=50, (A)
>([d, ()] +[d,, (o)) =([d, (v )] +[d,, (v))*
= (4 p ) @+l
>0
for ¢,g 21, since by Lemma 1, we have 1° +p° >2° +[p-1]° for c¢>1.

So SOC,g(A) > SOC,g(A'), therefore A does not have the smallest S Om,
a contradiction. Thus A=P, and

SO, (P)=(z=3)(2" +2°) +2(2° +1)f =(z~ 3)2008 1 2(2° +1)%.
Lemma 3 is useful for Theorem 3.

Lemma 3: Let u,,u, be two vertices which are not adjacent in a graph H. For
cz1and g>0,

SOC,X(H) < SOc,g(H +u,u,).

Proof: Let us denote the graph H+u,u, by H'. We get d, (w) > d,(w)
and d,,.(v) > d,(v) for each vw e E(H). So

([d,, ()] +[d,, ()])* 2 ([d,, ()] +[d,, (0)])*
for c21 and ¢>0. We have d,,(u,)>1 and d,,(u,) 21, thus
([d,, (u)I" +[d,, (u,)I')* >0

for c>21 and g>0. Hence
SO, (H)= ¥ (d, @) +[d,@])

vweE(H')
= ([ )F + 1 )Y+ 3 (4, ()] + [, @)Y
> T (@) @ 2 3 (@) 14, @)

=50, (H).
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For every graph with z vertices, 1<m< L;J where m=1 only for
stars. So, we present a bound for m > 2.

Theorem 3: Let ¢ 21 and g=0. For any graph H having matching number m
and z vertices which is bipartite such that 2<m < L;J, we have

SOC,X(H) <m(z-m)(m" +(z—m) ).

The extremal graph is K

m,z—m"

Proof: Considering all the graphs given z and m, we denote a graph having
the maximum SOC,g by H'. We can assume that |S, | <|S, |, where S, and
S, are the partite sets of H'.

By contradiction, we prove that H' is K __ . Suppose that H' is not
Note that |S |>m (if |S | <m-1, then H' would have the
mems (Otherwise if H'
then SOE,X(H’) <S50, (K, ) from Lemma 3. Thus m < IS, ] <

K .
ma;tching number at most m—1). Clearly H" & K
ck, .
IS, .

Let M’ denote any matching of H' having m edges. Let S|" S, and
S)' =S, such that S and S}’ contain m vertices incident with the edges of
M'. We obtain |S, | = m+7" and |S,| = m+t', where r/, t'>1 (and 2m +
r' + t' = z). Note that u, €5, \ S" isnot adjacent to u, €S, \ S}, otherwise
H' would contain the matching M’ {u,u,} with m+1 edges.

Let F’ denote a graph with V(F') = V(H'), where every veS" and
every weS)' areadjacent, every veS" andevery w'eS, \ S} are adjacent,
and every weS \S" and every weS, are adjacent. So H'c F', thus
SO, g(H ) < SOC,g(F’) from Lemma 3. However, the matching number of
F' is greater than m. We obtain d,.(u) = t'+m for ueS", d.(u') = r'+m
for u'eS, and d.(u")=m for u"eV(F)\ (5 US)). We have
z—m=m+r'+t". Then

SO, (K, .,)=SO, (F)
= ¥ (de @I+, ()])
vweE(K ) m,z—m m,z—m

m,z—m

- X )([dp(v)]c+[dp(W)]“)g

vweE(F'
=m(z—m)((z—m) +m") —mm((m+t'] +[m+r])°
—mr'([m+7r +m") —mt'([m+¢t] +m")®
=m*[([m+1" +t] +m) —([m+t'] +[m+7rT)*]
+mr'[([m+7r" +t' T +m) —=((m+7r'] +m°)*]

+mt'[([m+1"+t'1 +m" ) —([m+t'] +m")*].
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By Lemma 1, for ¢>1,
[m+7r'] +[m+t] <[m+7"+t] +m".
Thus, for c>1 and ¢>0,
([m+7 +[m+t1) <((m+r +t'] +m°)s.
Wehave m++ <m+r'+t and m+t' <m+7r'+t', thus for c>1,
[m+7 <[m+r"+t]° and [m+t'] <[m+r" +t].
So, for c>21 and ¢=0,
([m+7T +m" ) <([m+v"+#] +m")®
and
(m+t] +m )Y <(m+7r"+£] +m")s.
Therefore SOC,g(Km,Hn) - SOC,g(F 1>0. We have SOC,g(Km,HI) >

SOC,g(F’)>SOC’\,(H'), hence H' does not have the maximum SOc/g, a
contradiction. So H' is K and

SOClg(Km,me) =m(z—m)(m +(z—m)")%.
3. Corollaries
By [18], for every graph having z vertices,
oa+fB=z.
For graphs without isolated vertices,
m+f'=z.
For bipartite graphs having no isolated vertices,
a=f', thus m=p;

see [18]. Therefore, Corollary 1 follows from Theorem 3.

Corollary 1: Let ¢>1 and g=0. For any bipartite graph H having z vertices
and vertex cover number B such that 2< B < L;J,

SO, ,(H)< B(z—B)(B° +(z— B))*.

The extremal graph is K, .
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We have 2<m < L;J in Theorem 3, so
’ z
z-2>f"> {51

Using m+ ' =z, Theorem 3 says that for a bipartite graph H having
matching number z—-f' and z vertices,

50, (H)<(z=PB)B((z=B)" +B)".
Thus, we obtain Corollary 2.

Corollary 2: Let ¢>1 and g=0. For a bipartite graph H having z vertices and
independence number/edge cover number o such that |—;—| <a<z-2, we have

SOC,g(H) <a(z-o) o +(z—a) ).
The extremal graphis K __,.
We use ¢=2 and g= in Theorem 3 and Corollary 1 to get a bound
on the classical Sombor index. Similarly, we use c¢=2 and g=1 to obtain

a bound on the forgotten index.

Corollary 3: For any bipartite graph H having z vertices and matching number/
vertex cover number m such that 2<m < L;J, we have

SO(H) < m(z—m)Nz* +2m* —2zm

and

FI(H) < m(z®> =3z m + 4zm® —2m>).

The extremal graph is K

Corollary 4 for the Sombor index and forgotten index follows from
Corollary 2.

Corollary 4: For a bipartite graph H having z vertices and independence number/
edge cover number o such that [ 21< o<z -2, we have

SOH)< a(z—oWz* —2zot+ 207
and

FI(H)<a(z’ -3z°a + 4za* —20°).

The extremal graph is K, .

—
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Weuse ¢=2 and g = in Theorem 1 to get Corollary 5 on the classical
Sombor index. This result was given also in [7].

Corollary 5: For a tree A containing z vertices, where z > 4,

SO(A)<(z—-1)Wz* =2z +2.

The extremal graph is K

1,z-1°

We get Corollary 6 on the forgotten index when using c=2 and g=1
in Theorems 1 and 2.

Corollary 6: For a tree A having z vertices, where z > 4,

8z-14<FI(A)<z’-3z" +4z-2.

The graph with the smallest and largest FI are P and K respectively.

1,z-17
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