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Abstract

Let R be a commutative ring with nonzero unity and S a multiplicatively closed subset
(m.c.s) of R. An S-disjoint ideal of R is called z*-ideal if there exists s = s, ¢ S and whenever
M(a) € M(b) for some a € [ and b € R, then sb € I, where M(a) = {Maxy(R) : sa ¢ M for some s €
S}, for each a ¢ R. In the present paper, we introduce and study the concept of z*-ideal which is
an extension of the notion of the z-ideals. We generalize some well-known results on z-ideal
to z°-ideal. In addition, many examples, characterizations, and properties of z°-ideal are
given. We also investigate the relation between z-ideals and z*-ideals of a commutative ring.
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1. Introduction

Throughout this article, the term “ring” refers to a commutative ring
with nonzero unity. Recently, in 2002, Anderson and Dumitrescu
introduced the notion of S-noetherian ring which is considered as an
extension of the Noetherian concept (see [3]). After that, various authors
focused on this generalization and gave the S-version of some well-known
properties of these rings. After drawing attention, many concepts in
commutative algebra were extended to their S-version as the S-noetherian,
for example, we mention the prime ideals, maximal ideals, 2-absorbing
ideals, multiplication modules (see [7, 2, 13]). Note that many other
concepts in commutative algebra have also been recently generalized and
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well studied, as the concept of r-ideals, 2-absorbing semiprimary ideals,
etc. (see [10, 12]). In the light of the above, we define and explore the
S-version of the notion of z-ideals. A proper ideal I of a ring R is referred
to as a z-ideal if for every x €l and y e R such that x and y are contained
in the same set of maximal ideals, then also yeI. This concept was
introduced by “Kohls” in 1957 (see [8]) during the examination of the ring
known as C(X), the ring of real-valued continuous functions on a
topological space X, and it has been expanded, by Mason, to an arbitrary
ring in 1973 (see [9]). We mention that, for years, there have been many
generalizations on this topic. For example, see [1, 6]. Note that in this
article, our focus is on investigating the notion of the z*-ideal of an arbitrary
ring, but the case of the ring C(X) can be a very interesting topic to be
studied. Presently, we give some notations which will be utilized all
through this article and can be found in [4]. For an ideal I of a ring R, we
denote by U(R), Max(R), Spec(R), and Min(I) the set of all units in R,
maximal ideals, prime ideals, and minimal ideals over I, respectively. For
every ideal K of R, we define the set (I:K) = {reR: rKcl}. Clearly,
(I:K) is an ideal of R. If K=xR, we use (I:x) instead of (I:K).For a
m.c.s Sof aring R, we denoteby I1:S = {xeR : uxel for some ueS}. For
an element x of R, we define M_ (resp., M(x)) as the intersection (resp.,
set) of the maximal ideals that contain the element x. Recall from [7] that
an S-disjoint ideal P is termed S-prime, if there exists u €S such that for
every x,yeR if xyel, we have uxel or uyel. Also, recall from [14]
that an S-disjoint ideal M of R is called an S-maximal ideal if there exists
s S such that for each S-disjoint ideal N containing M we have sN < M.
By Max(R) (resp., Specs(R)) we mean the set of the S-maximal (resp.,
S-prime) ideals of R. Let x be an element of R, we define M,(x) =
{M e Max,(R) : sxe M forsome seS}. Now, we will give the principal
definition of this article. An S-disjoint ideal of R is said to be z*-ideal if
there exists s=s, €S such that if M,(a) = M,(b), where ael and beR,
then sbel, (see Proposition 2.5 for an equivalent definition). Among
other results of this article, Section 2 considers the fundamental properties
of z°-ideals. It is well known that the assertion “I is a z-ideal” does not
imply, in general, that ” IR is a z-ideal” even if INS=. also “IR; is a
z-ideal” does not also imply that “I is a z-ideal”. So, a question that
naturally arises here is, what condition on I to get IR, is a z-ideal of R..
For this reason, we prove in Theorem 2.17 that I is a z*-ideal of R < IR
is a z-ideal of R, and there exists t €S such that [:S=1:t. In section 3,
we introduce the concept of S-radical ideals. In fact, an S-disjoint ideal I is
called S-radical if there exists seS such that 1:S=1:s. We show that
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the z°-ideals are S-radicals, (Proposition 3.4). We turn of this paper, by the
section 4, with a study of the direct and inverse image of a z*-ideal by a
ringhomomorphism. In fact, we prove thatiffis a surjective homomorphism
fromRto R" and S’ beam.c.s of R, then the inverse image of a z% -ideal
of R' by fis a z*-ideal of R, where S=f(S) = {reR: f(r)eS'}. (see
Proposition 4.3). Moreover, for the direct image, we start by defining the
S-strict homomorphism. A ring homomorphism f:R—R’ is called
S-strict if it is surjective and if ae R\S" then f(a)eR'\ f(S). Then, it was
shown that for a z*-ideal I and a S-strict homomorphism f:R—R' with
Snker(f)=@, we have f(I) is a z/®-ideal of R’ (see Proposition 4.6).
Throughout this paper, R means a ring and S a m.c.s of the ring R.

2. Basic properties of z°-ideals

We start with the following definition.

Definition 2.1 ([14]): Let M be an S-disjoint ideal of R, then M is called an
S-maximal ideal if there exists # €S such that for each S-disjoint ideal N
containing M we have uN c M.

Example 2.2: Let R=ZxZ and S=ZxZ . Clearly, S is a m.c.s and every
S-disjoint ideal is S-maximal. Indeed, every S-disjoint ideal I of R is of the
form nZx(0) for some integer n. Take s=(n,0)€S and assume that there
exists an S-disjoint ideal | of R such that I < J. We can write | =mZx(0)
for some integer m. Then we can easily get s] < I. For example, we can see
that 4Zx(0) is an S-maximal ideal that is not maximal.

It was proved that if Q is S-prime, then there exists s€S such that
(Q:s") < (Q:s) for each s'eS (or, equivalently, Q:S= Q:s for some
s€S), thatis tosay, (Q:s) is the maximal element of the family {(Q:s")},_,
([11], Lemma 2.16(i)). Since every S-maximal ideal is S-prime ([14],
Proposition 10), the previous property is also true for the S-maximal ideal.
As noted in [14], for Q e Spec,(R) (resp., M e Max,(R)), we denote this
s€S by s, (resp., s,,). Also, we will show that this s €S is not necessarily
unique even for the S-maximal ideals (see Remark 2.10) and the Sy OF Sy,
will be signified one of the s€ S such that (Q:s) is the maximal element

of {(Q:s")},-

Notation 2.3: Let x be an element of a ring R. We denote by M (x) =
{(M:s,,) : Me M,(x)} and M.* = nM;(x). Also, by H,(R) we mean the
setof all prime ideals P maximal with the property P NS = . Furthermore,
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we denote by H(x) the set of elements of H(R) containing x, and H
= NHy(x).

Lemma 2.4: For every aeR, Hy(a)= M(a), and so M° =H, .

Proof: First, note that Max(R,)={PR,:PeH,(R)}. Let PeH(a), it is
enough to show that P e M.(a). Let | be an S-disjoint ideal containing
P, then PR, c JR,. Because PR, € Max(R,) and JR; is proper, we have
PR, = JR,, then P:S = ]:§, it results that [ P : S=P. Conversely, let
Pe/\/l;(u), then P=(M:s,,) for some M e M(a). Clearly, ae P, Since
PNnS=@, PR, c QR,, for some QeH,(R), then McQ. Because
M e Max,(R), we have s, Qc M, thus Q=P, and P € H(a).

Proposition 2.5: The following are equivalent for an S-disjoint ideal I of R:

1. 3s=s,eS such that if M°=M,°, where ael and beR, then
sbel.

2. 3ds=s, €S such thatif M;(a)=M;(b), where ael and beR, then
sbel.

3. ds=s,€S§ such thatif M,(a)=M,(b), where acl and beR, then
sbel.

4. ds=s,€§ such thatif M(a)c M,(b), where ael and beR, then
sbel.

5. 3Js=s, €S such thatif M;(a)c M;(b), where ael and beR, then
sbel.

6. Is=s,€S suchthat sM° ]I, forall ael.

Jds=s,€S such that sH, I, forall ael.

Sa —

Proof: 1)= 2). Itis readily seen that M (a)=M_(b) = M°=M,".

2)= 3). Itis clear.

3)=4). If M,(a) c M(b), where ael and beR, then M,(ab) =
M, (b). Indeed, let M € M, (ab), then s'abe M for some s"eS. Used ([11],
Lemma 2.16(i)), either s, aeM or s, beM. Therefore, Me M/ (a)
M, (b) = M,(b). The converse is clear. Now, by hypothesis we have sbel,
as desired.

4)=5). If M;(a) = M,(b), then M, (a) = M,(b). To see this, take
Qe M(a), then (Q:s,) € M;(a) and thus (Q:s,) = (N:s,), for some
N € M,(b). Therefore, s'be N for some. But soN < Q, then st'b €Q, and
Qe M,(b).
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5)=6). Let ael and xe M °. First, we prove that M_(a) = M;(x).
For, let (Q: SQ) € M;(a), where Qe M(a), then xe (Q:SQ) and so
s,x€Q, thus Qe M,(x), this implies that (Q:SQ) € /\/l;(x). Now, using
hypothesis, we conclude that sx € I. Therefore, SM;S c 1, as desired.
6)=7)=1). Using the previous lemma.

Definition 2.6: An S-disjoint ideal I of a ring R is called z*-ideal if it satisfies
one of the equivalent conditions of Proposition 2.5.

Remark 2.7:

(i) Clearly, the S-disjoint maximal ideals are S-maximal. Also, the
S-maximal ideals are a z*-ideals.

(ii) If ScU(R), then the set of z-ideals is equal to the set of z*-ideal.
Indeed, it is not difficult to prove that

Max(R) = Max(R) and so M, (a) = M(a), for each aeR.

Example 2.8: In Example 2.2, we prove that every S-disjoint ideal of R is
a S-maximal ideal, and so a z*-ideal. Then, according to [5], 4Zx(0) is an
z°-ideal distinct from being a z-ideal.

Example 2.9: Let D be a principal ideal domain (PID), P(D) a system of
irreducible elements, p e P(D), and S={p" :neN} am.c.s of D. Then:
1. I=aD is S-disjoint, where a=p“g"' g%, if and only if s> 1.
2. Max,(D)={p“qD:0ceN,qeP(D), and p #q}.
3. The z*-ideal of D are of the form aD, where a=p“g,---q, s>1,
o €N, and the g, are in P(D)\ {p}.

Proof:

1. Obvious.

2. Let qeP(D) such that g#p, and M=p°gD. By 1., we have
MnS5=J. Now, assume that M c ] for some S-disjoint ideal J.
Based on a irreducibility argument we can easily show that ] = p’gD
and B<a, therefore p”J] < M. Also, one can easily show that the
S-maximal ideals are of the previous form.

3. Firstofall, by 2., we can easily see that for a=p“q* --- 4 € D wehave
M (a) = {r’qD : BeN, and 1<i<s}. Also, for every S-maximal
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ideal M =p“gD, we can suppose that s, =p“, and so (M:s,,) =
qD. Then, M® = q,---q.D.

Now, for the “if” part, let I=p“q, --- q. D, where the g, e P(D) \ {p},
and o eN. Clearly, InS=. Take a nonzero element acl, then a =
p“q, -+ qd for some deD. by the above, M° =g, ---qrD for some
reD, hence, p"M° = p“q, --- q.rD < I, and consequently, it proves I is a
z*-ideal of D.

For the “only if” part, let I =dD be a nonzero z*-ideal of D, where d
= p“q' -+ q.°, the g, e P(D) \ {p}, aeN, the n,eN’, and s>1, because
INS=. We will show that each 1, =1. Since d e D, we have sIM:,S cl,
then s g, --- g, €I, and consequently, n, =1 for each 1<i<s.

Remark 2.10: Now, we will show that the s, or the s,,, as in the definition
of the z°-ideal and the S-maximal ideal, are not unique in general. Like in
the previous example, let M = p“qD be an S-maximal ideal. It is clear that
M:p” = gD, also if &'>a, we have (M:p*) = (M:p”). Now, one can
see that for each integer j, we obtain (M:p’) ¢ (M:p*) = gD.

Now, we focus on the intersection of z*-ideals.

Proposition 2.11: Then the following statements hold:
1. If S is finite, then the intersection of z’-ideals is also a z’-ideal.

2. If I,,---,I arez’ideals, then I=n, I isaz*ideal.
Proof: 1t is straightforward.

Definition 2.12 ([7]): A m.c.s S is called strongly-multiplicatively set if for
every family (s ), , of elements of S we have

aeA
(n s RINS#D

ael "o

Proposition 2.13: If S is a strongly-multiplicatively closed subset, then the
intersection of z°-ideals is a z*-ideal.

Proof: Let (I),., be a family of z*-ideals of R and I=n _ I . For each
o€ A, there exists s, €S such that whenever ael  we have saM;S c
I,. By hypothesis, we have (n,_,s,R) N S# Q. Pick an element ¢ of this
intersection, and let a e I. For each oz e A we have s M'° < I, then tM°
c I,. Thus tM,® < I. Therefore, I is a z°-ideal of R.
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Example 2.14: The assumption “S is a strongly-multiplicatively closed
subset” is not necessary for the previous proposition. Indeed, let
S={2":ieN}). Then S is a m.c.s of Z but not even anti-Archimedean.
In fact, suppose that (N 2'Z) N S#@ and let jeN such that 2'e
Ny 2'Z. Now, take j,>j, then by hypothesis, 2/ € 2°Z, which is a
contradiction. Also, put I, =pZ, where p is a prime number other than 2.
By the preceding example, we have I isa z°-ideal. Furthermore, N
pZ = (0), and (0) is a z°-ideal of Z, since M’ =N
o3 prime pZ = (0).

It was shown that, if I, and I, are z-ideals, I I, is a z-ideal < LI,
= I, N1, (see [9]). The following proposition explores a result similar to

p=3; prime

® (M:s,) <

MeMaxg

the one mentioned.

Proposition 2.15: For two z*-ideals I and ], we have: I] is a z*-ideal of R <>
s(IN]) c I] for some seS.

Proof: (=) By hypothesis, there exists s€ S such that sM° < IJ, for all
ael]. Let aeIN], then a* e IJ. This signifies that sM’;  I]. But M =
M’*, hence sael].

(<) Since I (resp., ]) is a z*-ideal, let s, €S (resp., s, € S) such that for
each ael (resp., ae]) we have s M;° I (resp., s,M,° c J), and let
ael], then sls]M;S c In], then uM® c IJ with u=ss;s,. Therefore, I is
a z°-ideal.

Remember that the saturation S™ of S is characterized by S ={xeR
: T is invertible in S"'R}. One can easily see that S' isam.c.s,and xe§
< 3JyeR suchthat xyeS.

Proposition 2.16: I is a z*-ideal of R < Iisa z° -ideal.

Proof: 1t is clear, since R; =R_., and the two rings have the same prime
spectrum.

Question 1: Let S, c S, be two m.c.sand [ is a 7" -ideal of R such that
INS, = @, itis true thatlis a 2> -ideal?

In general, the assertion “I is a z-ideal” does not imply that “ IR, is a
z-ideal” even if IS = <. For example, clearly (0) is a z-ideal of Z. Take
a nonzero prime ideal P, and S=A\P, then the nonzero ideal PR,
represent the unique z-ideal of R,. Also, “ IR, is a z-ideal” does not also
imply that “I is a z-ideal”. For example, let (R,M) be a local ring, and
assume that Pc M is a prime ideal. Take S=R\P, then PR, is the
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unique z-ideal of R, however P is not a z-ideal of R. (see also Example
2.19). But we have

Theorem 2.17: [ is a z*-ideal of R < IR, is a z-ideal of R, and 1:S=1:t for
some t e€S.

Proof: For the “only if” part, by assumption, let s=5s, €S such that for
every acl, sM;S c I Let ael:S and let seS, such that asel. Then,
s;aesM?®=sM?>c I, thus ael:s,. Now, we demonstrate that IR,

is a z-ideal of R;. For, let xe IR, thus x=? for some ael and seS.

Clearly MRS(§)= {PR, : Pe Hy(a)}. let y=;e (I PR,, then sbes,

PeH,(a)

N P=sH,, =sM?®c I Consequently, y = s% € IR,.

PeH,(a) s

For the “if” part, let a € I. One can easily show that M, (7) = {PR; :
P e H(a)}. Since IR, is a z-ideal of R, N PR, c IR, it results that,

PeHg(a)

(N P)R;c N PR, cIR,. Then (1 Pcl:S=I:s and so

PeHg(a) PeHg(a) PeHg(a)

sM;S cl.

Corollary 2.18:
1. If S consists of nonzerodivisors and there exists s €S such that IR, " R =
(I:s). Then Iis a z*-ideal of R < IR, is a z-ideal of.
2. If Sis finite, then I is a z°-ideal of R < IR, is a z-ideal of R,.
3. IfPis S-prime, then P is a z*-ideal of R < PR, is a z-ideal of R,.

Proof: According to the previous theorem, it suffices to prove that there
exists se S such that I:S=1:s, thatis evident in all cases.

Example 2.19: Let P e Spec(R) and S=R\P, then P is a z*-ideal. Indeed,
since PR, € Max(R,), then itis a z-ideal. Also, since P is an S-prime ideal,
then P is a z*-ideal. For example, let (R, M) be an integral local domain
which is not a field and S=R\(0), then (0) is a z° -ideal of R that is not a
z-ideal.

Remark 2.20: Using the S-maximal ideals, we can give a new description
of maximal ideal of the ring R.. In fact, we can prove that Max(R,) = {MR,
: M e Max, (R)}.
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3. S-Radical and z’-ideals

From [14], recall that we denote by

i/f: {xeR:ux™ eI for some u € S and an integer mj}.

It is clear that ¥/I is an ideal of R containing I and JI. Note that, as
mention in [14], we have ?/f = \/@ , where (IR,) is the inverse image
of IR, by the natural homomorphism 7 : R — R..

Also, one can easily see that {1=+1:5s.

Definition 3.1: An S-disjoint ideal I of a ring R is called S-radical if there
exists u €S such that ué/f c I, or, equivalently, VI:S=1:u.

Example 3.2: Let R=7Z[X] and S={2":neN}.

(i) Put I=4XR. Clearly, I is a non radical S-disjoint ideal. However,
I is an S-radical ideal of R. Indeed, let f eg/lf , then 2" f" el for
some n,meN, thus 2"f" =4Xh for some heR. It follows
that 2" f(0)" =0, thus f(0)=0, and so f=Xf for some f eR.
Consequently, 4f €I, and rcl

(ii) Put I=X’R, we have X ?/f, but for each neN, 2"X ¢ 1. Hence, I
is not S-radical.

Remark 3.3: For a finite m.c.s S, every S-disjoint radical ideal is S-radical.
It is well-known that the z-ideals are necessarily radical. Now,

Proposition 3.4: Every z*-ideal is S-radical.

Proof: If L is a z*-ideal, then by Theorem 2.17, LR, is a z-ideal of R;, and
L:S = L:u forsome u€S. Since every z-ideal is radical, then LR, = /LRg
= JLR,. Itfollows that L:S = VL:S. Thus, JL:S = Wis=+vL:S=1L:S=
L:u. Consequently, L is S-radical ideals.

The converse of the previous result is not in general true.

Example 3.5: Let M,Q € Spec(R) such that Q = M, and S=R\ M. Clearly,
Q is S-radical. Also, note that QR,, is not a z-ideal of R,,, because MR,,
is the unique z-ideal of R,,. Now, using Theorem 2.17, Q is not z’-ideal.

Example 3.6:

(i) Let R=ZxZ and S=7ZxZ . We showed that each S-disjoint ideal is
a z*-ideal, and so S-radical, by the previous proposition.
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(ii) In Example 3.2, we proved that I is not S-radical, hence it is not z*-
ideal.

Example 3.7: If D is a PID, and S={p":neN}, then the concept of z*-
ideals and that of S-radical ideals coincides. In fact, as shown in Example
2.9, an S-radical ideal should be of the form I=aD, where a=p°g" ---
g%, the g, eP(D) \ {p}, the n,21, and s>1. Now, assume that n =2
for some j e {1,---,s}, then clearly g,---g, € JIs, but for every seS, sq,
---q, ¢ I, which is a contradiction. Thus, the S-radical ideal of D are of the
form aD, where a=p°q,---q, s>1, a an integer and the g, e P(D) not
equals to p, as the z*-ideals.

Proposition 3.8: Every S-disjoint ideal minimal over a z’-ideal is also a
S .
z’-ideal.

Proof: Since P is minimal over I, then PR; € Min(IR,). Furthermore, I is
a z°-ideal, using Theorem 2.17, IR, is a z-ideal of R,. The conclusion is
drawn from ([9], Theorem 1.1) and Theorem 2.17.

Corollary 3.9: If (0) is a z°-ideals, then every minimal prime S-disjoint ideal
is so.

Corollary 3.10: Let | and P are two S-disjoint ideals where P € Spec(R) and
J NP is a z°-ideal, then one of the two ideals is a z*-ideal.

Proof: If P is not a z*-ideal, pick Q € Min(J "P) such that WP Qc P.
By the previous proposition, ] cQ < P. Hence, ] =] NP is a z*-ideal of R.

Now, we give some properties of the S-radical ideals concept. In fact,
a relation between S-radical ideals and radical ideals is given.

Proposition 3.11: If I is S-radical, then,
1. 3JteS suchthat (I:¢) is a radical ideal.
2. dteS suchthat [:S=1:t.
3. IR, is aradical ideal of R,.

Proof: Clear.

Proposition 3.12:

1. If R is an integral domain (or S consists of nonzerodivisors) and
JR; "R = (J:u). Then Jis S-radical < ] isradical in R.

2. If Sis finite, then ] is S-radical < ] is radical in R,.
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Proof: The “only if” part of 1. and 2. is ensured by the previous proposition.

1. Assume that JR; is radical. We will show that |J:s=]:u. Indeed,

clearly, ;s < JRs "R = JR; N R=]:u, by hypothesis, and we are
done.

2. Itis obvious.
Proposition 3.13: I is S-radical in R < [ is S -radical.
Proof: By ([14], Proposition 5) and the fact that V(I)= V. (D).

Question 2: If S S, be two m.c.s and I is an S, -radical ideal with
INS, =0, itis true that I isan S, -radical ideal?

4. Direct and inverse image of z*-ideals

For seS, we denote by 5 =m(s) where 7:R— R /I is the canonical
homomorphism. We denote by S = {ii | u € S}. Clearly, if I is S-disjoint, then
S isam.c.s of R/I. Now, we will focus on the study of the inverse image
of a z’-ideal by a ring homomorphism. It is well known that M is a maximal
ideal of a ring R <> R/M is a field. In the following, we will give the
S-version of this property. But before that, we will recall from [14], the
definition of the S-version of the field, namely S-field. In matter of fact, R
is called an S-field, if the zero ideal is S-maximal.

Proposition 4.1: If M is an S-disjoint ideal of R. Then
M is S—maximal ideal < R/ M is S —field.

Proof: “ = “ We prove that (0) is S -maximal. For that, let 7 =1/ M be an
S -disjoint ideal of R/ M, then I is an S-disjoint ideal. Since M c I, then
by hypothesis, s, ¢ M. Therefore, %(I / M)= (6), as desired.

"« “ Clear.

Lemma 4.2: Let ¢:R— R’ be a ring isomorphism and S' a m.c.s of R'. Then
S=¢'(S)={p(s") : s'eS} isam.cs of Rand

Ris an S—field < R’ is an S’ —field

Proof: 1t is straightforward.
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Proposition 4.3: If g is a surjective homomorphism from R to R" and S’ is
am.c.s of R". Then the inverse image of a z° -ideal of R’ by g is a z*-ideal
of R, where S = ¢7'(S') = {reR: g(r) €§'}.

Proof: Clearly, S is a m.c.s of R. First, we will prove that the inverse image
of an S'-maximal ideal of R" by g is an S-maximal ideal of R. Consider
m:R" = R'/I the canonical homomorphism, where I an ideal of R’, then
Tog is a surjective homomorphism with ¢7'(I) as kernel. Therefore,
R/ g '(I)~R'/I by the following isomorphism

p: R/g'(I) —» R/I
i - g

If M e Max,(R'), then according to the previous proposition, R'/ M
is a §'-field. Using the previous lemma, we have R/ ¢ (M) is a (p‘l(SL)
-field. But it is easy to see that ¢'(S')=S, this mean that R/ g™ (M) isa S
-field, that is, ¢"'(M) e Max,(R). Now, let | be a z% -ideal of R'. Clearly,
g () nS=2. Let aeg'(J]) and beR such that M,(a) = M. (b). We
have M,(g(a)) € M, (g(b)). Indeed, let M e M, (g(a)), Since g is
surjective, there exists then s'=g(s)eS" such that g(s) g(a) € M, hence
sae ¢g(M), and so g'(M)e M,(a). By assumption, ubeg'(M) for
some ueS§, this implies that g(ub) = g(u) g(b) € M, and so MeM,
(g(b)). Since g(a)e ] andJisa z° -ideal of R/, s, g(b)e], then sb e g7'()),
where s, €S and g(s))=s,, then we are done.

Finally, we will pay attention to the study of the direct image of a z°*-
ideal by an homomorphism. As in the previous proposition, we will
examine first the S-maximal ideals. But even when S={1} or Sc U(R), it
is well-known that the direct image of a maximal ideal is not in general
maximal. For this reason, in the following, we will look for an additional
condition to achieve our aim.

Let g:R— R’ be a ring homomorphism and S a m.c.s of R. It is clear
thatif S N Ker(f) = &, then f(S) isam.c.sof R'. In the subsequent part,
we mean by S a m.c.s of R disjoint with ker(g).

Definition 4.4: A ring homomorphism g:R — R’ is called S-strict if it is
surjective and if xe R\ S" = g¢(x) € R" \ g(9).

Lemma 4.5: If g:R— R’ is a surjective ring homomorphism. Then g is
S-strict <> For eachideal I of R, if INS=(J, then g(I) N g(S) = <.
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Proof: = Assume that g(I) N g(S) # &, then there exists x €I such that
g(x) € g(S). Hence x€S’, by hypothesis, it follows that 3y € R such that
xyeS, so xy € SNI, as desired.

< Let xeR\S and tack I=xR. Assume that INS # & and take
yelnS, so y=xr for some reR, it results that xeS’, absurd. By
assumption, g(I) N g(S) = &, and so g(x) € R'\ g(5).

Proposition 4.6: If g:R— R’ is a S-strict and [ a z°-ideal of R, then f(I)
isa z/®-ideal of R’

Proof: Since INS=, then by the previous lemma, we have g(I) N g(5)
= . Now, let a'e g(I) and b'e R’ such that M, (a") = M, (V). Write
a'=g(a) and b’ = g(b) for some ael and beR. We will show that M (a)
< M,(b). For that, let M € M,(a). There exists s€ S such that if Q is an
S-disjoint ideal that containing M, then sQ c M. Wehave MNS=, then
by hypothesis, g(M) n g(S) = &. Furthermore, if | is g(S)-disjoint and
g(M)c ], then Mc g '(]). Also, it is easy to prove that ¢”'(J) N S=O,
hence s¢”'(J) € M, this implies that g(s)] < g(M). It results that g(M)
€ Maxg(s) (R"). Moreover, uac M for some ueS, then g(u) g(a) € g(M).
According to the above, there exists t€S such that g(t) g(b) € g(M),
thus the g™ (¢(M)). But we have M c ¢~ (¢(M)) and g (¢(M)) N S =
&, then sg’1 (g(M)) < M, thus stbe M, this means that M e M,(b), as
required. Since ae I, wehave sbel, and g(s,) g(b) € g(I). Consequently,
¢(I) isa z*® -ideal of R

Lemma4.7: VxeR\S, 3N eMax (R) such that xeN.

Proof: Put I=xR, so I is S-disjoint. It is well-known that there exists an
S-disjoint ideal P € Spec(R) such that I < P. Let

F ={PeSpec(R):IcPand PnS=0}.

(F,<) isinductive subset. Hence, (F,<) admits a maximal elements
denoted by N, that is an S-maximal ideal. Indeed, NNS=¢ and I < N.
Assume that there exists an S-disjoint ideal ] of R such that N c J, so there
exists an S-disjoint prime ideal P, such that Jc P, this implies that
Ic P, and so PjeF. Since Nc P, then by the maximality of N in
(F,c) wehave P/=N, and ] =N.

Proposition 4.8:
xejac(R)>VseSVyeRs+xye§,
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where Jacy(R)= ﬂNeMMS(R)(N 18y)-

Proof: (=) If xe]jac,(R), and suppose that there exists y <R and
s€S such that s+xy ¢S . By the previous lemma, s+xyeM for some
M e Max,(R). However xe(M:s,,), this implies that s, xe€ M, hence
5,5 + s,xy € M. It follows that s,;s € M N S, a contradiction.

(<) Assume that x ¢ Jac,(R). There exists N e Max,(R) such that
x ¢(N:s,), this yields that s,x¢ N, andso x¢ N, then Nc N + xR and
sy(N+xR) not in N, then S N (N + xR) # &. Pick seS n (N + xR),
then s=m + xaeS for some meN and aeR, thus m = s—-xae N N
S", andso NnS # &, a contradiction.

Now, by the following remark, we give a class of examples of S-strict
ring homomrphism.

Remark 4.9:If 7:R — R /I is the canonical homomorphism, then

7 is S—strict < I  Jac,(R).
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