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Abstract

A polynomial that permutes the elements of a finite ring R is known as a permutation
polynomial. The conditions for the coefficients of a polynomial of degree d to be a permutation
polynomial modulo p", are known for p = 2, 3, 5. In this paper, we obtain the necessary
and sufficient conditions on the coefficients of a polynomial modulo 7" to be a permutation
polynomial.
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1. Introduction

Let Rbe a finite ring. A polynomial f(x)e R[x] is called a permutation
polynomial if the associated polynomial function f:c— f(c) from R to R
is a permutation of R. Permutation polynomials have been extensively
explored, see [7] and used in different areas of mathematics, cryptography,
combinatorics and coding theory, see [3, 6, 8-10, 19]. R is considered to
be a finite field in most research, see the survey of Lidl and Mullen [4,
5]. Permutation polynomials over finite fields have been studied for over
140 years but only a few particular families of permutation polynomials
of finite fields are known so far. In the last few decades, most of the
research has been devoted to the construction of irreducible polynomials
and permutation polynomials, see [12-16]. Dickson [1] has given all
permutation polynomials up to degree 5 over an arbitrary finite field
and all permutation polynomials of degree 6 over finite fields of an odd
characteristic. Similarly, there is some work on permutation polynomials
modulo integers, discussed in [2].

Now, there arises a question that what are the necessary and sufficient
conditions on the coefficients of a polynomial f(x) to be permutation?
Several authors have worked to find the conditions on the coefficients of a
polynomial. Rivest [11] have obtained the conditions for the coefficients of
a polynomial to be a permutation polynomial when R is the ring (Z ,+,.)
for m =2". He proved that f(x) isa permutation polynomial if and only if
a, isodd, (a, +a, +a, +...) and (a, +a, +a, +...) are even. Singh and Maity
[16] discussed a very simple and short proof of the characterization given
by Rivest [11] and also introduced a new characterization of permutation
polynomials modulo p" for p=3,5. In the present paper, we obtain the
necessary and sufficient conditions on the coefficients of a polynomial to
be a permutation over modulo 7".

2. Preliminaries

In this section, we present some preliminary results which will be
useful in the upcoming section.

Theorem 2.1 ([16], Corollary 2.1) Let p be a prime. Then f(x) permutes
the elements of Z ,,n>1, if and only if it permutes the elements of Z  and
f'(x) = 0mod p fgr every integer X € Z,.

Theorem 2.2 ([18], Theorem 7) A polynomial f(x)=a,x+a,x* +a,x’ +
ax*+ax’,a, = 0mod?7 is permutation polynomial iff
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(1) 4a,(a;)* =2(a,)’ mod7 and 6a,(a,)’ =(a,)* mod 7, when
5a,a, = 2(a,)* mod 7, or iff
(2) 4a,(a;)" =2(a,)’ +aa,(a,)’ mod7
and 6a,(a,)* =(a,)* +a(a, )’ (a;)* +4a’(a;)* mod7,
where o = (a,a, +(a,)*)((a,)*)" mod 7 when 5a,a, # 2(a,)* mod 7.

Theorem 2.3 ([17], Theorem 3.7) A polynomial f(x)=ax+a,x* +ax’ +
ax*,a, Z0mod7 is permutation polynomial iff 3(a,)* =a,a, mod7 and
2a,(a,)* =(a,)* +(a,)’ mod 7.

3. Main Results

We obtain necessary and sufficient conditions for the coefficients
a,,a,,..,a, of f(x)=a, +u1x+a2x2 +...+adxd; deN, to be a permutation
polynomial modulo 7.

Lemma 3.1 : A polynomial f(x)=a,+ax+a,x"+..+ax";d>1 and
Sienfy, , = 0mod7 with integer coefficients is a permutation polynomial
modulo 7 iff
(a) 4(stNa6k,4)(ZkeNa6k,1)2 = Z(ZkeNa(,k,z)S mOd 7

and 6(zkeNa6k75)(zkeN aék,1 )3 = (ZkeNa@(,z )4 mOd 7/

fOI' 5(ZkeNa6k,3 )(ZkeNa5k,1) = Z(ZkeNaék,z )2 TI’lOd 7
or iff

(B) A kg ) Ekeny ) =2(T ke Ay )’ + (T e A ) (Xkenby; )*mod 7
and 6(%;.y gy s ) Eken A )3 =(Zren Agr s )4 + (X pen [ )2 Chen A4 )2
+40* (Xiona,, ) mod 7,
where a = ((Zien g _3)(Cien gy ) + (Cien g, (0" Agry ) mod 7,
for 5(Xieng_3) Zken ) # 2(Xken by, )* mod 7.

6K+D) 5 6k+2) (6k+3)

Proof: Since, =xmod?7, =x*mod7, «x =x% mod?7,
2 = x* mod 7, x®9 = x° mod 7, and x©®9 = x° mod 7 for k>1.
So, we have
2 3
f(x) = ao + (ZkeN aék,5 )x + (ZkeN a6k,4 )x + (ZkeN aék,g, )x

+(ZkeN a(,k,z )x4 + (ZkeN aék,l )x5 + (ZkeN ﬂ6k )'X6 mOd 7

Consider
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A = ZkENa6k,5/B = ZkeNa6k,4/C = ZkeNa(,k,g,lD = ZkeNaé,k,zl
E= ZkeNae,k,l and F = ZkeNag,k'

f(x)=a, +Ax+Bx* +Cx’ + Dx* + Ex® + Fx° mod 7.

Since, no polynomial of degree 6 can be a permutation polynomial
modulo 7, so

F=0mod?7.

Hence,

f(x)=a, + Ax+Bx?* +Cx’ + Dx" + Ex® mod 7. (3.1)

Now, using Theorem 2.2 in (3.1), we obtain the required result.
In the following example, we give some permutation polynomials
modulo 7 upto degree 16 by using Lemma 3.1.

Example 3.2:x° +x* +6x° +4x” +6x,5x° +2x* +2x° + x* +2x,x° +4x* +
5x° +4x% +3x,3x” +5x* +6x° +3x% +3x, 2" +2x" +3x® + 17 +2x° +3x* +
22+ 2x% 42, 2x +4x" +4x® +5x7 +2xt +3x° + 207 +x, 2% + M x4
20" +2x" 2 +2x% + 4%+t +2x% +x.

Further, we give the conditions on coefficients of polynomial to be

permutation polynomial modulo 7" for ¥, ya,, , = 0mod?7.

Theorem 3.3 : A polynomial f(x)=a,+ax+a,x’+..+ax";deN and
Ykenly , = O0mod7 with integer coefficients is a permutation polynomial
modulo 7" if and only if

(a) 4(ZkeN aﬁk,4 )(stN aék,l )2 = Z(ZkeN a6k,2 )3 mOd 7
and 6(ZkeN a6k,5 )(ZkeN aé}f,l )3 = (ZkeN a5k,2 )4 mOd 7/

for S(ZkeN a(,k,g, )(ZkeNaékq) = Z(ZkeNuﬁk,z )2 mOd 7
or iff

(b) 4 ity ) Chartt 1)’ = 2ty )’ + Uity o) (ierdy )" m0d 7
and 6(ZkeNaék,5 )(ZkeN%k,l )3 = (ZkeNaék,z)4 +05(ZkeNﬂ6k,2 )Z(ZkeNaék,l )2
+40* (Tiatty, ) mod 7,
where o = ((ZkeN‘lék,g.)(ZkeN%k,l)“‘ (ZkeNa(,k,z )2)((ZkeNa6k,1 )2 )(_1) mod 7,
for 5(X ety 3 ) (Zrerdlg, ) # z(zkeNaék_z)z mod 7.
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() a, =0mod?7,

(d) (stNakilaw(_é ) + Z(ZkeNaka7k_5 ) + 3(ZkeNak+1a7k_4 ) + 4(ZkeNak+2a7k_3)
+5(T e 0y, ) +6(X 0 a,, ) Z 0mod 7, where a =1,2,3,4,5,6.

Proof: 1t follow from the Theorem 2.1 that f(x) is a permutation
polynomial modulo 7" if and only if it is a permutation modulo 7 and
f'(x) = 0mod 7 for every integer x € Z . Using Lemma 3.1, the conditions
(a) and (b) are obviously true.

Further,

f'(0) = a, + X6k —d)ag, X+ 36k — 3)11<6k_3)x2 + 36k — 2)11(6,{_2)x3
+ 2 en(6k =1, X" + T r(6K)a X7 + X6k +1)ag, ,, x°

=a, +(2a, +a, +6a,, +5a,, +4a,, +3a,, +2a,, +..)x+(3a, +2a, +a, +6a,
2 3
+ba,, +4a., +3a, +..)x" +(4a, +3a,, +2a,, +a,, +6a,, +5a, +4a, +..)x
4
+(5a, +4a,, +3a,, +2a,, +a,, +6a, +5a,, +..)x" +(6a, +5a, +4a,,+3a,

420, +a,, + 60, +..)x° +(6a,, +5a,, +4a, +3a, +2a,, +a, +...)x° mod 7.
Therefore, f'(0) = 0mod?7, thatis, a, =0 mod?7.
Now, the congruence f'(1) = 0mod7 gives
(ZkeNam,ﬁ ) + Z(ZkeNa7k,5 ) + 3(Z:kel\]am(,;l ) + 4(ZkeNa7k,3 ) + S(ZkeNam(,z)
+6(Xiad,, ) = 0mod7,
For, f'(2) = 0mod7 we have,
(ZkeNzkil a7k,6 ) + Z(ZkeNzk a7k75 ) + 3(ZkeN2k+l a7k,4 ) + 4(ZkeN2k+2 a7k,3 )
+5(X 2 a,, ) +6(X 02 a,, ) Z 0mod7,
Now, f'(3) = 0mod7 implies that,
(ZkeN3k71 ﬂ7k_6 ) + Z(ZkeN3k a7k—5) + 3(ZkEN3k+l ﬂ7k_4 ) + 4(2keN3k+2 a7k_3 )
+5(ZkeN3k+3 a7k72) + 6(ZkEN3k+4 a7k,1) = O mOd 7/
For, f'(4) = 0mod7 we have,
(ZkeN4k71 a7k,6 ) + 2(2k5N4k a7k75 ) + S(Zkel\!4k+l a7k,4 ) + 4(2keN4k+2 a7k,3)
+5(Z e P a,, )+ 6(Xd M, ) = 0mod 7,

7k-2
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Now, f'(5) = 0 mod 7 implies that
(ZkeN5k71 a7k—6 ) + 2(2k5N5k a7k_5 ) + 3(2!{61\15’”1 a7k_4 ) + 4(ZkeN5k+2 117k_3 )
+5(X1d Py, ) +6(X5 ) = 0mod 7,
For, f'(6) = 0mod7 we have,
(ZkeN6kil a7k,6 ) + 2(2k6N6k a7k75 ) + 3(ZkeN6k+l a7k,4 ) + 4(ZkeN6k+2 a7k,3 )
+5( 60, ) +6(3 6 M0y, ) = 0 mod 7.
This completes the proof.
Lemma 3.4 : A polynomial f(x)=a,+ax+a,x*+..+ax";deN, ¥, .a,

=0mod7 and ¥, ya,, , =0mod7 with integer coefficients is a permutation
polynomial modulo 7 iff

3(ZkEN a(,k_g, )2 = (ZkeN aﬁk_4 )(ZkEN a(,k_z) mOd 7
El?’ld z(zkéNa()k_S)(zkENa6k_2 )2 = (ZkeN aék_s )3 + (stN aek_z )3 mOd 7

Proof: As we know that x®*"=xmod7, x°“*?=x"mod7, x°*% =
x® mod 7, x®Y = x* mod7, x°* =x°mod7, and x°®*® =x° mod7 for
k>1.

So, we have
f(x) = ao + (ZkENaék_5 )x + (ZkeNaék_4 )xz + (ZkeNa5k_3 )x3
+(ZkENa6k_2 )x4 + (ZkENaék_] )x5 + (ZkENa()k )x6 mOd 7
Consider
A= zkENaﬁk,SIB = ZkeNa6k,4/C = Z:ksl\]aﬁk,yj rD = ZkENaék,zl
E= ZkeNaﬁk,l and F = zkeNaék'
It follows that

f(x)=a,+Ax+Bx*+Cx’ + Dx* + Ex’ + Fx° mod 7.

As we know, there is no permutation polynomial of degree 6 modulo
7, s0 we have

F=0mod7

and

E=0mod?7.
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Hence,

f(x)=a,+Ax+Bx*+Cx* + Dx* mod 7.

Therefore, using Theorem 2.3 in above equation, we obtain the
required result.

In the following example, we give some permutation polynomials
modulo 7 upto degree 10 by using Lemma 3.4.

Example 3.5: x* +x° +3x” +x,2x* + 2x° + 617 + 2x,6x* +4x° + 1%, x°
+xt 2%+ 207 +x,3x% +5x% +3x° + 1% +5x, 20 + 2 +x* +2x° + 247
+2x,3x" + 3x* +4x° +x%.

Further, we give the conditions on coefficients of polynomial to
be permutation polynomial modulo 7" for ¥, ya, ,=0mod7 and
Trenfy o, Z0mod7.

Theorem 3.6 : A polynomial f(x)=a,+ax+a,x*+..+a,x";deN,
Yienly , =0mod7 and ¥, ya, , =0mod7 with integer coefficients is a
permutation polynomial modulo 7" if and only if

(a) 3(stN a@k_:—} )2 = (ZkeN a(,k_4 )(ZkeN af,k_z) mOd 7

(b) Z(ZkeN aék,5 )(ZkeN aek,Q )2 = (ZkeN aﬁk,3 )3 + (ZkeN a(,k,z)s mOd 7

() a, =0mod?7,

k- k k
(d) (ZkeN,k¢6n—1 (04 l£l7k,6 ) + 2(2keN,k¢6n—1 (04 a7k,5 ) + B(ZkeN,k%n—l o +1a7k,4)

+4(ZkeN,k¢6n—l ak+2a7k_3 ) + 5(ZkeN,k¢6n—l ak+3a7k_2) + 6(ZkeN,k¢6n—l ak+4a7k_1 )
= 0mod7, where x=1,2,3,4,5,6.

Proof: It follows from the Theorem 2.1 that f(x) is a permutation
polynomial modulo 7" if and only if it is a permutation polynomial
modulo 7 and f'(x) = 0 mod 7 for every integer x € Z,. Using Lemma 3.4,
the conditions (a) and (b) are obviously true. Further,

fl(x)=a,+ %, (6k—4)a,, x+¥, (6k—3)a, x>+, (6k—2)a,, ,x°
+Xpen(6k)a, x° + 3, 6k +1)a,,  x°
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=a, +(2a, +a, +6a,, +5a,, +4a,, +3a,, +2a,, +..)x+(3a, +2a, +a, +6a,,
2 3
+5a,, +4a,, +3a, +..)x" +(4a, +3a,, +2a,, +a,, +6a,, +5a, +4a, +..)x
5
+(6a, +5a,, +4a,, +3a,, +2a,, +a, +6a, +..)x" +(6a,, +5a,, +4a, +3a,,

6
+2a,, +a, +..)x" mod7.

Now proceeding same as in Theorem 3.3, we get the required results.
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