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1. Introduction

The most of real-world problems in environmental, science, sociology,
engineering, economics, medical science, and many other fields involve
the use of mathematical tools. Some classical tools, such as fuzzy sets [1],
rough sets [2], intuitionistic fuzzy sets [3], are often useful approaches to
explaining uncertainty. In 1999, Molodtsov [4] purposed the concept of
soft set theory which was free from the parameterization of inadequacy
condition of fuzzy set theory, probability theory and rough set theory.
Later, Maji et al. [5, 6] defined soft subsets and soft super sets, equality
of two soft sets. They presented soft binary operations and discussed
the application of soft sets in decision-making problems based on the
weighted table in the algorithm. The soft set theory has been developed
by many researchers [7, 8].

In 2010, Gong et al. [9] proposed the concept of bijective soft sets
and some of it operations such as the restricted AND and the relax AND
operations on a bijective soft set. Later, Cagman et al. [10] introduced fuzzy
parameterized soft sets (FP-soft sets) and presented some of its properties.
They discussed the application of the algorithm of fuzzy parameterized
soft sets in decision-making problems. The soft sets are extended to fuzzy
soft sets by Maji et al. [11]. Next, the fuzzy soft set is also a new notion
applying to abstract algebraic structures. In 2011, Yang [12] developed
fuzzy soft sets to fuzzy soft semigroups. He defined a soft semigroup and
soft [left, right] ideal and a fuzzy soft [left, right] ideal and a fuzzy soft
semigroup over a semigroup. Next, Suebsan [13] defined relative fuzzy soft
sets over some semigroups and investigated their properties. Moreover, he
discussed the new model for solving decision-making problems based on
relative fuzzy soft sets over some semigroups.

When it comes to existing researches of soft sets in decision-making
problems, they are limited to some extent. The algorithm of Maji et al.
[6] and Cagman et al. [10] are designed for each parameter has a single
parameter. The fuzzy parameterized bijective soft sets over common
universe plays a key role in dealing with problem above. Motivated
and inspired by the works above, we are interested in the bijective soft
semigroup over semigroups.

In this paper, we define bijective soft semigroups over semigroups
and give some properties of bijective soft semigroups over semigroups
with supporting examples. Moreover, we defined fuzzy parameterized
bijective soft sets over a universe and present an algorithm for solving
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some decision-making problem based on fuzzy parameterized bijective
soft sets over a universe.

2. Preliminaries

In this section, we shall give some basic definitions and results that
will be used

The first concept of soft sets over a universe was introduced by
Molodtsov [4].

Definition 2.1: [4] Let & be an initial universal set and Z be a set of
parameters. Let P(U) denotes the set of all subsets of &/ and J# A c E.
A pair (W, A) is called a soft set over U, where ¥ is a mapping from A
into the power set P(U) (¥: A — P(U)).
Note that a soft set (¥, A) can be represented by the set of ordered
pairs
(¥, A) =1(p,¥(p)):p e A, ¥(p) e P(U)}.

The some operations of soft sets over a universe were studied by Maji
etal. [5].

Definition 2.2: [5] The union of two soft sets (¥,A) and (Q,X) over a
common universe U. Define (¥,A)U(Q,%):=(YuUQ,AUX), where for
all pe AUZ,
Y(p) if peA-%,
YouQ)(p =41 Qp) if peX-A,
Y(p)uQ(p) if peAnk.

Then (‘I’,A)O(Q, Y) is a soft set over U.

Definition 2.3: [5] Let (¥,A) and (Q,X) be two soft sets over a common
universe U. The AND operation on two soft sets (¥,A) and (Q,X),
“(¥,A) AND (Q,X)”, denoted by (¥, A)A(£2, %), is defined by

(W, A)A(Q,X):=(Y,AxX),

where Y(e, 8) = () " Q(B), for all («, ) e AxX.

Definition 2.4: [5] A soft set (¥, A) over a universe U is said to be a null
soft set denoted by @, if W(p)=@ forall peA.

The concept of bijective soft sets over a universe was defined by Gong
etal. [9].
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Definition 2.5: [9] Let A be a non-empty parameter set and let (¥, A) be
a soft set over a common universe ¢{. We say that (¥, A) is a bijective soft
set over U if it satisfies

(i) Upe'¥(p)=U and
(ii) for any two distinct parameters p,,p, € A, ¥(p,)"¥(p,) = 2.

Example 2.6: [9] Suppose that U = {xl,xz,x3,x4,x5,x6,x7} is a universe
and (¥,Z) is a soft set over U, where Z={e,,e,,e,,e,}. The mapping of
(¥,E) is given below:

W) =1{x,x,,x,},¥(e,) ={x,,x,,x,}, ¥(e,) = {x,}, ¥(e,) = {x,,x,,x,,%,}.

Let A={e,e,e},Z=1{e,e} ¢=1{e,e,} and w={e, e} From
Definition 2.5, (¥,A) and (¥,X) are bijective soft sets but (¥,¢) and
(¥,¥) are not bijective soft sets.

The following theorems were presented by Gong et al. [9].

Theorem 2.7: [9] Suppose that (¥, A) and (Q,X) are two bijective soft sets over
a common universe U. Then (Y,0)=(¥,A)A(Q,X) is a bijective soft set.

Theorem 2.8: [9] Suppose that (¥, A) is a bijective soft set over a universe U
and (Q,%) is a null soft set over U. Then (I',A)= (¥, A)U(Q,X) is a bijective
soft set.

Fuzzy parameterized soft set (FP-soft set) theory was proposed by
Cagman et al. [10].

Definition 2.9: [10] Let &/ be an initial universal set, P(i) be a set of all
subsets of U, E be a set of all parameters and X be a fuzzy set over E with
the membership function u, :Z—[0,1]. An FP-soft set ¥, over U isaset
defined by a function y, representing a mapping

v, :E - P(U)such that y, (x) = D if u, (x)=0.

Here, v, is called an approximate function of the FP-soft set ¥, over
U can be represented by the set of ordered pairs

¥y = () / x, 9, (x):x e B,y (x) e P(U), 1, (x) €[0,1]}.

Example 2.10: [10] Let U ={u,,u,,u,,u,,u,} be an initial universal set and
E={x,,x,,x,,x,} be aset of parameters. If X=1{0.2/x,,0.5/x,,1/x,} and
v, (x,)={u,,u}, v, (x,)={u,u,}, v, (x,)=U, then the FP-soft set ¥, is
written by
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Y, ={0.2/x,,{u,,u,}),05/x,,{u,u,}),1/x,, U}

Definiton 2.11: [14] A non-empty subset T of a semigroup S is called a
subsemigroup if T c T.

The first concept of soft sets over a semigroup was introduced by
Yang [12].

Definition 2.12: [12] A soft set (¥, A) over a semigroup S is said to be a
soft semigroup over S if W(p) is a subsemigroup of S for all p e A.

The following example is an example of a soft semigroup over a
semigroup.

Example 2.13: Let S={a,,a,,..,4,} and and define a binary operation *
onSby a *a, =a_ ., forevery a a, €S. Then (S,+) isasemigroup. Let
E={e,e,,..,e,} bea set of parameters and let A={e,,e,,...,e,} where
k<m. Let (¥,A) be a soft set over S as follows:

(¥, AN =1(e, {a,}), (e, Aa,,a,)), (e, a0, ,0,)), ..., (e a4y, ... @, D)),

where W(e))={a,},¥(e,)=1a,,a,},..,¥(e,)=1{a,,a,,..a}
Itis to verify that ¥(e,), ¥(e,),...,'¥(e,) are subsemigroups of S. Hence
(¥, A) is a soft semigroup over S.

3. The bijective soft semigroups over semigroups

In this section, we study a bijective soft set over semigroups and give
some operations, and define a bijective soft semigroup over semigroups
and obtain some operations with supporting examples.

Definition 3.14: Let A be a non-empty parameter set and let (‘¥,A) be a
soft set over a semigroup S. We say that (¥, A) is a bijective soft set over S
if (W, A) satisfies

i) U,ea¥(p)=S$ and

(ii) for any two distinct parameters p,qe A, ¥(p)"¥(q) = 9.

Example 3.15: Let S={x ,x,,x,,x,} be a semigroup having the following
multiplication in Table 1.
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Table 1
Multiplication table of a semigroup S
° ‘xl xZ x3 x4
X, X, X, X, X,
X, X, X, X, X,
X, X, X, X, X,
X, X, X, X, x,

Let A={e,e,,e,} be a set of parameters. The mapping of (¥, A) is
given below:

W(e,) =1x,,x,},¥(e,) ={x,},¥(e,) = {x,}, ¥(e,) = {x,, x,}.

Let A=fe,e, e}, Z={e, e} ¢=1{e,e,}] and w={e, e} From
Definition 3.14, (¥,A) and (¥,X) are bijective soft sets but (‘¥,¢) and
(¥,¥) are not bijective soft sets.

The following theorem shows that the AND operation of two bijective
soft sets over a semigroup is a bijective soft set over a semigroup.

Theorem 3.16: Suppose that (¥, A) and (Q,X) are two bijective soft sets over
a semigroup S. If ANZ #Q then (Y,0)=(¥,A)A(Q,X) is a bijective soft set
over S.

Proof: It follows from Theorem 2.7. a

The following theorem show that (I', A) = (¥, A)O(Q, X) of a bijective
softset (W, A) over asemigroup and anull softset (Q,X) over a semigroup
is a bijective soft set over a semigroup

Theorem 3.17: Suppose that (\P, A) is a bijective soft set over a semigroup S and
(Q,%) is a null soft set over S. Then (I',A) = (¥, A)U(R,X) is a bijective soft
set over S.

Proof. It follows from Theorem 2.8. O

Definition 3.18: A bijective soft set (¥, A) over a semigroup S is said to be
a bijective soft semigroup over S if (W, A) is a soft semigroup over S.

The following example is an example of bijective soft semigroups
over a semigroup, and we show that a soft semigroup over a semigroup is
not a bijective soft semigroup over a semigroup.
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Example 3.19: Let S ={0,(3.50),0,(3.65),0,(3.75),0,(3.85),0,(3.90),0,(3.95)}
be a set of six candidates with grade point average(GPA) under
consideration. Let e be a binary operation which defined by Table 2.

Table 2

Multiplication table of a semigroup S

o 0, 0, 05 0y 05 0s
0, 0, 0, 05 0y 05 0
0, 0, 0, 0y 0y 05 0
0, ) 0, ) 0y 05 0O
0, 04 0, 0, 0, 05 0O
05 05 05 05 05 05 0O
0 O 0 O O 0 0O

Let E ={e,{good computer knowledge}, e,{good speaking},
e, {friendly}, e,{good englishs kill}, e,{experience}} be a set of parameters
and let A={e ,e,,e,,e} and Z={e e, e, e}

Let (W, A) be a soft set over S defined by

(¥, A)={(e,, {0, }),(e,,{0,,0,}), (€5, {0, 0,1), (e5, {0, D)},

where Y¥(e,)={o,},¥(e,)=10,,0,}, Y¥(e,)={o,,0,},¥(e;)={o,}. It is to
verify that W(e,), ¥(e,), ¥(e,), ¥(e,) are subsemigroups of S. Thus (¥, A)
is a soft semigroup over S. It is easy to see that (¥, A) is a bijective soft set
over S. Hence (¥, A) is a bijective soft semigroup over S.

Let (©,X) be a soft set over S defined by

(Q,%)={(e, {0, }),(e,,{0,,0,,0,}), (e, ,{0,,0,,0,,0,,0.}),(e;,0,,0,,0,,0,,05,0,)},

where Q(e,)={o,},Q(e,)=1{o0,,0,,0,}, Qle,)=10,,0,,0,,0,,0.}, Q(e;)=1{o,,
0,,0,,0,,05,0,}.

It is to see that (€,X) is a soft semigroup over S, but (Q,X) is not a
bijective soft set over S.

Hence (©,X) is not a bijective soft semigroup over S.

The following theorem show that the AND operation of two bijective
soft semigroup over a semigroup is a bijective soft set over a semigroup
under some conditions.
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Theorem 3.20: Suppose that (¥, A) and (Q,X) are two bijective soft semigroup
over a semigroup S. If ANZ = then (¥, A) A(Q, ) is a bijective soft set over
S.

Proof: Assume that ANZ #J. Let (Y,AxX):=(¥,A)A(Q,X). Thus
U Y p=UU¥@nap) =J¥ew UQ(ﬂ)) =5nS§=5.

(e
(a,B)eAxE acAfeX [N pex
Let (a,c)#(b,d). Then Y(@a)nQ(c)=2 or ¥(b)nQ(d)=. That is
Y(a,c)nY(b,d)=9D.
Hence (Y,AxX)=(¥,A)A(Q,X) is a bijective soft set over S. [

The following theorem show that (I', A) = (¥, A)O(Q, Y) of a bijective
soft semigroup (¥, A) over a semigroup and a null soft set (Q2,X) over a
semigroup is a bijective soft set over a semigroup.

Theorem 3.21: Suppose that (P, A) is a bijective soft semigroup over a semigroup
Sand (Q,X) is a null soft set over S. (I',A)= (¥, A)U(Q,Z) is a bijective soft
set over S.

Proof: From the Definition 2.2 and 2.4, we have

Y(p) if peA-Zand AnX

(‘P’A)U(Q’Z):{ o if peT-A.

Thatis (I',A) = (¥, AUZX) is a null soft set. Hence (I',A) = (¥,AUZX)
is a bijective soft set over S. Therefore (I',A) = (¥, A)U(, X) is a bijective
soft set over S. O

4. Fuzzy parameterized bijective soft sets

In this section, we define a fuzzy parameterized bijective soft sets and
give some operations with supporting examples.

Definiton 4.22: Let U/ be an initial universal set, = be a set of parameters
and let @ # A c E be a fuzzy set over Z with the membership function
u, :A—=[0,1] and let (*¥,A) be a fuzzy parameterized soft set over U.
An ordered pair (¥, A) is called a fuzzy parameterized bijective soft sets over
U if (¥, A) is a bijective soft set over U.

Note that a fuzzy parameterized bijective soft set (¥,A) can be
represented by the set of ordered pairs
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(¥, A)={(u,(p)/ p,¥(p):pe A, ¥(p) e P(U), 1, (p)€[0,1]}

Example 4.23: Let U ={u ,u,,u,,u, u;,u} be a set of six stores,
E=AUXueuv be a set of parameters, where A describes
the empowerment of sale personnel, X describes the perceived
quality of merchandise, ¢ describes the high traffic location and
v describes store profit or loss. Suppose that the sets of these
parameters are A ={1/a,{high},0.5/a,{medium},0.1/ a,{low}},
2 ={0.9/b{good},0.5/b,{average}}, =1{0.8/c,{no},0.2/c,{yes}} and
v={1/d {profit},0.1/d,{loss}}. According to the data collected, the fuzzy
parameterized bijective soft sets (¥, A),(€,X),(V,¢) and (L,¥) are given
by
¥, AN)={1/a,,{u,u}),05/a,fu,,u,,u})0.1/a,,{u,})}
(Q,2)=1{0.9/b,,{u,,u,,u,}),0.5/b,,{u,,u;,u})}
(V,9)={(0.8/c, Au,,u,,u,,u,}),02/c,,{u;,u})} and
(Lw)={Q/d fu,u,,u}),0.1/4d,,{u,,u, ul)}

The following definitions are some relations of the fuzzy
parameterized bijective soft set over a universe.

Definiton 4.24: Let (¥, A) and (Q, X) be two fuzzy parameterized bijective
soft sets over a common universe U. (¥, A) is a fuzzy parameterized bijective
soft subset of (Q2,%), denoted by (¥,A) & (Q, %), if

(i) AcZX and
() wu,(p)<u,(p) forall pe A and
(iif) W(p) and Q(p) are identical approximations for all p € A.

Definiton 4.25: Let (¥, A) and (Q, X) be two fuzzy parameterized bijective
soft sets over a common universe U. (¥,A) and (Q,X) are equal, denoted
by (¥,A)=(Q,%), if (¥,A)E(Q,X) and (Q,X) E (¥, A).

Example 4.26: Let U ={u ,u,,u,,u,,u;} be a common universe,
E={e,,e,,e,,e,} beasetof parametersand let A={0.2/¢,,0.7/¢,,0.5/¢,}
and X=1{04/¢,08/¢,,0.6/ e, }. According to the data collected, the fuzzy
parameterized bijective soft sets (¥, A) and (Q,X) are given by
(¥,A) =1{0.2/¢,,{u,,u,}),0.7 /e, {u,}),0.5/e,,{u,,u})}and
(Q,2)=1{(04/e¢,,{u,,u,}),08/e,,{u}),0.6 /e, {u,, u}l
Hence (¥, A) & (2, %).
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Now, we present an application of fuzzy parameterized bijective soft

sets in a decision making problem.

Algorithm

Step 1. Input the fuzzy parameterized bijective soft sets (‘¥',, A,).

Step 2. Compute the score value S, . S, is defined by

1
A = Z/”LA (p)X\y,(p)(u)r
z |A, | xeA,; ' '
where |A,| is the number of elements of A, W¥,(p) is the subset

determined by the parameter pand

~ 1 if ue¥/(p),
X () = {o if ugW¥(p).

Step 3. Computation of C, =3.;S, .

Step 4.1If C, =max; S, then we choose u, corresponding to C,.
The following example is the using the new algorithm in a decision
making problem. The concept is similar to the Example 4.23.

Example 4.27: Assume that a company is evaluating the decision
of a purchase store. We consider the Example 4.23. Step 1. Let
(¥, A),(Q,%),(V,e) and (L,v) be four fuzzy parameterized bijective soft

sets over U. Suppose the following:

(P, A) = 1{(1/a, {u,,u}),05/a,{u,, u,,u}),0.1/a,,{u,})}
(©,2) = {(09/b,,{u,,u,,u,}),0.5/b,,{u,,u;,u})}
(V,¢) = {(0.8/c,,{u,,u,,u,,u,}),02/c, {u;,u})}and
(Lw) ={1/4d {u,u,,ul),0.1/d,{u,u,, ul)}

Step 2. Computation of the score value S, of fuzzy parameterized
bijective soft sets (¥, A),(Q,X),(V,#) and (L,») over . Which are shown
in Table 3, Table 4, Table 5 and Table 6, espectively.
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Table 3
The score value of fuzzy parameterized bijective soft set (‘\¥,A)
u u, U, U, u, Us U,
1/a, 1 0 0 0 0 1
0.5/a, 0 1 1 0 1 0
0.1/a, 0 0 0 1 0 0
S, 0.33 0.16 0.16 0.03 0.16 0.33
Table 4
The score value of fuzzy parameterized bijective soft set (Q,X)

u U u, U, U, Us Ug
0.9/b, 1 1 1 0 0 0
0.5/b, 0 0 0 1 1 1

S 0.45 0.45 0.45 0.25 0.25 0.25

Table 5
The score value of fuzzy parameterized bijective soft set (V,¢)

u u, i, U, u, Us U
0.8/c, 1 1 1 1 0 0
0.2/c, 0 0 0 0

S, 04 0.4 0.4 0.4 0.1 0.1

Table 6
The score value of fuzzy parameterized bijective soft set (L,¥)
u u, U, U, u, Us U,
1/d, 1 0 0 0
0.2/d, 0 0 0
S, 0.5 0.05 0.5 0.05 0.05 0.5

Step 3. Computation of C, =%;S, . The core value are shown in Table 7.
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Table 7
The score value C,
u u, u, U, u, U U
S, 0.33 0.16 0.16 0.03 0.16 0.33
S, 0.45 0.45 0.45 0.25 0.25 0.25
S, 0.4 04 0.4 0.4 0.1 0.1
S 0.5 0.05 0.5 0.05 0.05 0.5
C, 1.68 1.06 1.51 0.73 0.56 1.18

Step 4. Hence the company is selected u,.

5. Conclusions

In this paper, bijective soft semigroups over semigroups are
introduced. We obtained some properties of bijective soft semigroups
over semigroups. We defined fuzzy parameterized bijective soft sets over
the universe. Moreover, the application of fuzzy parameterized bijective
soft sets over the universe in decision-making problems is very interesting
and useful for solving day-to-day problems. It helps making decisions in
critical situation.
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