
©

On zS-ideals of commutative rings

Ahmed Maatallah
Department of Mathematics
Faculty of Sciences
University of Monastir
5000 Monastir
Tunisia

Abstract
Let R be a commutative ring with nonzero unity and S a multiplicatively closed subset 

(m.c.s) of R. An S-disjoint ideal of R is called zS-ideal if there exists s = sI ϵ S and whenever 
MS(a) ⸦ MS(b) for some a ϵ I and b ϵ R, then sb ϵ I, where MS(a) = {MaxS(R) : sa ϵ M for some s ϵ 
S}, for each a ϵ R. In the present paper, we introduce and study the concept of zS-ideal which is 
an extension of the notion of the z-ideals. We generalize some well-known results on z-ideal 
to zS-ideal. In addition, many examples, characterizations, and properties of zS-ideal are 
given. We also investigate the relation between z-ideals and zS-ideals of a commutative ring.
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1.  Introduction

Throughout this article, the term “ring” refers to a commutative ring 
with nonzero unity. Recently, in 2002, Anderson and Dumitrescu 
introduced the notion of S-noetherian ring which is considered as an 
extension of the Noetherian concept (see [3]). After that, various authors 
focused on this generalization and gave the S-version of some well-known 
properties of these rings. After drawing attention, many concepts in 
commutative algebra were extended to their S-version as the S-noetherian, 
for example, we mention the prime ideals, maximal ideals, 2-absorbing 
ideals, multiplication modules (see [7, 2, 13]). Note that many other 
concepts in commutative algebra have also been recently generalized and 
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well studied, as the concept of r-ideals, 2-absorbing semiprimary ideals, 
etc. (see [10, 12]). In the light of the above, we define and explore the 
S-version of the notion of z-ideals. A proper ideal I of a ring R is referred 
to as a z-ideal if for every x I∈  and y R∈  such that x and y are contained 
in the same set of maximal ideals, then also .y I∈  This concept was 
introduced by “Kohls” in 1957 (see [8]) during the examination of the ring 
known as ( ),C X  the ring of real-valued continuous functions on a 
topological space X, and it has been expanded, by Mason, to an arbitrary 
ring in 1973 (see [9]). We mention that, for years, there have been many 
generalizations on this topic. For example, see [1, 6]. Note that in this 
article, our focus is on investigating the notion of the zS-ideal of an arbitrary 
ring, but the case of the ring ( )C X  can be a very interesting topic to be 
studied. Presently, we give some notations which will be utilized all 
through this article and can be found in [4]. For an ideal I of a ring R, we 
denote by ( ),U R  ( ),Max R  ( ),Spec R  and ( )Min I  the set of all units in R, 
maximal ideals, prime ideals, and minimal ideals over I, respectively. For 
every ideal K of R, we define the set ( : )I K = {r R∈ : }.rK I⊆  Clearly, 
( : )I K  is an ideal of R. If = ,K xR  we use ( : )I x  instead of ( : ).I K For a 
m.c.s S of a ring R, we denote by :I S = {x R∈ : ux I∈ for  some }.u S∈  For 
an element x of R, we define xM  (resp., ( ))x  as the intersection (resp., 
set) of the maximal ideals that contain the element x. Recall from [7] that 
an S-disjoint ideal P is termed S-prime, if there exists u S∈  such that for 
every ,x y R∈  if ,xy I∈  we have ux I∈  or .uy I∈  Also, recall from [14] 
that an S-disjoint ideal M of R is called an S-maximal ideal if there exists 
s S∈  such that for each S-disjoint ideal N containing M we have .sN M⊆  
By ( )SMax R  (resp., ( ))SSpec R  we mean the set of the S-maximal (resp., 
S-prime) ideals of R. Let x be an element of R, we define ( )S x =
{ ( )SM Max R∈ : sx M∈  forsome }.s S∈  Now, we will give the principal 
definition of this article. An S-disjoint ideal of R is said to be zS-ideal if 
there exists = Is s S∈  such that if ( )S a ⊆ ( ),S b  where a I∈  and ,b R∈  
then ,sb I∈  (see Proposition 2.5 for an equivalent definition). Among 
other results of this article, Section 2 considers the fundamental properties 
of zS-ideals. It is well known that the assertion “I is a z-ideal” does not 
imply, in general, that “ SIR  is a z-ideal” even if = .I S∩ ∅  also “ SIR  is a 
z-ideal” does not also imply that “I is a z-ideal”. So, a question that 
naturally arises here is, what condition on I to get SIR  is a z-ideal of .SR  
For this reason, we prove in Theorem 2.17 that I is a zS-ideal of R ⇔  SIR  
is a z-ideal of ,SR  and there exists t S∈  such that : = : .I S I t  In section 3, 
we introduce the concept of S-radical ideals. In fact, an S-disjoint ideal I is 
called S-radical if there exists s S∈  such that : = : .I S I s  We show that 
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the zS-ideals are S-radicals, (Proposition 3.4). We turn of this paper, by the 
section 4, with a study of the direct and inverse image of a zS-ideal by a 
ring homomorphism. In fact, we prove that if f is a surjective homomorphism 
from R to R′  and S′  be a m.c.s of ,R′  then the inverse image of a Sz ′ -ideal 
of R′  by f is a zS-ideal of R, where 1= ( )S f S− ′ = {r R∈ : ( ) }.f r S′∈  (see 
Proposition 4.3). Moreover, for the direct image, we start by defining the 
S-strict homomorphism. A ring homomorphism :f R R′→  is called 
S-strict if it is surjective and if *\a R S∈ then ( ) \ ( ).f a R f S′∈  Then, it was 
shown that for a zS-ideal I and a S-strict homomorphism :f R R′→  with 

( ) = ,S ker f∩ ∅  we have ( )f I  is a ( )f Sz -ideal of R′  (see Proposition 4.6). 
Throughout this paper, R means a ring and S a m.c.s of the ring R. 

2. Basic properties of zS-ideals

We start with the following definition. 

Definition 2.1 ([14]): Let M be an S-disjoint ideal of R, then M is called an 
S-maximal ideal if there exists u S∈  such that for each S-disjoint ideal N 
containing M we have .uN M⊆  

Example 2.2: Let =R ×   and *= .S ×   Clearly, S is a m.c.s and every 
S-disjoint ideal is S-maximal. Indeed, every S-disjoint ideal I of R is of the 
form (0)n ×  for some integer n. Take = ( ,0)s n S∈  and assume that there 
exists an S-disjoint ideal J of R such that .I J⊆  We can write = (0)J m ×  
for some integer m. Then we can easily get .sJ I⊆  For example, we can see 
that 4 (0)×  is an S-maximal ideal that is not maximal.

It was proved that if Q is S-prime, then there exists s S∈  such that 
( : )Q s′ ⊆ ( : )Q s  for each s S′∈  (or, equivalently, :Q S = :Q s  for some 

),s S∈  that is to say, ( : )Q s  is the maximal element of the family {( : )} ,s SQ s ′∈
′  

([11], Lemma 2.16(i)). Since every S-maximal ideal is S-prime ([14], 
Proposition 10), the previous property is also true for the S-maximal ideal. 
As noted in [14], for ( )SQ Spec R∈  (resp., ( )),SM Max R∈  we denote this 
s S∈  by Qs  (resp., ).Ms  Also, we will show that this s S∈  is not necessarily 
unique even for the S-maximal ideals (see Remark 2.10) and the Qs  or Ms  
will be signified one of the s S∈  such that ( : )Q s  is the maximal element 
of {( : )} .s SQ s ′∈

′  

Notation 2.3: Let x be an element of a ring R. We denote by * ( )S x =
{( : )MM s : ( )}SM x∈  and *S

xM = *( ).S x∩  Also, by ( )SH R  we mean the 
set of all prime ideals P maximal with the property = .P S∩ ∅  Furthermore, 
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we denote by ( )SH x  the set of elements of ( )SH R  containing x , and ,S xH
= ( ).SH x∩  

Lemma 2.4: For every ,a R∈  *( ) = ( ),S SH a a  and so *
,= .S

a S aM H  

Proof: First, note that ( ) = { : ( )}.S S SMax R PR P H R∈  Let ( ),SP H a∈  it is 
enough to show that ( ).SP a∈  Let J be an S-disjoint ideal containing 
P, then SPR ⊆ .SJR  Because SPR ∈ ( )SMax R  and SJR  is proper, we have 

SPR = ,SJR  then :P S = : ,J S  it results that J P⊆ : = .S P  Conversely, let 
* ( ),SP a∈  then = ( : )MP M s  for some ( ).SM a∈  Clearly, ,a P∈  Since 

= ,P S∩ ∅  SPR ⊆ ,SQR  for some ( ),SQ H R∈  then .M Q⊆  Because 
( ),SM Max R∈  we have ,Ms Q M⊆  thus = ,Q P  and ( ).SP H a∈  

Proposition 2.5: The following are equivalent for an S-disjoint ideal I of R: 
1.	�   = Is s S∃ ∈  such that if * *= ,S S

a bM M  where a I∈  and ,b R∈  then 
.sb I∈  

2.	�   = Is s S∃ ∈  such that if * *( ) = ( ),S Sa b   where a I∈  and ,b R∈  then 
.sb I∈  

3.	�   = Is s S∃ ∈  such that if ( ) = ( ),S Sa b   where a I∈  and ,b R∈  then 
.sb I∈  

4.	�   = Is s S∃ ∈  such that if ( ) ( ),S Sa b⊆   where a I∈  and ,b R∈  then 
.sb I∈  

5.	�   = Is s S∃ ∈  such that if * *( ) ( ),S Sa b⊆   where a I∈  and ,b R∈  then 
.sb I∈  

6.	�   = Is s S∃ ∈  such that * ,S
asM I⊆  for all .a I∈  

7.	�   = Is s S∃ ∈  such that , ,S asH I⊆  for all .a I∈  

Proof: 1) 2).⇒  It is readily seen that * *( ) = ( )S Sa b   ⇒  * *= .S S
a bM M

2) 3).⇒  It is clear.
3) 4).⇒  If ( )S a ⊆ ( ),S b  where a I∈  and ,b R∈  then ( )S ab =

( ).S b  Indeed, let SM∈ ( ),ab  then s ab M′ ∈  for some .s S′∈  Used ([11], 
Lemma 2.16(i)), either Ms a M∈  or .Ms b M∈  Therefore, ( )SM a∈  ∪

( )S b = ( ).S b  The converse is clear. Now, by hypothesis we have ,sb I∈  
as desired.

4) 5).⇒  If * ( )S a ⊆ * ( ),S b  then ( )S a ⊆ ( ).S b  To see this, take 
( ),SQ a∈  then ( : )QQ s ∈ * ( )S a  and thus ( : )QQ s = ( : ),NN s  for some 
( ).SN b∈  Therefore, s b N′ ∈  for some. But ,Qs N Q⊆  then ,Qs s b Q′ ∈  and 
( ).SQ b∈
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5) 6).⇒  Let a I∈  and * .S
ax M∈  First, we prove that * ( )S a ⊆ * ( ).S x  

For, let ( : )QQ s ∈ * ( ),S a  where ( ),SQ a∈  then ( : )Qx Q s∈  and so 
,Qs x Q∈  thus ( ),SQ x∈  this implies that ( : )QQ s ∈ * ( ).S x  Now, using 

hypothesis, we conclude that .sx I∈  Therefore, * ,S
asM I⊆  as desired.

6) 7) 1).⇒ ⇒  Using the previous lemma. 

Definition 2.6: An S-disjoint ideal I of a ring R is called zS-ideal if it satisfies 
one of the equivalent conditions of Proposition 2.5. 

Remark 2.7: 
(i)	� Clearly, the S-disjoint maximal ideals are S-maximal. Also, the 

S-maximal ideals are a zS-ideals.
(ii)	� If ( ),S U R⊆  then the set of z-ideals is equal to the set of zS-ideal. 

Indeed, it is not difficult to prove that 

	 ( ) = ( ) and ( ) = ( ), for each  .S SMax R Max R so a a a R∈ 

Example 2.8: In Example 2.2, we prove that every S-disjoint ideal of R is 
a S-maximal ideal, and so a zS-ideal. Then, according to [5], 4 (0)×  is an 
zS-ideal distinct from being a z-ideal.

Example 2.9: Let D be a principal ideal domain (PID), ( )D  a system of 
irreducible elements, ( ),p D∈  and = { : }nS p n∈  a m.c.s of D. Then:

1.	 =I aD  is S-disjoint, where 1
1= ,nn s

sa p q qa
  if and only if 1.s ≥

2.	 ( ) = { : , ( ), and }.SMax D p qD q D p qa a∈ ∈ ≠ 
3.	� The zS-ideal of D are of the form aD, where 1= ,sa p q qa

  1,s ≥  
,a∈  and the iq  are in ( )\{ }.D p

Proof: 
1.	 Obvious.
2.	� Let ( )q D∈  such that ,q p≠  and = .M p qDa  By 1., we have 

= .M S∩ ∅  Now, assume that M J⊆  for some S-disjoint ideal J. 
Based on a irreducibility argument we can easily show that =J p qDb  
and ,b a≤  therefore .p J Ma ⊆  Also, one can easily show that the 
S-maximal ideals are of the previous form.

3.	� First of all, by 2., we can easily see that for 1
1= na p qa


ns
sq D∈  we have 

( )S a = { ip q Db : ,b∈ and 1 }.i s≤ ≤  Also, for every S-maximal 
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ideal = ,M p qDa  we can suppose that = ,Ms pa  and so ( : )MM s =
.qD  Then, *S

aM = 1 .sq q D

Now, for the “if” part, let 1=I p qa
 ,sq D  where the ( )iq D∈ \ { },p  

and .a∈  Clearly, .I S∩ =∅  Take a nonzero element ,a I∈  then a =
1p qa
 sq d  for some .d D∈  by the above, *S

aM = 1q  sq rD  for some 
,r D∈  hence, *S

ap Ma = 1p qa
 sq rD ⊆ ,I  and consequently, it proves I is a 

zS-ideal of D.
For the “only if” part, let =I dD  be a nonzero zS-ideal of D, where d

= 1
1
np qa
 ,ns

sq  the ( )iq D∈ \ { },p  ,a∈  the * ,in ∈  and 1,s ≥  because 
= .I S∩ ∅  We will show that each 1in = . Since ,d D∈  we have * ,S

I ds M I⊆  
then 1Is q  ,sq I∈  and consequently, = 1in  for each 1 .i s≤ ≤

Remark 2.10: Now, we will show that the Is  or the ,Ms  as in the definition 
of the zS-ideal and the S-maximal ideal, are not unique in general. Like in 
the previous example, let =M p qDa  be an S-maximal ideal. It is clear that 

:M pa = ,qD  also if ,a a′ ≥  we have ( : )M pa = ( : ).M pa ′  Now, one can 
see that for each integer j, we obtain ( : )jM p ⊆ ( : )M pa = .qD  

Now, we focus on the intersection of zS-ideals. 

Proposition 2.11: Then the following statements hold: 
1.	 If S is finite, then the intersection of zS-ideals is also a zS-ideal. 
2.	 If 1 , , nI I  are zS-ideals, then =1= n

i iI I∩  is a zS-ideal. 

Proof: It is straightforward. 

Definition 2.12 ([7]): A m.c.s S is called strongly-multiplicatively set if for 
every family ( )sa a L∈  of elements of S we have 

	 ( )s R Sa aL∈∩ ∩ ≠∅

Proposition 2.13: If S is a strongly-multiplicatively closed subset, then the 
intersection of zS-ideals is a zS-ideal. 

Proof: Let ( )Ia a L∈  be a family of zS-ideals of R and = .I Ia aL∈∩  For each 
,a L∈  there exists s Sa ∈  such that whenever a Ia∈  we have *S

as Ma ⊆
.Ia  By hypothesis, we have ( )s Ra aL∈∩ ∩ .S ≠ ∅  Pick an element t of this 

intersection, and let .a I∈  For each a L∈  we have *S
as Ma ⊆ ,Ia  then *S

atM
⊆ .Ia  Thus *S

atM ⊆ .I  Therefore, I is a zS-ideal of R. 
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Example 2.14: The assumption “S is a strongly-multiplicatively closed 
subset” is not necessary for the previous proposition. Indeed, let 

= {2 : }.iS i∈  Then S is a m.c.s of   but not even anti-Archimedean. 
In fact, suppose that ( 2 )i

i∈∩   ∩ S ≠ ∅  and let j∈  such that 2 j ∈

i∈∩  2 .i  Now, take 0 > ,j j  then by hypothesis, 2 j ∈ 02 ,j   which is a 
contradiction. Also, put = ,pI p  where p is a prime number other than 2. 
By the preceding example, we have pI  is a zS-ideal. Furthermore, 3;p prime≥∩
p = (0),  and (0)  is a zS-ideal of ,  since *

0
SM = ( )SM Max R∈∩ ( : )MM s ⊆

3;p prime≥∩ p = (0).
It was shown that, if 1I  and 2I  are z-ideals, 1 2I I  is a z-ideal ⇔  1 2I I

= 1 2I I∩  (see [9]). The following proposition explores a result similar to 
the one mentioned. 

Proposition 2.15: For two zS-ideals I and J, we have: IJ is a zS-ideal of R ⇔  
( )s I J∩ ⊆ IJ  for some .s S∈  

Proof: ( )⇒  By hypothesis, there exists s S∈  such that *S
asM ⊆ ,IJ  for all 

.a IJ∈  Let ,a I J∈ ∩  then 2 .a IJ∈  This signifies that 2
*S
a

sM ⊆ .IJ  But 2
*S
a

M =
* ,S
aM  hence .sa IJ∈

( )⇐  Since I (resp., J) is a zS-ideal, let Is S∈  (resp., )Js S∈  such that for 
each a I∈  (resp., )a J∈  we have *S

I as M ⊆ I  (resp., *S
J as M ⊆ ),J  and let 

,a IJ∈  then *S
I J as s M ⊆ ,I J∩  then *S

auM ⊆ IJ  with = .I Ju ss s  Therefore, IJ is 
a zS-ideal. 

Remember that the saturation *S  of S is characterized by *S = {x R∈
: 1

x is invertible in 1 }.S R−  One can easily see that *S  is a m.c.s, and *x S∈  
⇔   y R∃ ∈  such that .xy S∈  

Proposition 2.16: I is a zS-ideal of R ⇔  I is a 
*Sz -ideal. 

Proof: It is clear, since *= ,S S
R R  and the two rings have the same prime 

spectrum. 

Question 1: Let 1 2S S⊆  be two m.c.s and I is a 1Sz -ideal of R such that 
2I S∩ = ,∅  it is true that I is a 2Sz -ideal?
In general, the assertion “I is a z-ideal” does not imply that “ SIR  is a 

z-ideal” even if I S∩ = .∅  For example, clearly (0)  is a z-ideal of .  Take 
a nonzero prime ideal P, and = \ ,S A P  then the nonzero ideal PPR  
represent the unique z-ideal of .PR  Also, “ SIR  is a z-ideal” does not also 
imply that “I is a z-ideal”. For example, let ( , )R M  be a local ring, and 
assume that P M⊂  is a prime ideal. Take = \ ,S R P  then PPR  is the 
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unique z-ideal of PR  however P is not a z-ideal of R. (see also Example 
2.19). But we have

Theorem 2.17: I is a zS-ideal of R ⇔  SIR  is a z-ideal of ,SR  and : = :I S I t  for 
some .t S∈  

Proof: For the “only if” part, by assumption, let = Is s S∈  such that for 
every ,a I∈  *S

asM ⊆ .I  Let :a I S∈  and let ,s S∈  such that .as I∈  Then, 

Is a ∈ *S
I as M = *S

I sas M ⊆ ,I  thus : .Ia I s∈  Now, we demonstrate that SIR  
is a z-ideal of .SR  For, let ,Sx IR∈  thus = a

sx  for some a I∈  and .s S∈  

Clearly ( )
S

a
R s = { SPR : ( )}.SP H a∈  let = b

uy ∈
( )SP H a∈
 ,SPR  then I Is b s∈

( )SP H a∈
 ,= I S aP s H = *S

I as M ⊆ .I  Consequently, y = I

I

s b
s u ∈ .SIR

For the “if” part, let .a I∈  One can easily show that 1( )
S

a
R = { SPR :

( )}.SP H a∈  Since SIR  is a z-ideal of ,SR  
( )SP H a∈
 SPR ⊆ ,SIR  it results that, 

( )
( )

SP H a
P

∈
 SR ⊆

( )SP H a∈
 SPR ⊆ .SIR  Then 

( )SP H a∈
 P I⊆ : =S I : ,s  and so 

* .S
asM I⊆

Corollary 2.18: 
1.	 If S consists of nonzerodivisors and there exists s S∈  such that SIR ∩ R =
( : ).I s  Then I is a zS-ideal of R ⇔  SIR  is a z-ideal of. 
2.	 If S is finite, then I is a zS-ideal of R ⇔  SIR  is a z-ideal of .SR  
3.	 If P is S-prime, then P is a zS-ideal of R ⇔  SPR  is a z-ideal of .SR  

Proof: According to the previous theorem, it suffices to prove that there 
exists s S∈  such that : = : ,I S I s  that is evident in all cases. 

Example 2.19: Let ( )P Spec R∈  and = \ ,S R P  then P is a zS-ideal. Indeed, 
since PPR ∈ ( ),SMax R  then it is a z-ideal. Also, since P is an S-prime ideal, 
then P is a zS-ideal. For example, let ( , )R M  be an integral local domain 
which is not a field and = \(0),S R  then (0) is a zS -ideal of R that is not a 
z-ideal.

Remark 2.20: Using the S-maximal ideals, we can give a new description 
of maximal ideal of the ring RS. In fact, we can prove that ( )SMax R = { SMR
: M ∈ SMax ( )}.R  
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3.  S-Radical and zS-ideals

From [14], recall that we denote by 

	 = { : for some and an integer }.mS I x R ux I u S m∈ ∈ ∈

It is clear that S I  is an ideal of R containing I and .I  Note that, as 
mention in [14], we have = ( ) ,cS

SI IR  where ( )c
SIR  is the inverse image 

of SIR  by the natural homomorphism : .SR Rp →

Also, one can easily see that = : .S I I S  

Definition 3.1: An S-disjoint ideal I of a ring R is called S-radical if there 
exists u S∈  such that ,Su I I⊆  or, equivalently, : = : .I S I u  

Example 3.2: Let = [ ]R X  and = {2 : }.nS n∈
(i)	� Put = 4 .I XR  Clearly, I is a non radical S-disjoint ideal. However, 

I is an S-radical ideal of R. Indeed, let ,Sf I∈  then 2n mf I∈  for 
some , ,n m∈  thus 2n mf = 4Xh  for some .h R∈  It follows 
that 2 (0) = 0,n mf  thus (0) = 0,f  and so 1=f Xf  for some 1 .f R∈  
Consequently, 4 ,f I∈  and 4 .S I I⊆

(ii)	� Put 3= ,I X R  we have ,SX I∈  but for each ,n∈  2 .n X I∉  Hence, I 
is not S-radical.

Remark 3.3: For a finite m.c.s S, every S-disjoint radical ideal is S-radical.
It is well-known that the z-ideals are necessarily radical. Now, 

Proposition 3.4: Every zS-ideal is S-radical. 

Proof: If L is a zS-ideal, then by Theorem 2.17, SLR  is a z-ideal of ,SR  and 
:L S = :L u  for some .u S∈  Since every z-ideal is radical, then SLR = SLR

= .SLR  It follows that :L S = : .L S  Thus, :L S = :L S = L : S = :L S =
: .L u  Consequently, L is S-radical ideals.

The converse of the previous result is not in general true. 

Example 3.5: Let , ( )M Q Spec R∈  such that ,Q M⊂  and = \ .S R M  Clearly, 
Q is S-radical. Also, note that MQR  is not a z-ideal of ,MR  because MMR  
is the unique z-ideal of .MR  Now, using Theorem 2.17, Q is not zS-ideal.

Example 3.6: 
(i)	� Let =R ×   and *= .S ×   We showed that each S-disjoint ideal is 

a zS-ideal, and so S-radical, by the previous proposition.
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(ii)	� In Example 3.2, we proved that I is not S-radical, hence it is not zS-
ideal.

Example 3.7: If D is a PID, and = { : },nS p n∈  then the concept of zS-
ideals and that of S-radical ideals coincides. In fact, as shown in Example 
2.9, an S-radical ideal should be of the form = ,I aD  where 1

1= na p qa


,ns
sq  the ( )iq D∈ \ { },p  the 1,in ≥  and 1.s ≥  Now, assume that 2jn ≥  

for some j ∈ {1, , },s  then clearly 1 sq q ∈ : ,I S  but for every ,s S∈  1sq
 ,sq I∉  which is a contradiction. Thus, the S-radical ideal of D are of the 
form aD, where 1= ,sa p q qa

  1,s ≥  a  an integer and the ( )iq D∈  not 
equals to p, as the zS-ideals. 

Proposition 3.8: Every S-disjoint ideal minimal over a zS-ideal is also a 
zS-ideal. 

Proof: Since P is minimal over I, then SPR ∈ ( ).SMin IR  Furthermore, I is 
a zS-ideal, using Theorem 2.17, SIR  is a z-ideal of .SR  The conclusion is 
drawn from ([9], Theorem 1.1) and Theorem 2.17. 

Corollary 3.9: If (0)  is a Sz -ideals, then every minimal prime S-disjoint ideal 
is so.

Corollary 3.10: Let J and P are two S-disjoint ideals where ( )P Spec R∈  and 
J P∩  is a zS-ideal, then one of the two ideals is a zS-ideal. 

Proof: If P is not a zS-ideal, pick ( )Q Min J P∈ ∩  such that .J P Q P∩ ⊆ ⊆  
By the previous proposition, .J Q P⊆ ⊂  Hence, =J J P∩  is a zS-ideal of R.

Now, we give some properties of the S-radical ideals concept. In fact, 
a relation between S-radical ideals and radical ideals is given.

Proposition 3.11: If I is S-radical, then, 
1.	  t S∃ ∈  such that ( : )I t  is a radical ideal. 
2.	  t S∃ ∈  such that : = : .I S I t  
3.	 SIR  is a radical ideal of .SR  

Proof: Clear. 

Proposition 3.12: 
1.	� If R is an integral domain (or S consists of nonzerodivisors) and 

SJR R∩ = ( : ).J u  Then J is S-radical ⇔  SJ  is radical in .SR  
2.	� If S is finite, then J is S-radical ⇔  SJ  is radical in .SR  
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Proof: The “only if” part of 1. and 2. is ensured by the previous proposition.

1.	� Assume that SJR  is radical. We will show that : = : .J S J u  Indeed, 
clearly, :J S ⊆ SJR R∩ = SJR ∩ = : ,R J u  by hypothesis, and we are 
done.

2.	 It is obvious. 

Proposition 3.13: I is S-radical in R ⇔  I  is *S -radical. 

Proof: By ([14], Proposition 5) and the fact that *( ) = ( ).S S
V I V I  

Question 2: If 1 2S S⊆  be two m.c.s and I is an 1S -radical ideal with 

2 = ,I S∩ ∅  it is true that I  is an 2S -radical ideal?

4.  Direct and inverse image of zS-ideals

For ,s S∈  we denote by = ( )s sp  where : /R R Ip →  is the canonical 
homomorphism. We denote by = { | }.S u u S∈  Clearly, if I is S-disjoint, then 
S  is a m.c.s of / .R I  Now, we will focus on the study of the inverse image 
of a zS-ideal by a ring homomorphism. It is well known that M is a maximal 
ideal of a ring R ⇔  /R M  is a field. In the following, we will give the 
S-version of this property. But before that, we will recall from [14], the 
definition of the S-version of the field, namely S-field. In matter of fact, R 
is called an S-field, if the zero ideal is S-maximal. 

Proposition 4.1: If M is an S-disjoint ideal of R. Then

	 is maximal ideal / is field.M S R M S− ⇔ −

Proof: “⇒ “ We prove that (0)  is S -maximal. For that, let = /I M  be an 
S -disjoint ideal of / ,R M  then I is an S-disjoint ideal. Since ,M I⊆  then 
by hypothesis, .Ms I M⊆  Therefore, ( / ) = (0),Ms I M  as desired.

“⇐ “ Clear. 

Lemma 4.2: Let : R Rj ′→  be a ring isomorphism and S′  a m.c.s of .R′  Then 
S = 1( )Sj − ′ = 1{ ( )sj − ′ : }s S′ ′∈  is a m.c.s of R and 

	 is an field is an fieldR S R S′ ′− ⇔ −

Proof: It is straightforward. 
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Proposition 4.3: If g is a surjective homomorphism from R to R′  and S′  is 
a m.c.s of .R′  Then the inverse image of a Sz ′ -ideal of R′  by g is a zS-ideal 
of R, where S = 1( )g S− ′ = {r R∈ : ( )g r }.S′∈  

Proof: Clearly, S is a m.c.s of R. First, we will prove that the inverse image 
of an S′ -maximal ideal of R′  by g is an S-maximal ideal of R. Consider 

: Rp ′ → /R I′  the canonical homomorphism, where I an ideal of ,R′  then 
gp   is a surjective homomorphism with 1( )g I−  as kernel. Therefore, 

1/ ( ) /R g I R I− ′
  by the following isomorphism 

	

1: / ( ) /
( )

R g I R I
a g a

j − ′→





If ( ),SM Max R′ ′∈  then according to the previous proposition, /R M′  
is a S′ -field. Using the previous lemma, we have 1/ ( )R g M−  is a 1( )Sj − ′
-field. But it is easy to see that 1( ) = ,S Sj − ′  this mean that 1/ ( )R g M−  is a S
-field, that is, 1( )g M− ∈ ( ).SMax R  Now, let J be a Sz ′ -ideal of .R′  Clearly, 

1( )g J− ∩ = .S ∅  Let 1( )a g J−∈  and b R∈  such that ( )S a ⊆ ( ).S b  We 
have ( ( ))S g a′ ⊆ ( ( )).S g b′  Indeed, let M ∈ S′ ( ( )),g a  Since g is 
surjective, there exists then = ( )s g s S′ ′∈  such that ( )g s ( )g a ∈ ,M  hence 
sa ∈ 1( ),g M−  and so 1( )g M− ∈ ( ).S a  By assumption, 1( )ub g M−∈  for 
some ,u S∈  this implies that ( )g ub = ( )g u ( )g b ∈ ,M  and so SM ′∈
( ( )).g b  Since ( )g a J∈  and J is a Sz ′ -ideal of ,R′  ( ) ,Js g b J∈  then 1s b ∈ 1( ),g J−  
where 1s S∈  and 1( ) = ,Jg s s  then we are done. 

Finally, we will pay attention to the study of the direct image of a zS-
ideal by an homomorphism. As in the previous proposition, we will 
examine first the S-maximal ideals. But even when = {1}S  or ( ),S U R⊆  it 
is well-known that the direct image of a maximal ideal is not in general 
maximal. For this reason, in the following, we will look for an additional 
condition to achieve our aim.

Let :g R R′→  be a ring homomorphism and S a m.c.s of R. It is clear 
that if S ∩ ( )Ker f = ,∅  then ( )f S  is a m.c.s of .R′  In the subsequent part, 
we mean by S a m.c.s of R disjoint with ( ).ker g  

Definition 4.4: A ring homomorphism :g R R′→  is called S-strict if it is 
surjective and if x R∈ \ *S ⇒ ( )g x ∈ R′ \ ( ).g S  

Lemma 4.5: If :g R R′→  is a surjective ring homomorphism. Then g is 
S-strict ⇔  For each ideal I of R, if = ,I S∩ ∅  then ( )g I ∩ ( )g S = .∅
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Proof: ⇒  Assume that ( )g I ∩ ( )g S ≠ ,∅  then there exists x I∈  such that 
( )g x ∈ ( ).g S  Hence * ,x S∈  by hypothesis, it follows that y R∃ ∈  such that 

,xy S∈  so xy ∈ ,S I∩  as desired.
⇐  Let *\x R S∈  and tack = .I xR  Assume that I S∩ ≠ ∅  and take 

y I∈ ∩ ,S  so =y xr  for some ,r R∈  it results that * ,x S∈  absurd. By 
assumption, ( )g I ∩ ( )g S = ,∅  and so ( )g x ∈ \ ( ).R g S′  

Proposition 4.6: If :g R R′→  is a S-strict and I a Sz -ideal of R, then ( )f I  
is a ( )f Sz -ideal of .R′  

Proof: Since = ,I S∩ ∅  then by the previous lemma, we have ( )g I ∩ ( )g S
= .∅  Now, let ( )a g I′∈  and b R′ ′∈  such that ( )( )g S a′ ⊆ ( )( ).g S b′  Write 

= ( )a g a′  and = ( )b g b′  for some a I∈  and .b R∈  We will show that ( )S a
⊆ ( ).S b  For that, let ( ).SM a∈  There exists s S∈  such that if Q  is an 
S-disjoint ideal that containing M, then .sQ M⊆  We have = ,M S∩ ∅  then 
by hypothesis, ( )g M ∩ ( )g S = .∅  Furthermore, if J is ( )g S -disjoint and 

( ) ,g M J⊆  then 1( ).M g J−⊆  Also, it is easy to prove that 1( )g J− ∩ = ,S ∅  
hence 1( )sg J− ⊆ ,M  this implies that ( )g s J ⊆ ( ).g M  It results that ( )g M
∈ ( )g SMax ( ).R′  Moreover, ua M∈  for some ,u S∈  then ( )g u ( )g a ∈ ( ).g M  
According to the above, there exists t S∈  such that ( )g t ( )g b ∈ ( ),g M  
thus 1tb g−∈ ( ( )).g M  But we have 1M g−⊆ ( ( ))g M  and 1g− ( ( ))g M ∩ S =

,∅  then 1sg− ( ( ))g M ⊆ ,M  thus ,stb M∈  this means that ( ),SM b∈  as 
required. Since ,a I∈  we have ,Is b I∈  and ( )Ig s ( )g b ∈ ( ).g I  Consequently, 

( )g I  is a ( )g Sz -ideal of .R′  

Lemma 4.7: *\ ,x R S∀ ∈   ( )SN Max R∃ ∈  such that .x N∈  

Proof: Put = ,I xR  so I is S-disjoint. It is well-known that there exists an 
S-disjoint ideal ( )P Spec R∈  such that .I P⊆  Let 

	 = { ( ) : and = }.P Spec R I P P S∈ ⊆ ∩ ∅

( , )⊆  is inductive subset. Hence, ( , )⊆  admits a maximal elements 
denoted by N, that is an S-maximal ideal. Indeed, =N S∩ ∅  and .I N⊆  
Assume that there exists an S-disjoint ideal J of R such that ,N J⊆  so there 
exists an S-disjoint prime ideal 0P  such that 0 ,J P⊆  this implies that 

0 ,I P⊆  and so 0 .P ∈  Since 0 ,N P⊆  then by the maximality of N in 
( , )⊆  we have 0 = ,P N  and = .J N  

Proposition 4.8: 

	
*( ) , , ,Sx Jac R s S y R s xy S∈ ⇔∀ ∈ ∀ ∈ + ∈
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where ( )( ) = ( : ).
SN Max RS NJac R N s∈

 

Proof: ( )⇒  If ( ),Sx Jac R∈  and suppose that there exists y R∈  and 
s S∈  such that * .s xy S+ ∉  By the previous lemma, s xy M+ ∈  for some 

( ).SM Max R∈  However ( : ),Mx M s∈  this implies that ,Ms x M∈  hence 
Ms s + Ms xy ∈ .M  It follows that Ms s ∈ M ∩ ,S  a contradiction.

( )⇐  Assume that ( ).Sx Jac R∉  There exists ( )SN Max R∈  such that 
( : ),Nx N s∉  this yields that ,Ns x N∉  and so ,x N∉  then N N⊂ + xR  and 

( )Ns N xR+  not in N, then S ∩ (N + )xR ≠ .∅  Pick s S∈ ∩ (N + ),xR  
then =s m + xa S∈  for some m N∈  and ,a R∈  thus m = s xa− ∈ N ∩

* ,S  and so N S∩ ≠ ,∅  a contradiction. 
Now, by the following remark, we give a class of examples of S-strict 

ring homomrphism.

Remark 4.9: If : /R R Ip →  is the canonical homomorphism, then 

	 is ( ).SS strict I Jac Rp − ⇔ ⊆

References

[1]	 A. R. Aliabad, M. Badie, and S. Nazari, “An extension of z-ideals and 
z°-ideals,” Hacet. J. Math. Stat., vol. 49, no. 1, pp. 254-272 (2020).

[2]	 D. D. Anderson, T. Arabaci, Ü. Tekir, and S. Koç, “On S-multiplication 
modules,” Commun. Algebra, vol. 48, no. 8, pp. 3398-3407 (2020).

[3]	 D. D. Anderson and T. Dumitrescu, “S-Noetherian rings,” Comm. Al-
gebra, vol. 30, no. 9, pp. 4407-4416 (2002).

[4]	 M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Al-
gebra, vol. 2, Addison-Wesley, Reading (1969).

[5]	 A. Benhissi and A. Maatallah, “A question about higher order z-ideals 
in commutative rings,” Quaest. Math., vol. 43, pp. 1155-1157 (2020).

[6]	 T. Dube and O. Ighedo, “Higher order z-ideal in commutative rings,” 
Miscolc Math. Notes, vol. 17, pp. 171-185 (2016).

[7]	 A. Hamed and A. Malek, “S-prime ideals of a commutative ring,” 
Beitrage Zur Algebra Und Geometrie/ Contributions to Algebra and 
Geometry, vol. 61, no. 3, pp. 533-542 (2019).

[8]	 C. W. Kohls, “Ideals in rings of continuous functions,” Fund. Math., 
vol. 45, pp. 28-50 (1957).



IDEALS OF COMMUTATIVE RINGS� 2287

[9]	 G. Mason, “z-ideals and prime ideals,” J. Algebra, vol. 26, pp. 280–297 
(1973).

[10]	 S. Onar, S. Yavuz, B. A. Ersoy, and K. Hila, “Intuitionistic fuzzy 2-ab-
sorbing semiprimary ideals of commutative rings,” J. Discret. Math. 
Sci. Cryptogr., vol. 25, no. 8, pp. 2353–2368 (2022).

[11]	 E. S. Sevim, T. Arabaci, Ü. Tekir, and S. Koç, “On S-prime submod-
ules,” Turk. J. Math., vol. 43, no. 2, pp. 1036–1046 (2019).

[12]	 E. A. Ugurlu, “Generalizations of r-ideals of commutative rings,” J. 
Interdiscip. Math., vol. 24, no. 8, pp. 2283–2293 (2021).

[13]	 G. Ulucak, Ü. Tekir, and S. Koç, “On S-2-absorbing submodules and 
vn-regular modules,” Analele Universitatii “Ovidius” Constanta, 
vol. 28, no. 2, pp. 239–257 (2020).

[14]	 E. Yıldız, B. A. Ersoy, Ü. Tekir, and S. Koç, “On S-Zariski topology,” 
Comm. Algebra, vol. 49, no. 8, pp. 3387–3397 (2020).

		  Received March, 2023


