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Abstract

This paper considers (1+21) -constacyclic and (1+21) -skew constacyclic codes over the
ring R = Z,[u,0]/<u* - u, v*, uv>, and some Gray maps over this ring are presented. The Gray
images of these codes are shown to be cyclic, quasi-cyclic, and permutation equivalent to
quasi-cyclic codes. In addition, (1+2u) constacyclic codes are given with images that are new
Z, codes according to the online database of linear Z, codes [3].
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1. Introduction

Cyclic codes and their algebraic structure have been extensively
studied because of their many practical applications. Hammons et al. [8]
constructed non-linear binary codes using Z, linear codes. This led to
tremendous research interest in codes over Z,. Pless et al. [15] considered
Z, cyclic codes and obtained idempotent generators for some of them.
Yildiz et al. [20] explored codes over Z, +uZ,. Later Ashraf et al. [2]
investigated (1+u) -constacyclic codes over Z, +uZ,. Linear and self-dual
codes over Z,[x]/(x*+2x) which is isomorphic to Z,[x]/(x*-1) were
studied by Martinez-Moro et al. and Yilditz et al. in [12, 19], respectively.
Yu et al. Authors have constructed codes over Z, in [21], [5], [16], [14], [13]
and found new Z, codes that are not in the online database of linear Z,
codes [3].

Recently, Islam et al. [11] and Islam and Prakash [10] studied the Z,
-images of constacyclic codes over Z,[u]/ Wy and Z Ju,0l/
(u?,0* ,uv—ovuy, respectively. Boucher et al. [6] studied codes over non-
commutative rings and provided generalizations of cyclic codes which are
skew cyclic and 6 -cyclic codes. Skew cyclic codes were considered by [17],
[4,6,7,18].

¥ E-mail: cdurai66@rediffmail .com



CONSTACYCLIC CODES OVER THE NON-CHAIN FINITE COMMUTATIVE RING 1869

Based upon the preceding findings, this paper considers constacyclic
codes within the non-chain finite commutative ring 7 Zalu, vly). Section 2
furnishes the background information, while Section 3 ‘introduces Gray
maps for « -constacyclic codes. The structre of « -constacyclic codes and
their generating polynomials are studied in Section 4. Section 5 introduces
Nechaev’s permutation, accompanied by illustrative examples of codes.
Sections 6 and 7 sequentially explore (6,a)-cyclic codes and their

corresponding Gray images.

2. Background

Consider R=Z, +uZ, +vZ, with u>=u and v*>=0. This is a finite

Zylu,o]

commutative extension of Z, and isomorphic to < . The non-trivial

u?—u,0% uv)

ideals of R are I, ={2r:reR}, I ={ur:reR}, I ={or:reR}, I, ={2ur:
reR}, I,,={2vr:reR}, I  ={ur+or,:(r,1)eR}, I,  ={2urn +'Z)7’2 ((r,1)
eR}, L, = {ur, +2vr, :(r,,1,) €R}, Ly s = {2ur, +2vr, :(r,,1,) €R}, ={2r,
+or,:(r,n)eR), L, =2n+ur,:(r,n)eR), 1,  ={2r+ur,+or: (rl,rz,r )eR}
I ¢ 1 and vice versa implies R is a non-chain ring. Therefore Ris alocal

ring with unique maximal ideal I, and quotient ring which is

u,,2 L., z>
isomorphicto Z,. Alinearcode ¢ oflengthnisdefined asan R submodule
of R".

Let o be a unit in R. Then an « -constacyclic shift is defined
0,(8,,8,--,6, ) =(AE,_,8,.-1E, )

A code whose codewords satisfy this shift is called an « -constacyclic
code. When a =1, the «a -constacyclic codes are called cyclic codes, and
when a =-1 they are called negacyclic codes.

It is convenient to associate each codeword of an « -constacyclic code
with a polynomial in (R[”’] through the following linear map

R[]
pigim>———
(0" —a)
Then a set of « -constacyclic codewords in R" can be seen as a set of
polynomials over X In addition, an « -cyclic shift in C can be

represented by wc(w) which leads to the following theorem.

L ey 68, )=t ED+HE O

Theorem 2.1: A linear code { < R" is an a -constacyclic code if and only if it

is an ideal of (R,,[“’]
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Let ¢=(¢,¢,,...,6,)€Z," where ¢ €Z,, i=1{1,2,...,m}. Then we
can define the map

v L ST (e 8, E,)=(0,(8),0,(8,),...,0,(¢,)),

where ¢, is the cyclic shift defined above. A code closed under ¢, is called
a quasi-cyclic code of index m.

A unit in R has the form ¢ +ux+vs where / is a unit in Z, and
K,¢ € Z,. In the remainder of this paper, we set o =1+2u.

3. Gray Maps and its Images
In this section we define three Gray maps and have studied its
structure, the Gray maps are given by
1. &, :R>Z} defined by
O,(t+ux+vg)=(21+x+¢,3b+c) 1)

2. 6,:R> Z; defined by
O,(t+ux+vg)=(1+¢,2x+21,5) (2)

3. &,:R>Z; defined by
O,(t+ux+vg)=(+3x+¢,3t+K+¢) 3)

These maps can be extended to an arbitrary length n. Lee weight of
1€, is defined as w, (1) =min(z,4—1). Then, w, (0)=0, w,(1)=w,(3)=1
and w, (2)=2 respectively. Lee weight of r=(1+ux+vg)eR defined as
w, (r)=w,(5,(r)). The Lee distance of a code ¢ is given by
d, (¢)=min(w, (¢, —¢ )) where £,€ € ¢. Define the Euclidean weight of
wel, as w(w)= min{®®,(4 - ®)*}. Then, 0,1,2,3 have Euclidean weights
0,1,4,1, respectively. For an element ¢ € R, define the Euclidean weight
as w,(e)=w,(5,(¢)). The Euclidean distance of a code ¢ is given by
d,(0)=w,(5,(&)).

Lemma 3.1: Consider the the Gray map 6,. Then, o6, =6,¢,.

Proof:Let ¢, =1, +ux, +vg, €R, 0<i<n-1, sothen e =(¢,,¢,...,¢,,)€R".
Therefore
00,(&)=00,(¢,,&,,...,€, ;)
=02, +K,+6,,...,2t  +K,  +¢, ,3K,+6,,...,3K,  +¢, )
=0x,  +6, 1,2 K, 4Gy, 20 FK G,

3K, +6y,-3K, ,+6, )
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On the RHS

00 (&)=00(5,,&,...,6,,)
=y (ac, ,,&),...,€,,)
=0x, , +6, 20 +K, + 60,020 FK,  +G

n-1

Gy 3K, +6, )

3k,

n-17

Hence, 06, =6,0,.

Theorem 3.2: 5,() is a cyclic code over Z3", whenever ¢ isa o -constacyclic
code over over R".

Proof: ¢ ({)=¢, as ¢ isa a -constacyclic code. Therefore by Lemma 3.1,
6,9,(8)=0,(¢)=06,(S).

Hence, the result.
Lemma 3.3: Consider the Gray map 6,. Then, v,0, =6,p, @,.

Proof:Let z, =1, +ux, +vs, € R, 0<i<n-1, sothen ¢ =(¢,,&,...,6, ) €R".

Therefore

n-1

0,0,(8)=0,6,(8,,&,,.--,€, ;)
=0,(t,+Gyreert,  +6, 1,20 +2K,,...,2t 2K, 1,656, )
= (ln—l + gn—l’ lO + gO reccy ln—Z + gn—Z’ 2ln—l + 2’(11—1’

20+ 2K, 0,20 T 2K, 5,6, G s Gos)-

On the RHS

6,0 (£)=06,0 (&y,8,,...,€,,)
=y, (ae, ,&,--1€,,)
= (ln—l TCarly TSt s G, 5, 21n—1 + ZKn—l ’

21, + 2K, .00, 2L o+ 2K, 5,6, GG, )

-

Hence, v,6, =0,p,.

Theorem 3.4: 5,({) is a quasi-cyclic code over Z)" with index 3. If { isan &
-constacyclic code over R".

Proof: ¢ is a a -constacyclic, = ¢ (¢)=¢. By Lemma 3.3, we have

5,0,(€)=6,(8) = 0,6,(<).
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This shows the result.

Lemma 3.5: Consider the Gray map 6,. Then, gv,6, = 5,p, where @ is the o
-constacyclic shift, v, is the quasi-cyclic shift operator and and & a permutation
on ZZ" defined by s(wl,wz,...,a)h)=(w€(l), @) gm)) with the condition
e=(1,n+1).

Proof: Let ¢, =1 +ux,+v5,€R, 0<i<n-1. Then, z=(g,,¢&,...,6, ,)€R"
and
&v,0,(8)=€0,0,(&,,&,,...,€, ;)
=e&v,(1, +3K,+6y,...,1_ +3K _ +¢
U ERETEY)
=&(t,  +3x, ,+¢, 1, +3K,+6,,...,1, ,+3K, ,+¢ ,,31

31, + K, +6Gy,.-,3L

n-17/ n-1

1

+K,, +6, 1,3 K 6,30, + K, ,+G6, )
=@, +K,  +G, 0 +3K Gl 3K, G, L

3K, +6, 0 3K, Gyt , +3K, G, ).

On the RHS

0,0,(e)=v,0 (&,&,..-,€,)
=0,(ae, ,8y,---,8,,)
=@, +K, _ +6, 0 +3K,+ Gyl ,+3K, ,+G 1 +3K

+6, 1ty +3K,+ 6,0l , +3K, ,+G ).

Hence, ev,0,=06,0,.

Theorem 3.6: Let n be a positive integer, If £ < R" is an « -constacyclic code,
then 5,(&) < Z3" is permutation equivalent to a quasi-cyclic code with index 2
over .

Proof: If { cR" is a -constacyclic code, = ¢ _({)=¢, and by Lemma 3.5,
we have

6,0,(8)=6,(¢) = £v,6,(¢).

Hence the result.

Definition 3.1: Let { cZ], then ¢ is called r-cyclic code if ¢'({)=¢
where o is the cyclic shift operator. Note that for r>2, every cyclic code
is r-cyclic but not the converse.

We now define the permutations of the Gray maps ¢,,i=1,2,3.
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Definition 3.2: Let g =1+ukx,+v5,e€R, 0<i<n-1. Then, we have
1. (8),:R"—>Z" defined by
(51);7(80,6‘1,...,8"71) =21, +K,+6,,36,+ Gy,

2ln—1 + Kn—l + gn—l’ 3Kn—1 + gn—l) (4)

2. (6,),:R" > 23" defined by
(52)[)(50,51,...,5"71) = (1, +6,, 2ty +2K,,65,--1L, 1 TG, 15
2171—1 + 2Kn—1 ’gn—l) (5)

3. (8,),:R" > Z}" defined by
(53)p(80,£],...,8n_]) = (1, + 3K, +6,,3t) + Ky +Gyenn s, +3K,

+gn—1 4 31;1—1 + Kn—l + gn—l ) (6)

Lemma 3.7: Let (), be the Gray map given in (4). Then, (5,) 0 = (s, ),

Proof: Let ¢, =1 +ux, +vg,eR, 0<i<n-1. Then, e=(¢,,¢,...,¢,,)€R"
and

(6,),0()=(5,),0(5,,6,,....€,.,)
=(6,),(6,1,6y,---1€,,)
=2, +x,_,+¢, 3K, ,+6, ,2 +K,+6,,3K,+6,,...,2L

+Kn—2 + gn—2’3’(n—2 + gn—Z)

n-2

and

o*(8)),(6)=0%(8)) (&, 8110, 6,,)
=0 (20 + K, +6,, 3K, + Sy 20, K, G, 1,3, +G, )
= (2111—] + Kn—] + gn—l ’3Kn—l + g

+Kn—2 + gn—Z 4 3Kn—Z + gn—Z)

20t K, +6,,3K,+ 60,020,

so that (51)p0' = 62(61 )p.

Theorem 3.8: (6,),(¢) is a 2-cyclic code over Z3" for a cyclic code ¢ over
R", then

Proof: If { < R" is cyclic code, = o({)=¢. By Lemma 3.7, we have
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(6,),0(£)=(5)),(£)="((6)) (L)),
Therefore, (6,) (&) € Z;" is a 2-cyclic code.

Lemma 3.9: Let o be a cyclic shift operator and (6,) , and (5;), is Gray map
given in (5) and (6), then

i) (5,),0=0"0,),
(ii) (6;),0 = o’ (S, ),
Proof: The proof is omitted as it is similar to that for Lemma 3.7.

By applying the proof of Lemma 3.9 and Theorem 3.8. We have the
following

Theorem 3.10: If & is a cyclic code of length n over R, then
(1) (52)p(§ ) is a 3-cyclic code of length 3n over Z,
(ii) (53)p(§ ) is a 2-cyclic code of length 2n over Z,.

4. Generators of o -constacyclic Codes over R

We now consider the generators of odd length cyclic codes over R.
The relationship with « -constacyclic codes is considered using an
isomorphism from R[w]/(@" -1) to Rlw]/ (" - a).

Lemma 4.1: [1] Let { < Z be a cyclic code. If n is odd then Z,[w]/(@" -1) is
a principal ideal ring and ¢ =(f(w),28(®))=(f(®)+2g(w)) where f(w) and
g(@) generate cyclic codes with g(w)| f(w)|(x" —1)mod 4.

Let ¢ be a cyclic code over R. Define a map ¢ from R to Z, +uZ,
where u*> =u by

¢:Rv=> Z,+uZ,
pli+ux+vg) = a+ub

It is clear that ¢ is a homomorphism which can be extended as

follows
¢:Rlo]/ (0" -1) = Z,+uZ,|o]/ (0" -1)
e, +eo++e 0" = de)+de)o+ - +de, )"
Now, restrict this map to cyclic codes ¢ < R[w]/(@" —1) Then, ker

¢ =(va(w): a(0) € Z,[0]} = (v(f,(0) + 28,(»))) where g, (@)| f,(®)|(0" ~1)mod 4.
Further, ¢(C) is an ideal over Z,+uZ,. Then from [7, Theorem 9],
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#(&)=(u],,(1+3u)],) where ] and ], are ideals over Z,. Since it is
assumed that 7 is odd we have ¢(¢)=(v(f,(®)+2g,(®)),(1+3u)((f,(@)+
2g,()))) where g (o)| f(®)|(@" —1)mod 4. Therefore

¢ = (u(f,(0)+2g,(w)) +vp,(w),(1+3u)((f,(0) + 28, (®))) + vp, (@), v(f, (@) + 28, (®))),

and the result follows.

Theorem 4.2: If ¢ is a cyclic code of odd length n over R, then
¢ =u(f,(w)+2g, (@) +vp (@), (1+3u)(f,(0) +28, (@) +vp,(®),0(f, (@) +28,(@))),

where g (w)| f(w)| @" —1mod 4 and p,(w) is a polynomial over R.

Theorem 4.3: For nan odd integer, the map 7 : Rlw]/{®" —1) > Rlw]/{(®" —a)
defined by 7(f(w))= f(aw) is a ring isomorphism.

Proof: Let f(w)=g(w) in R[w]/{(w"—-1), so then f(w)= g(®w) mod
(0" -1). Replacing @ by aw on both sides gives f(aw) - glaw) =
mod (@"a" —1), which implies that f(aw) — g(aw) =0 mod a"(®" - a)
since " =a for an odd integer n. Thus, f(aw)=g(aw) in Rlw]/{(o" -a)
so 7 is an injective and well-defined map. Moreover, since R[w]/{®»" 1)
and R[w]/(@" —a) are finite rings with the same number of elements and
7 is injective, then 7 is surjective. Further, is is easy to check that 7 is a
ring homomorphism. Hence 7 is a ring isomorphism.

Corollary 4.1: If ¢ is a linear code of odd length n over R, then it is a cyclic code
if and only if ©({) is an a -constacyclic code over R.

Proof: Since 7 is a ring isomorphism between R[w]/(®"-1) and
Rlw]/{@" —a), then ¢ is an ideal of R[w]/(@" —1) if and only if 7({) is
an ideal of R[w]/{(®" —«a), and the result follows.

Corollary 4.2: If { is a linear code of odd length n over R, then it is a cyclic
code if and only if () is an o -constacyclic code where ¢ :R" — R" defined by
n-2

_ n-1
o(&y),8,,...,€,,)=(&,,08,...,a" "¢ _,,a"" & ).

5. Nechaev’s Permutation

We now study Nechaev’s permutation and use the Gray maps given
previously to obtain cyclic and quasi-cyclic codes over Z,.
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Definition 5.1:[14] If m is an odd positiveintegerand & =(1,m+1) (3,m+3)
< (2i+1, m+2i+1) -+ (m-2, 2m—-2) a permutation of {0,1,...,2m—-1}.
Then, Nechaev’s permutation is defined as 7z(g),¢,...,,,,) =

(&0 Ezyre+r Eeamny -

Lemma 5.1: For the Gray map &, given previously, 8,¢ = 7o, .

Proof: Let & =1 +ux,+vg,€R, 0<i<n-1. Then, e=(¢,,¢,...,¢,,)€R"
and
o0,0(e)=0,0(&,,€,,.-.,€, 1)
n-1
=0,(g,,a8,...,a" ¢,

=21, +Kx,+6,,3K, +6,,...,20_ +K _,+¢, ,3K +6,,
20 +K,+6,,..,3K,_ +¢, )

Further
76, (&) =rny,(&,,€,.-,€, )

=1y +K,+6y,e 20+ K, +6, 3K +6,,...,3K,  +¢, )

n-17

=21, +Kx,+6,,3k,+6,,...,21_ +K _,+¢ 3K, +¢,,
20 +K,+6,,..,3K,_ +¢, 1)

and therefore v, = 76, .

Theorem 5.2: Let ¢ < R" be cyclic of odd length, let T =6,(¢). Then, #(T) is
cyclic over Z3".
Proof: { < R" is cyclic code, = T =6,(¢). By Lemma 5.1,
76,(&) = 7(T) =y, (<)
From Corollary 4.2 and Theorem 3.2, d,¢(¢ )gZi” is cyclic. Thus,
7(T) is cyclic.
Lemma 5.3: For the Gray map 6, given in (2), 6,p = 70,.

Proof: Since the proof is similar to Lemma 5.1 and hence it is omitted.
By applying the proof of Lemma 5.3 and Theorem 5.2, we have the
following

Theorem 5.4: For a cyclic code ¢ of odd length n over R, let T =05,(£). Then,
7(T) is a quasi-cyclic code of length 3n and index 3 over Z,.
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Lemma 5.5: For the Gray map &, given in (3), 8,¢ = 79,.

Proof: The proof is omitted as it is similar to that for Lemma 5.1.

By applying Lemma 5.5 and Theorem 5.2 we obtain

Theorem 5.6: For a cyclic code ¢ of odd length n over R, let T =6,(¢). Then,
7(T) is permutation equivalent to a quasi-cyclic code of length 2n and index 2
over Z,.

Example 5.1: Let n=9 and p,(@)=0,i=1,2,3. Then by Theorem 4.2, we
have an ideal over R generated by

NOTE:

d,(¢) - Lee distance of C
d.({) - Euclidean distance of ¢

¢ =(u(f, (@) +2g, (@) +vp, (@), (1+3u)((f (@) + 28, (»)))
+op, (@), v(f,(0) +28,(0)))

Let f(0)+2g,(0)=(0-1)(0°+@’ +1)+2(w-1). Then, 5/(¢) has
parameter [18,4'2",2], d,(5,(¢))=4, d.(5,({))=6 and is linear.
By Theorem 5.2, #(T,) is a cyclic code over Z,. Further, T, =5,({)
has parameter [27,4°2",2] and is linear. By Theorem 5.3, z(T}) is a
quasi-cyclic code over Z, that is not in the database [3].

Let f(w)+2g,(0)=(0°+0’ +1) (&’ + 0 +1)+2(0’ +@+1).  Then,
5,(¢) has parameter [27,4°2%,2], d,(5,(¢))=4, d,(5,())=8 and is
linear. By Theorem 5.4, #(T) is quasi-cyclic code over Z, that is not
in the database [3].

Let f(w)+2g,(w)=(0’+®’+1)(0’ +®+1)+2(0° + @’ +1). Then,
5,(¢) has parameter [18,4°2*,3], d,(5,(¢))=6, d.(5,())=9 and is
linear. By Theorem 5.6, 7(T,) is permutation equivalent to a quasi-
cyclic code over Z, and 5,(¢) has a parameter [27,4°2°,3] and is
linear. By Theorem 5.4, #(T,) is a quasi-cyclic code over Z, that is
not in the database [3].

Example 5.2: Let n=15. Then by Theorem 4.2, we have an ideal over R
generated by



1878 K. GOWDHAMAN, T. A. GULLIVER, C. MOHAN AND D. CHINNAPILLAI

¢ =(u(f,(@)+28,(@))+vp,(),(1+3u)((f, (@) +28,(@))) + vp, (@), v(f, (@) + 28, (@)))

1. Let f(w)+2g,(w)=30"+20*+w+3, and p(w)=0, i=12,3.
Then, T, =5,(¢) has parameter [30,42°] and d,,({)=4d,({)=3. By
Theorem 5.6, #(T,) is permutation equivalent to a quasi-cyclic code
over Z, thatis not in the database [3].

2. Let f(w)+28(0)=0’+0"'+20°+0’+1, and p(w)=0,i=1,2,3.
Then, T, = 6,({) has parameter [30,4%2%], d,,({)=3, d,(C)=4 and
is linear. By Theorem 5.6, 7(T}) is permutation equivalent to a quasi-
cyclic code over Z, that is not in the database [3].

3. Let f®)+28,(0)=0°+30" +&° + 0" + &’ + 0 +3, i=1,2,
fi(@)+ 2¢.(0)=3w+1, and p(0)=0,i=1,2,3. Then, T, =05,(¢)
has parameter [30,42'], d,({)=2. By Theorem 56, =(T,) is
permutation equivalent to a quasi-cyclic code over Z, that is not in
the database [3].

4. Let f(w)+2g(w)=0'+30" +&’ +0'+0’+0+3, i=12, f(0)+
28, (w)=0’+®’ + 0" +30° +30° +3, and p,(»)=0,i=1,2,3. Then,
T,=5,(¢) has parameter [30,472°], d,({)=2 and is linear. By
Theorem 5.6, 7(T,) is permutation equivalent to a quasi-cyclic code
over Z, thatis not in the database [3].

5. Let f(w)+2g,(0w)=0’+30" +0’ +0'+0’ +0+3, i=1,2, f(0)+
28, (0)=0" +0" +30° + 0’ +©* +30’ +30+3, and  p,(w)=0,
i=1,2,3. Then, T, =6,({) has parameter [30,472"], d,({)=2 and
is linear. By Theorem 5.6, z(T,) is permutation equivalent to a quasi-
cyclic code over Z, that is not in the database [3].

Example 5.3: Let n=17. Then by Theorem 4.2, we have an ideal over R
generated by

& =(u(f,(@)+2g,(w))+vp,(w),(1+3u)((f,()
+28,(@)))+vp, (@), v(f, (@) +28,(@)))

Let f(w)+2g,(w)= @ +0°+20" +0° + 0’ +20° +to+l,p(0)=0, i=1,2,3.
Then, T, =6,(¢) has parameter [34,4"°2%], d,(¢)=>5. By Theorem 5.6,
7(T,) is permutation equivalent to a quasi-cyclic code over Z, which is
not in the database [3].
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6. Theta Cyclic Codes

We now study skew cyclic codes over R using a non-trivial
automorphism. Further, (6,a)-cyclic codes of odd length over R are
considered which are « -constacyclic codes over R.

Let 6 be a non-trivial automorphism over R defined by
O(1+ux +vg)=1+ux—vg. It is evident that € is an automorphism on R.
We recall the multiplication of skew polynomials defined by the
distribution rule along with the condition (10')(x@') =10'(x)0"', 1,k €Z,.
Then, R[w;0]={f(w)e R[w]} is a non-commutative ring (called a skew
polynomial ring), under the above multiplication and usual addition of
polynomials. Note that the automorphism has order 2. Therefore, when n
is an even integer, (®w"—a) is a two-sided ideal in R[w;8], so then
R, .0 =R[w;0]/ (0" —a) is a non-commutative ring. However, for an
integer n (not necessarily even), R, is a left R[w;0] -module where the
left multiplication is defined as f(@)(g(®)+(@" —a)) = f(®)g(@)+{®" —a)
for f(w), g(w)< Rlw;0].

Definition 6.1: [6] An R-submodule ¢ of R" is called a (6, «)-cyclic (or
skew «a -constacyclic) code of length n if for any ¢ =(s,,5,,...,5, ,) €4 we
have 'y (¢) = (ab(s,,), 0(s,), ..., 0(,,))€C. Themap I'; isknown as
the (6,a) shift operator. For a =1, ¢ is called a @-cyclic (skew cyclic)
code.

Definition 6.2: [9] A linear code ¢ of length n=st over R is called an «
-quasi-twisted code of length n and index ¢ if for any (,90 o7 Eg1r s

s € 40r Eqrr s €4,4) €S We have (ae_,, ag_ .o OE_L, s Eyyr Eo1r

s Egpar s Eungr €unyr s €iqpq) €C. Note that an «a -quasi-twisted

code of length 1 and index 1 is an « -constacyclic code.

0t-17/

Theorem 6.1: If &(w)=¢ +s0+...+¢ 0" € R,,, is the polynomial
corresponding to the codeword c=(s,,&,,...,&,,)€¢, then ¢ isa (6, a)-cyclic
code if and only if ¢ is a left Rlw;0]-submodule of R,

0"

Proof: Let ¢ be a (8, a)-cyclic code of length n over R, «(w) € R[w;#], and
e=(g,,€,...,€,,) € whichcanberepresentedas ¢ = &, +&,@+...+ 8n71a)”'1.
Then

we(w) = we, + we,0+...+we, 0"

=0(c,)0+0(s)0’ +...+0(¢, )" +0(e, | )o"
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= aH(VgH) +0(g))0+0(¢)0” +...+0(e, 0", (since 0" = a)
=(ab(e, ), 0(¢,),0(¢),...,00,,))=T, () eC.

Analogously, for an integer i>2, w's(w)e. Since ¢ is an
R-submodule, «w)s(w)ed, and consequently ¢ is a left Rlw;6]
-submodule of R, ,. Conversely, let ¢ be a left R[w;8]-submodule of
R, ,, and &=(g,¢,...,6,,)€{ which can be represented as
g=go+gla)+...+gn71a)"’l. Then, we(w)=T, (¢6)ed, and hence ¢ is a
(8, ) -cyclic code of length 1 over R.

Theorem 6.2: « -constacyclic code over R". If ¢ is a (8, a)-cyclic code of odd
length n

Proof: Let & be a (8,a)-cyclic code of odd length n over R. We know
that the automorphism 6 has order 2. Since gcd(n,2)=1, there exist
integers s,t such that 2s=1+nt. Let ¢=(¢,,¢,,...,£, ;) €¢ which can be
represented as &(w)= ¢, +€1a)+82a)2 +...+8n71w”’1. As ¢ isa (8,a)-cyclic
code, I'y (&)= we(w) €. Then, 0”g(w)e ¢ where

2, 2; 2, 2; 2 2. -1
0"e(®)=0"g, +0" s 0+07e,0" +...+ 07, 0"

— 025(50 )a)Zs + 025(51 )a)25+1 +.+ 925 (gniz)w25+n—2 + 925(6‘"4 )a)25+n—1

t+1

=d'sw+d'e o’ +.. . +d'e 0" +ae, |, (sinced’ =1, and

n-17
0)25 — a)1+nt — atw)

_ At 2 n—1
=a (g+eo” +...+¢ ,0" +as, ).

This implies that a'0”e(w)=a” (g0 + @ + ...+ ¢, _,0"" +

ag, )= (ac,, + o+ @ + ...+ ¢ 0 )=T(¢)el. Therefore the

result.

Theorem 6.3: Let n be an even initeger. If { < R" isa (8,a)-cyclic, then it is an
a -quasi-twisted code of length n and index 2 over R.

Proof: Let { c R" be a (0, a)-cyclic code, n=2k and

E=(&,0,Ey1r- 1€ 10:E11) €6 -

Then
Fgla (&)=(ab’(¢,_,,), a0 (¢,_,,),0%(c,,), 07 (4))s.., 07(&,,y), 07 () €S
=(QE, 11 Q& 11/ E00rE01r++r Epnor Eray) €C (since 8° =1).
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Therefore, ¢ is an « -quasi-twisted code of length n and index 2 over
R.

7. Gray Images of (8, a)-constacyclic Codes

We now define three new Gray maps and discuss the Z, -images of
(8,a)-cyclic codes which are cyclic, quasi-cyclic, and permutation
equivalent to quasi-cyclic codes.

For ¢,x,5 € Z,, we define the following Gray maps.
1. @, :R"—>Z: defined by
¢ (1 +ux+vg)=(ar+x+2¢,31+3x +2¢) (7)

2. ®,:R—Z; defined by
¢, (1 +ux +vg) = (21 + 25 + 25,25 + 25) 8)

3. ®,:R—Z defined by
¢, (1 +ux +vg) = (21+ 3K + 25, K +2¢) 9)

Lemma 7.1: Consider the Gray map ®,. Then, ®.I';  =o®

1

Proof: Let z=1 +ux, +vg,, 0<i<n-1, sothen = (g, &, ..., 5, ,) eR"
and a(y, +ux, +vg,) = 1, +u(2i, +3x,)+0(g,). Therefore &(a(i, +ux, +vg,))
=1, +u(2i, +3x,) + 3v(s,) and hence
or, 2=0r, (5¢,..,¢,
=0 (0(ase, ,), 9(80),. 0, )

=@, +3K,  +26 0K +26,,.0 ,t K, +26 .0

+6, ., +2¢6, 31, +3Kx,+25,,...,3t,_, +3Kx,_,+2c, ).
On the RHS
op(e)=0¢(5,,8,,....€,,)
=@, +3K,  +2¢, 4Ky +26,,. 0, K, +26 5,0+

+2¢, ., 31, +3K,+2¢,,...,31,_,+3K ,+25 ).
Hence ¢I') , =04,.

Theorem 7.2: @ ({) = Z3" is a cyclic code. If £ = R" is a (8, a)-cyclic code.
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Proof: ¢ is (8,a)-cyclic code =T, (§)=¢ and by Lemma 7.1,
oI, (@)= o (§)=0D,(S)

Hence @, (&) is a cyclic code.
Lemma 7.3: Consider the Gray map ®,. Then, v,®,=®,I, .

Proof: Let e=1 +uk, +vs, for 0<i<n-1. Then, ¢=(¢,,¢,...,¢,,)€R"

and

0,®,(&)=0,0,(¢,,&,,...,&
=0,(2t, + 2K, +26,,...,2t  +2K,  +2¢

n-1

12Ky +260,...,2K,  +26, )

=2, +2x, _ +2¢, 21, +2K,+25,,...,2t,_,+2K, ,+2¢ ,.
2K, +2¢

n-17/

2K, +26,,...,2K, ,+2¢, ).

Further
Fa,a(8)=®z ga(go,g ’gn—l)
=0, (0as, ,),0,),...,0¢, ,))
=2, +2x, ,+2¢ ,,21,+2K,+26,,...,2t, ,+2K, ,+2¢ ,,

2K, +2¢

n-17/

2](‘0 + Zgo,. . .,2/(‘”72 + 29‘”,2)/
and hence v,®,=®,l,

Theorem 7.4: d)z(g)gZi" is a quasi-cyclic with index 2. If £ < R" is (6, a)
-cyclic.

Proof: ¢ is (0,a)-cyclic, =T, ({)=¢ by Lemma 7.3,
@, ga(i) $,(¢) = 0,4,(S).

Hence @,(¢) is a quasi-cyclic over Z,.
Lemma 7.5: Consider the Gray map ®,. Then, ev,®,=®,', .

Proof: Let e=1 +uk,+vg, for 0<i<n-1. Then, ¢=(¢,,¢,...,¢,,)€R"
and so

v, @, (¢)=ev,D,(¢,,¢,,...,€, )

=&0,(21,+ 3K, +26,,...,21 _, +3K,  +2¢ +26,,..,K, ,+26, )

nl’O

=&, +3K, ,+2¢ ,21+3K,+26,,...,2t,_,+3K, , +2¢

n- 2’
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126, 1 Ky 260, K, +26, )

=(k,, +26 ,,2t,+3K,+26,,...,2t ,+3x, _,+2¢ .,21  +3K

n-17 1

+26 Ky +260,.,K, , 26, ).

On the RHS
o.r, ()=0.I, (5,&,.-,¢,,)
=0, (0(Ae, ), 0(,),...,0, ,))
=(k,, +26, ,,21)+3K,+26,,...,2t_,+3x, _,+2¢ ,,21  +3K, ,

n-17

+26 Ky +260,..,K, ,+26, ).
Hence, ¢v,®, = <D3Fg/a.

Theorem 7.6: ®,() < Z;" is permutation equivalent to a quasi-cyclic code. If
{ < R" is (6,a)-cyclic.

Proof: ¢ bea (0,a)-cyclic, ', (§)=¢ by Lemma7.5,
Q.I', ,(§)=,(¢)=20,D,({).

Hence, @,(¢) is permutation equivalent to a quasi-cyclic code.

8. Conclusion

This paper considered (1+2u)-constacyclic and (1+2u)-skew
constacyclic codes over R= <uzZ,Z[,l:,'zv,Lv> . Some Gray maps over this ring were
defined. It was shown that the Gray images of these constacyclic codes are
cyclic, quasi-cyclic, and permutation equivalent to QC codes. Several Z,
codes were presented which are not in the online database of linear Z

codes [3].
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