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Abstract

In this article, extended fuzzy filter of s fuzzy filter y is presented, notated by Y;,,w
with W c L. The features of Tl,w are investigated. Furthermore, the strong fuzzy filter
is introduced, donated by Q. . Many properties are studied. Characterisation of both
Y ,,Q . areclarified by using the notion of dense elements with respect to a fuzzy filter.
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1. Introduction

In 1965, the genesis of the fuzzy mathematics was made by Lotfi
Asker Zadeh'publications [18] and [19]. Lotfi Asker Zadeh introduced
several fuzzy concepts as fuzzy sets, fuzzy algorithms, etc. Many algebraic
structures were fuzzified. In 1971, fuzzy subgroups and fuzzy
subgroupoids were settled down by A.Rosenfeld [14]. The evolution of
fuzzy mathematics took a great part in lattice theory see [2], [3] and [13].
Many algebraic structures were fuzzified, for instance see [1] and [4].

The variety MS that contains every MS-algebra was considered first
by Varlet and Blyth to provide a unified approach to handle Stone and de
Morgan algebras, see [6], [7], [8] and [9]. The theory of substructures of
L eMS has been considered by many researchers as [5], [15], [16] and
[17].

In this paper, for £eMS and a fuzzy filter y together with Wc L,
the fuzzification of the extended filter E (W) is presented and notated by
Y, .- We verify that Y is an prime fuzzy extended filter for ¥ and
properties of Y, are studied in a great details. The class of all fuzzy
extended filters is proved to be closed under the meet operation. The
notion of a strong fuzzy extended filter and notated by € . The values
ofboth Y, Q | arestudied in terms of dense elements. The features of

AW ST W

Y, homomorphism are characterised. We study the elements of the

kernel and the cokernel.

2. Preliminaries

To make the paper consistent, we mention some results and definitions
that will be used throughout the paper. The set of filters of a lattice £ is
notated by F(L).

A sublattice y c £ is a filter if 6e y, eeL imply that Oveey. A
prime filter P is a proper filter such that 8v e € Pf imply that 8 ‘P or
ee’P forall 8,6 L. Let € € L. The principal filter [¢) of £ created by &
is defined as [e) ={60eL : 02¢]. For every Wc L, the filter [B)
generated by the set B is defined to be

[B)={0€L:02b, Ab,A...Ab, forb,b,..,b B}

IRAL YA

If 61— 6" is a unary operation on a distributive lattice (£;v,A,0,1)
satisfying,
1"=0,(0AE)Y =60"vE and 6<6”.
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Then L is called an MS-algebra, see [8]. The elements in an MS-
algebra satisfy the following equalities. The notation £ is mentioned
through the paper as an MS-algebra. We refer to [12] for details of lattice
theory.

Proposition 2.1: [10] Let 6,¢ € £. The following equalities are valid;
(1) (6vE) =6"1E,
(2) (6vE) =6"vEr,
3) 0 =6,

g(# 0°=1.

Definition 2.2: [11] Let y € 7(£) and £ eMS. If W is a nonempty subset
of £, define

EX(W) ={0eL;0vw” e yforevery we W}
Recall some basic theorems that characterise the concept of E (W).

Theorem 2.3: [11] Let y € F(L), then E (W)e F(£) and x €E (W).

We call EZ(W) the extended filter of y. Let £ be any set. Assume
that [0,1] is the unit interval. A fuzzy subset of £ isamap 9: £ — ([0,1],
A,V). Let 0,6 €[0,1]. Define the operations as follows

S0 =infiZ,0},

Ev o =5Suplé, o).

The notation Fuzz(K) is used for the collection of all fuzzy subsets of
a bounded distributed lattice K.

Definition 2.4: [2]. Let ®,¥ € Fuzz(K). Define fuzzy subsets ® U¥ and
ONY of K as follows: let meC,

(®UY)(7)=D(m) v ¥ (),

(D UY) () =D(m) A¥(m).

Definition 2.5: [3] If deFuzz(K). Then 0 is characterised as a fuzzy
sublattice of I provided that for every x,& € K the following satisfied;

(i) (5 Am)20(8) AO(7),
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(i) DEV 1) >B(E) AD(7).

Definition 2.6: [17] If 0e Fuzz(K), then 9 is a fuzzy ideal if the following are
valid for every m,0 € K;

(i) 9(0)=1,

(ii) O(m A 0)=0(m)vo(6),

(iii) O(7 v 8) 20(7) AO(O).

We notate the following;

FID(K) = {0e Fuzz(K), 0 is a fuzzy ideal}.

Theorem 2.7: [17] If e Fuzz(K), then de FID(K) if and only if 9(0)=1 and
forall ,0 €k, 8(0v )= 03(0) A O(x).

Definition 2.8: [17] If de Fuzz(K). Then 0 is a fuzzy filter provided that
For every 0,m e K;

(i) a(1)=1,

(if) O(7 A 0)20(r) AD(B),

(iii) O(7 v 8) 20(7) va(0).

Consider the following set;

FFL(K) := {0e Fuzz(K), 0 is a fuzzy filter}.

Theorem 2.9: [17] Let de FFL(K), then de FFL(K) if and only if 9(1)=1 and
forevery 0,me K, 90 Am) = 0(0) A O(r).

A non constant 0 € FFL(K) is called proper. A proper y €FID(K) is
promoted to be a prime fuzzy ideal if for every ®,¥ e FID(K) satisfying
that ¥ N® c yx, either ¥ < y or ® c y. A proper de FFL(K) is said to be
a prime fuzzy filter if for every ¥, ® € FFL(K) satisfying that ¥ n® 0,
we have ¥ < y or ® c0.

3. Fuzzy Extended filters
Let W c £ be nonempty and y € FFL(L). Define
Y, w(7)=Sup{y(m)v x(w”); for every w e Wi,

7

for every me L.
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Theorem 3.1: Let W £ and T e FFL(L). Then Y, is a prime fuzzy filter
containing T

Proof: Clearly, Y., (1)=1 as I'(1)=1. We have that
Y. (Evm)=Sup{T(§vm)vI(@"); for every @ e W}
> Sup{(T(E) v I(n))vI(@”); for every @ € W}
=Sup{l'(§)vI(@"); for every @ € W}
v Sup{['(zr)v I'(@”); for every @ € W}
=Y., (VYL , (7).

And
Y.y (EAm)=Sup{T(E Am)vIT(@"); for every @ e W}
2 Sup{(T(E) AT (n))vI(@™); for every @ € W}
=Sup{l'(§) v I (@"); for every @ € W}
ASup{I'(m)vI(@"); for every @ € W}
=Y. (AT, (7).

Obviously, ' c Y. ,. Moreover, if ®N"W¥Y < Y, . Then (®NY) (7) <
Y, (7). Therefore ®(7) A ¥(r) < Y., (7). Hence, ®(m) <Y, (7) or
Y(r) < Yy, (7).

Wecall Y afuzzy extended filter of . The nextresultencapsulates
essential characterisations of e

Lemma 3.2: Let y be a fuzzy filter. For a subset W and a member 6 of L, we
have

(1) If ZcW, then Yx/z ng/W,

) If x, < x,, then Yzl,W cY

(3) Theequality Y, (6)= x(6) is valid providing that @ <6 for every
oeW,

(4) If x isaonetoone function, then Y, (6)= () implies that @~ <6 for
every @eW,

(5) If @ =1 for some @ €W, then Y'Z/W(O):l,

e Y, (0)=1=Y ()

(7) The equation Y, (0)=1 implies that x(6)=1 or x(@~)=1 for some
oeW.

W’

Proof:
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(1) If Zc W, then
Sup{x(0)v x(a”); for every a e Z} < Sup{x(0) v y(@"); for every @ e W}.

Hence Tx,z c Tx,w'
(2) Suppose that y, c x,. We see that

Sup{x,(0)v x,(@"); for every @ e W} < Sup{y,(0) v x,(@"); for every @ e W}.

Hence Yz]/w C sz,W'

(3) Let 6<@” forevery @ €W, then y(@”) < x(0). Since x(6) = x(0)
v x(@”), then

Y’x/w (0) = Sup{x(0) v x(@"); for every @ € W}

= Sup{x(6)}
= x(0).

(4) Suppose that x(@)lelw(B). Then x(60)= y(@™) for every @eW.
By the definition of fuzzy filters, for every @ € W we see that y(@™)
= x(@A®@"). For every @ W and by the one to one property,
0" =0 A®". Hence we get the required result.

(5) If @"=1 for some @eW, then x(0)v y(@”)=1.
Y @)=L

(6) Follows directly from (5).

Hence

(7) Let Y, (0)=1, then x(6)v x(@")=1 for some @eW. As x(6),
x(@”) €[0,1], hence either y(0)=1 or y(@”)=1 for some @ eW.

Proposition 3.3: Let £LeMS and r,& € £. For nonempty subsets W of £
and T" e FFL(L), we have that

O Yo @OV, @)=Y, (),
@) Y @AY, (@)=Y, (EAn).

Proof:
(1) We see that
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le,w (m)v er’w(n) = Sup{l’ (m)v T (@"); for every @ € W}

v Sup(" () v T, (@"); for every @ € W}

= Sup{(T, () v ' (@) v (T, (m) v T, (@"));
for every @ € W}

= Sup{(T',(m) v I, (m)) v (T, (@) v T, (@"));
for every @ € W}

= Sup{((T, WT,)(m) v (T, VT, )(@"));
for every @ € W}

= leurz,w (7).
(2) By Theorem (3.1), we get the required.

Definition 3.4: Let y € FFL(L), we say that y is a fixed fuzzy filter relative
to a non empty set Wif for every 6 the equality Y, ()= x(6) is satisfied.

Example 3.5:

(1) In the virtue of Lemma 3.2(3), every y eFFL(L) is a fixed fuzzy
filter relative to W ={0}. Thatis Y (6)= x(6).

(2) Let A={peL;p” =0}, then YM (6)=x(0). Since p”=0<6 for
every 8 <€ L. Thus x(p°°)<x(6)

(3) Let C={peL;x(p”)=0}, by the definition of Y ., we get for every
Oel that Y, (6)= ;{(9)

(4) Consider the following Hasse diagram

/\

£° = 6 =0°

\/

L
Obviously, (£,")eMS. Define y as x(0) = x(1) =1 and x(0) =
x(&) = 0.5. Then y e FFL(L). Let W ={0,&}. Obviously, y is a fixed fuzzy
filter relative to the set W.
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Proposition 3.6: Let W c L. If a fuzzy filter y is fixed relative to W, then
it is fixed relative to every subset of W.

Proof: Let ZcW and me L. Then Yx/z(”) < Tx/w(”) = x(m). Therefore
Y, (m) = x(m). Hence yx is a fixed fuzzy filter relative to Z.

Proposition 3.7: If X,/ X, are tixed fuzzy filters relative to a subset W c L,
then y, Uy, is a fixed fuzzy filters relative to W.

Proof: This follows easily from Proposition (3.3).

Theorem 3.8: The image of an element 7, ® € L under the fuzzy filter Y. is
I'(z) or T(@™) for @ € L.

Proof: One can see that
(m)=Sup{['(m)v IT(@"); for every @ < {@}}

= Sup{(L(z) v T(@")}
=T(m)v (@)

F Ao}

This gives immediately the following results.

Corollary 3.9: For @,0 €L, if Y, (0) = x(@"), then x is afixed fuzzy filter
with respect to {@}.

Corollary 3.10: If y € FFL(L) and @ € L, then Y, (@)= x(@").

4. Strong Fuzzy Extensions

In this section, a more generalized case of fuzzy extended filter called
strong fuzzy extension is studied.

Definition 4.1: Let y € FFL(L). Define the following set

w(0)=Sup{x(0vm™); for every @ e W}.

We see that Q L isanextension of Y . (6). By using the properties
of fuzzy filters, we see that for every ¢, Oeﬁ x(EVvO) = x(&) v x(6).
Therefore, x,W(G) > TZ,W(B) Hence Yx,w c Qx,w' Also, YZ,W c Qx,w
properly as verified below.

Example 4.2: On the following lattice £
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z
m 3
t
0
L
,define “by n°=t, & =t"=2z"=u, w' =, 0" =1, 1"=0. Hence (£,”) e MS.
Define the following fuzzy set I': £ —[0,1] as the following; I'(0)=0,

T'u)=08, T(t) = I'(§) = T(x) = 06, ['(z) = 0.7 and I'(1)=0.7.
Obviously, I" e FFL(L). Then

Yp g () =Sup{[(m) v I[(E7)}
=T(m)VIE)
=T(r)vI(£)=06.

And
Qp (1) = Supil(z v &)
=T(mvET)
=TI (rvE&)=0.7.
We call Q. astrong fuzzy extension of T

Theorem 4.3: Let I e FFL(L). If W< £, then Q. € FFL(L).

Proof: Obviously, Q. (1)=1. We have that
Q. (v 0)=Sup{l['(m v 0)va&™)) for every @ € W}
=Sup{l'(rv@™)v(0v@™)); for every @ € W}
2Sup{l'(rv@”)vI(@v@™); for every @ € W}
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=Sup{l'(mv @"); for every @ € W}
v Sup{l'(@v @™); for every @ € W}
=Q., (T)v Q. (0)

Q. (@ A0)=Sup{l'(m A0)v@™)); for every @ € W}
=Sup{l'(rv@~)A(Ov®@™)); for every @ € W}
2Sup{l'(rv@”)AT(0v@™); for every @ € W}
=Sup{l'(m v @™ ); for every @ € W}
ASup{l'(0v @”); for every @ € W}
=Qp (T)AQ,(6).

Remark 4.4: We see that Y., is not necessarily equal to Q.. But the
equality occurs if I" satisfying I'(0 v ) = T'(0) v I'(n) forall 6,mre L, ie,
Q. (0) =Y, ,(0) forevery O L.

For ueFuzz(K) of S, set u, :={0 €S; u(0) >t} where te[0,1].

Definition 4.5: An element o is said to be a dense element in a set W with
respect to fuzzy filter u if o €y, such that t = max{u(6);6 € W}.

Example 4.6: Let £= (Chain of natural numbers), set thel fuzzy set
A:L—][0,1] such that /”t(n)=%. Obviously, 1 is a dense element with
respect to any subset of N.

The symbol W™ stands for the set {@”;@<W}. The following
theorem illustrates the necessity of dense element.

Theorem 4.7: If @, is a dense element in the set W™ with respect to a fuzzy
filter yx, then Y’Z,W(H):x(e)vx(af;").

Proof: From the concept of dense elements, we get that y(@,) > y(@™)
for every @” € W”. Hence YZ,W(G) = x0) v x(@,).

The succeeding theorem characterises the value of the strong fuzzy
extended filter in terms of a dense element.

Theorem 4.8: Let @ €W, the equality QZ,W(G) = y(@v@”) is valid if and
only if Ov @~ is a dense element in the set {0v @™ ; @ € W} with respect to a

fuzzy filter .
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Proof: Consider Qllw(9)= x(@v @), thus the element 6v®@~ has the
largest value among all such members of the set {§v @™ ;@ € W} under
the fuzzy set y. The other direction follows directly.

5. Homomorphisms of fuzzy extensions

Theorem 5.1: Let T" € FFL(L) and W e L. If T is a join homomorphism , then

Y., is a lattice homomorphism. Furthermore, if T is an MS-homomorphism,

then so Y'r’w.

Proof: Every fuzzy filter u has the property that u(r A&) = p(r) A u(é)
for every x,&e L. Consequently, Y, (TAg) =Y () A Y, (E). Let T
be a join homomorphism. Then I'(rv &) = T'(x) v T(&). So,

Y.y (Evm)=Sup{T((§vm)v@™)); forevery @ € W}
=Sup{l'€)vI(n)vI(@”); for every @ e W}
=Sup{(T(§)vI(@”))v (T (r)vI(@”)); for every @ € W}
=Sup{['(§) v I (@"); for every @ € W}

v Sup(['() v I'(@™); for every @ € W}
=Y., v, (7).

Furthermore, for every n € £ suppose that I'(z”)=(I'(r))”. Then;
Y, (@) =Sup{(T(z") v [(@"); for every @ € W}
=Sup{(I'(m))” v (T'(@))”; for every @ € W}
=Sup{(l'(zm)vIT(@”))”; for every @ € W}
=Ty, ()"

Proposition 5.2: Let y € FFL(L) and W < L. Every element in the kernel of
Y, is an element of the kernel of x and W™ is a subset of the kernel of .

W
Furthermore, the converse is true.

Proof: Assume that € is an element of the kernel of Y (), then x(6)
v x(@~) =0 for every @eW. Thus (0)=0 and y(@”)=0 for every
@ €W. Hence 0 and @™ are elements of the kernel of y forevery @ eW.
Conversely, let 6 be an element of the kernel of y. For a subset W™ of the
kernel of y, we have x(8)=0 and y(w”)=0 for every @ € W. Hence 0
is an element of the kernel of T .
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Proposition 5.3: An element is in the cokernel of Y, if and only if it is
an element of the cokernel of y or the intersection between @™ and the
cokernel of y is not empty.

Proof Suppose that 6 is an element in the cokernel of T . Then
w(0)=1. Thus x(8) v y(@~) =1 for some @eW. As )((9) )(((D ) e

[0 1], hence either y(0)=1 or y(@”)=1 for some @ cW. The reverse

implication follows directly from the definition of Y
Let w e L, define the following set

rQe,,(@)=lael;y (@)=Y, ()

AW

The set I(Yl,w(”)) is the inverse (as a relation) of T (7).

Lemma 5.4: For every me L, the set I(Y‘l,w(n)) is closed under the meet
operation. Furthermore, If x is a join homomorphism, then X(Y (7)) is a
subalgebra of L.
Proof: Assume that &,p e x(Y,, (7)), therefore
Y, wGAp)=Y, (AT, (p)
=Y (AT, ()
= Y’Z,W(n).

Hence Enpe Y (7). Let ¥ be a v-homomorphism, by Theorem

(5.1), Y, ,isa lattice homomorphism. Let §,p e I(Yx,w(”))/ then
Y wCEvp)=Y, ,EVvY, ,(p)
= Tlrw(n') v ()
= Yx,w(”)'
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