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Abstract

The suggested study’s main objective is to create a new meaning for the word
“homogeneous system.” With m being a positive integer, this phrase describes a P-self-semi-
homogenous system of difference equations on the order of magnitude m. Furthermore, we
introduced theorems for scenarios where P equals one and those where it takes any number.
Every situation has a value of m, of which some are greater than one and some are equal to
one. We provide examples to support each of these values.

Subject Classification: Primary 39Axx, Secondary 39A06.

Keywords: Homogeneous system, Self-semi-homogeneous, P-self-semi-homogeneous, Difference
equation.

1. Introduction

The history of difference equations, including recursion relations, dates
back to Mesapotamia's second millennium BCE. Recursion relations were used
to calculate approximations to the square root of 2, with Heron of Alexandria
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providing a precursor to difference equations. Fibonacci's Liber Abaci in 1202
explicitly presents recursion in the growth of an idealised rabbit population. The
general difference equation

x(n + 1) = f(x(n)) )
is an example of a discrete dynamical system. It generates a sequence of
iterations, with as the initial point. These systems are equivalent, embodying an
identical physical paradigm. The difference equation is referred to as
autonomous or time-invariant and is often discussed in analytic theory and
discrete dynamical systems. Consider the following homogeneous system: [4],

(6], [7], [10], [11], [14]
F(X(n)) = EX(n) (2)

The system is a P-semi-homogeneous system of order m, provided that a
matrix is located, H is non-zero and non-identity, and the other criteria are
satisfied.

F(Hx(n)) = P*H™F (x(n)) (3)
where p, k, and m are integer numbers [1], [2], [12].

Our research introduces a new idea about the homogeneous system (2) is
called p-self-semi-homogeneous system of order m if it satisfies condition (3)
with matrices H and v that are equal. The following is a possible formulation of
Equation (3).

F(Hx(n)) = P*H™(x(n)) 4)

Several particular circumstances, in addition to the general case, are
investigated in this work. In addition to providing examples and definitional
characteristics, the paper establishes related theorems.

2. Specific details pertaining to Homogeneity in Difference Equation
systems

The notion of homogeneity, which is established in difference equations, is

similarly present in difference equations, resulting in the subsequent system:
X(n+1) =EMmX(n)+g(n) ®)

Where E(n) = (fi j (/n)) is a k X k nonsingular matrix function, and
gn),x(n) = (x;,(n), x,(n), ..., x,(n))T € R*. Here, T indicates the transpose
of a vector. This is a non-homogeneous linear difference system that is not
autonomous or time-variable. The system (5) is a homogeneous linear difference
system if g(n) = 0.

In this study, matrix H will be considered real non-singular; that is, system
(5) will be considered autonomous, or time invariant. [3], [5], [8],[9].[13]

Thus, you may express equation (2) as follows:

fi(x) x(n+1) $11 Sz §13 Sua\ /x(n)
() _ y(n+1) _ S S22 Sa3 Saa y(n)
f3(2) z(n+1) $31 $32 33 &aa [\ z(m)
fa(w) w(n +1) $a1 Saz Saz Saa/ \W(m)
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fi(x) $11X + &2y + §132 + $aw
() _ $21X + §22 + 8237 + W (6)
f3(2) $31X + $32Y + 8337 + $3aw
fa(w) $41X + 842y + $a3Z + $qaw

3. Self-Semi-Homogenous of order m

In this part, self-semi-homogenous groups of order m were examined when
m=1and whenm> 1.

Case 1: When m=1, where the matrix

N1 M1z T3 T $11 12 Si3 Sua
_[M21 Mz M2z Mas | o _[S21 S22 a3 S2a
M31 Msz Maz M3q |7 E31 &, &3 &3,
Ma1 Naz Maz Nas $a1 Sa2 Saz Saa

Theorem 3-1: The homogeneous system of difference equations (2) is self-semi-
homogenous of order one if and only if the matrix Z is a solution of the
following algebraic system:

N11b11 = NF1 + Ni2Naq + Ni3Nst + N1allas
N1tz + M1z = N1z + Maallaz + Maalzz + M1allaz \
N11M13 + M1z = N11$13 + N12M23 + N13Mzs + N1alas
N11M14 + M1a = N11$14 + N12M2a + N13Mza + N1aMaa
N21 + Ma22M21 = N21M11 + M22821 + M23Nz1 + N2allan
M22622 = N21M1z + M52 + Na3Nsz + N2aNaz
N22M23 + M23 = N21M13 + M22823 + M23N33 + N24Mas
N22M24 + N24 = N21M14 + M22824 + N23N3a + N24M4a > (7
N31 + N33N31 = N31M11 + Ma2M21 + M33$31 + N3aMa1
N3z + N33N32 = N31M12 + Ma2l22 + M33$32 + N34M42
M33833 = N31M13 + N32M23 + N33 + N3aMas
N34 T M33M34 = N31M14 + M32724 + N33834 + N34744
Na1 + NaaMar = Naala1 + Nazlar + NazNz1 + NaaSan
Naz + NaaNaz = Naaliz + Nazlaz + Naslsz + Naadaz ]
Naz + Naallaz = Na1N1z + Nazl23 + Nazlzz + MNaaa3

N44Saa = NaaM1a + NazN2a + NazNza + 7724
where H and E are similar matrices.

Proof: =

Assume (2) is a self -semi -homogeneous of order m=1, and we will prove
that (7) is held.

F(Hx(n)) = HF (x(n))
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N1 Mz M3 Tha f; (x)

M21 MN22 M2z T24 f2(y)
M31 M3z M3z M3s f3(z)
Nar Taz Maz Naa/ \f,(w)

fi N1 N1z T3 M

f2 N21 M2z M2z Taa
f3 M31 M3z M3z M3s

fa Na1 Maz Naz MNaa

fi(M11x + 12y + N13Z + N1aw)
f2(M21% + M22Y + N232 + N2aw)
f3(M31x + N30y + 332 + N34w)

f3(Na1X + Na2Y + NazZ + N4aw)
N11f1(0) + 112200 + 113 f5(0) + n1afa(W)

N21f1(0) + N1222(0) + 123f3(3) + M2afa(w)
N31f1(x) + N322(0) + M33f3(¥) + N34 fa(w)
Na1f1(0) + N2 f2(0) + Nasfz () + Naafa(W)
By applying equation (6)
$11 (M1 X + N2y + N13Z + N1aw) + §15Y + §13Z + Eaw
§21% + $22(M21X + N22Y + M23Z + M2aW) + &232 + $puw
$31% + §32Y + E33(M31X + M3y + M33Z + Nauw) + $uw
§a1X + 8§42y + €437 + §4a(NarX + N4z + M43z + Ngaw)
N11(&11x + &2y + §132 + §1aw) + 112(E01X + &2 + §232 + $uw) +
M21(§11% + §12Y + §137 + §1aW) + 122 (§21% + §22Y + §232 + §ouw) +
N31(11% + &2y + §132 + §1aw) + 1132(S21x + §02Y + E232 + §ouw) +

N1 (§11% + &12Y + &132 + E1aW) + 142 (§21% + &30 + &332 + $puw) +
N13(§31% + &32 + €332 + §3aW) + 114 (§41X + a2y + §43Z + §4aw)

N23(€31% + &35 + &332 + $34W) + 124 (a1x + 42y + E432 + E44W)
N33(§31% + &327 + €332 + §3aW) + N34 (a1 x + &40y + E432 + Eaaw)
N43(E31% + &35 + &332 + $34W) + M40 (Ea1x + 42y + E432 + E44W)

S NeR

$11M11 = M11$11 + M12§21 + Msdar + M1aéan
$11M11 + §12 = M11$12 + M12822 + M13Saz + M148Ma2
$11M13 + §13 = N11$13 + M12823 + N13$as + M1a8as
$11M1a + $1a = N11§1a + M12824 + M13834 + M14804
$22M21 +$21 = M21811 + M22821 + M23831 + N248an

$22M22 = M21§12 + N22822 + M23832 + M24842
$22M23 + $23 = M21813 + M22823 + M23833 + 124843
$22M2a +$24 = N21814 + M22824 + M23834 + 248404
$33Ms1 +$31 = M31811 + M32§21 + M33831 + N348an
$33lsz +$32 = M31812 + M32822 + N33832 + M348a2

$33M33 = M31$13 + M32823 + 33833 + M34843
$33M34 +$32 = N31814 + M32824 + M33834 + 1348404
$aalar +$a1 = Ma1§11 + Maz2a1 + Nazdsr + Naadan
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$aaMaz + §a2 = Na1$12 + N2 + MasSzz + N4als2
$aalaz + $a3 = MN11813 + Na2823 + N43833 + Naalas
$aalas = Na1$14 + Na2824 + Na3834 + N4a8as
“H=E e N =811,M2 = 8§12, Maa = $ua
The above system may be expressed as
M1 = M1 + Mi2lzr + MisNsn + N1allas
N11M12 + N1z = N1z + N1allaz + N3Nz + N1aNaz
N11713 + N1z = N11§13 + N1alas + M13Nzz + N1allaz
N11M14 + N1a = N11814 + N12M2a + N13Mza + N147as
N21 + M22M21 = M21M11 + M22821 + N23lz1 + N2alar
N22822 = N21M1z + M52 + N23Nsz + N2alaz
N22M23 + N23 = N21713 + M22823 + N23N33 + N24M43
N22M24 F M2 = N21M1a + M22824 + N23N34 + N24744
N31 + N33M31 = N31M11 + Na2ll21 + N33831 + N3allan
N32 + N33Ms2 = N31M12 + Na2M2z2 + N33832 + N34Ma2
N33€33 = M31M13 + N32M2s + N33 + N3allas
N34 + N33M34 = N31M14 + N32M24 + N33$34 + N34M44
Na1 + Naalar = NaaNi1 + Naall2n + NazNz1 + Naaan
Naz + Naallaz = NaaNiz + Nazllaz + NazNzz + Naabaz
Naz + Naallaz = NaaNiz + Naall2z + NazNzz + Naalas

Naa€aa = NarN1a + Nazlza + Nazlza + Nia
Conversly
F is one-order self-semi-homogeneous if matrix H is present such that
F (Hx (n)) = HF (x (n)) we claim that this matrix E defined as:

LIJ:

L+ + + 112 — -
:un 77_;27;71217 77117752 n 7112 n 71;127122 MaM13 + 113 = M2M23 —  M11M1a + N1a — N12l2a —
13731 1 L L M137M33 — M14743 N13M34 — N14M44
N1 N1
N1 N1
+ 121 — - + 0%, +
T2zf21 7721_ Ma1flis 7721711z+ 22 M22M23 T M23 = N21M13 —  N22M24 T MN2a — N21M14 —
T1237s1 — NzaTla1 D237 T Nz4T42 N23M33 — N24M43 N23M34 — N24M44
N22 N22
N22 N22
N33M31 t M31 — M1 —  M33Nzz M3z — Na1lz — M33M13 + N32l23 + 133734 + N34 — M31714 —
N32M21 — M34M41 N32M22 = M34M42 N33 + N34743 N32M24 — M34M44
N33 N33 N33 N22
NaaNa1 +Na1 = NaaM11 —  Naalaz + Naz — Naall12 = Ngalaz + Naz — Na1M13 — N41M14 + NazM2a +
Na2M21 — Na3M31 Ma2M22 — Na3M32 Na2M23 — N43M33 Na3T3s + N3a

Naa Naa Nag Na4
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My Tz Mz Ma /f x)
M21 T2 TM23 724 f,(y)
M31 M3z M33 Msa f3(z)
MNa1r Maz Maz  Tag fi(w)

fi N1 M1z M3 T

f2 N21 M2z 123 TM2a
fz M31 M32 M3z T3

fa Na1 MNaz N4z Naa

fi(M11X + N1y + N13Z + N1aw)
f2(N21% + M22Y + M23Z + Npaw)
f3(M31% + M32Y + N332 + N34W)

f3(Ma1X + N4z + M43z + Ngaw)
Mfi(x) + 1122(0) + M3 f3(0) + Nafa(w)

_ N21f1(0) + 22 2(0) + 123f3(0) + N2afa(W)

N31f1(x) + 1322(¥) + N33/3(¥) + n3afa(w)

N41f1(0) + a2 f2(0) + Nasfz(0) + NaafaW)

By implementing equation (6)

§11(N11X + N2y + M13Z + Naw) + &2 + §132 + §uw
§21% + §22(M21X + N22Y + M23Z + MaaW) + §532 + $puw
31X + &52¥ + &33(N31X + M32Y + N332 + N3aw) + $uw
§a1X + §42Y + €437 + E44(NarX + N4z + N43Z + Ngaw)

S NR®R

N11(§11% + &2V + 8137 + §1aw) + 112601 X + §22Y + §232 + $uw) +
N21(§11x + 12y + &332 + EaW) + 122(§1x + §52Y + E532 + §uw) +
N31(€11% + &2y + &132 + E1aW) + N32(§o1x + &30y + &332 + $paw) +
Na1(§r1x + 12y + &332 + EaW) + Mu(§1x + §52Y + E532 + §uw) +

N13(§31% + §32Y + &332 + §3aw) + 14 (a1 X + E42Y + §43Z + E4aW)
N23(§31X + &327 + 8332 + §3aW) + 124 (a1 X + &40y + E432 + paw)
N33(§31% + §32) + §332 + §34W) + 134 (§arx + &40y + E432 + $aaw)
N43(§31X + &327 + 8332 + E3aW) + Maa (a1 x + 42y + E432 + Epaw)

Therefore

N31+012012+013M31+ 01441

N11é11 = 77%1 + N12M21 + N13M31 + N14Ma1 = N1 -~

= 0%y + Nzl21 + N13N31 + Nialla
S N3+ N2Man + N3Nz + N1allan = N1 + Mazl21 + Maalza + Nallas
Also, N11M12 + N1z = N11$12 + Ni2l22 + N13Maz + Nalla

_ N11M12+M12=M12M22—1M13M32=N14M42
MN11M12 + 12 = N1 + N12M22 + N13N32 + N14M42

MN11

S MMz T M2 = N1z T 112
Also,

N11M13 + M1z = N1z + N12M23 + M13lsz + N1allas
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N11M13+1M13-M12723 113733 ~114743

MN11M13 + M13 = N1 + 12723 + M13M33 +

N14M43

MN11

S M11M13 T M1z = N11M13 + 113
Also,
N11M1a + N1a = N11§1a + N12M2a + N13M3a + N1a74a

_ N11M14+tN14=M12M24—1M13M34—N14M44
N11M14 + N1a = M1 -~ + N12M24

T113M34 + N14744

S M11M1a T N1a = N11M1a + N1a
Also,

M1 + N22M21 = N21M11 + M22821 + M23M31 + N2aMas

_ N22M21+tM21=M21M11—N237M31 —N24M41
M21 + N22M21 = N21M11 + M22 s

+123M31 + M24M41

S M21 + N22M21 = M21 + N22M21
Also,

2
— 2 M21M12+M22+M23M32+1247M42
N22822 = N21M12 + N2z + N23Nsz + Naallaz = N2 N2z

= N1712 + M52 + N23M32 + N2allaz

S MaaMz + N32 + 23Nz + N2allaz = NaaN1z + M52 + N23032 + N2allaz
Also,

N22M23 + N2z = N21M13 + N22823 + N23M3s + N24M43
M227M23+M23 121113123133 ~124743
N22

N22M23 T MN23 = N21M13 T N22

+123M33 + N24M43
S M22M23 + M23 = N22M23 T 123
Also,

N22M24 + N2a = M21M14 + M22824 + N23Nza + N24M4a
M22M24+M24=1M21M14—123M34=124M44
N22

N22M24 t N24 = N21M14 T N22

+123N34 + 24744
S Na2M24 + MN2a = N22N2a + N2s
Also,
N31 + M33M31 = N31M11 + N32M21 + M33831 + N3alan

M33M31+1M31-M31M11-132M21~"134M41
N33

M31 + N33M31 = N31M11 T N32M21 + N33

+t1M34M41

S M31 7+ N33M31 = N31 + N33M31
Also,
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N32 + M33N32 = N31M12 + N32M22 + N33832 + N34Maz

_ N337M32+M32=131M12—1327M22="34M42
M3z + N33M32 = N317M12 + N32722 + 733 as

+734742
S 32 + M33M32 = M32 + N33732
Also,
N337M13+N32M23 133+ 34743
n33

= 031713 + Na2M23 + N33 + N3alas
“M31713 + N32Ma3 + N33 + M3allas = M31713 + N32Maz + N33 + N3alas
Also,

33833 = N31M13 + N32M23 + 133 + N3alaz = N33

N34 + N33M34 = N317M14 + N32M24 + N33834 + N3474a

_ N337M34+1M34=1311M14=132M24=134M44
N34 + N33M34 = N31M14 T N32M24 T N33 i~

134744
S N34 T N33M34 = N34 T N33M34
Also,
Na1 + NaaNar = Naal11 + NazN21 + NasNzr + Naaaq

Na1 t N4aMa1 = Na1M11 T Na2M21 + Na3lz1
+ N44M41 1141 -M41M11 427121~ 7143M31
Nas

Naa
S Na1 t NaaNar = Nax + Naalan
Also,
Naz + NaaNaz = NarNiz + Nazl2z + Nasfaz + Naadaz

Naz T NaaNaz = NaaN12 T NazN22 + NazM3z2
N44M42+M42-M41M12—M42722-7143732
p/m

Na4
S Naz + NaaNaz = Naz + Naalao
Also,
N4z + NaaNaz = Na1Niz + Nazlzz + Nazfaz + Nasadas

M43 T NaaNa3z = N41M13 T Na2M23 + Na3M33
N44M43 1143141113 142123143733
144

Nag

S Mgz T NaaNaz = Mgz + N4alls3
Also,

N41M14+42M24+ 43734 +N34
N44

= Na1M1a + Nazl2a + Naslza +Nia
S MN41M14 T Na2l24 + Na33s + 7]:%4 = N41M14 T Na2M24 T Na3N3zg + 7724

Naaéaa = NaaN1a + Nazlza + NazNzs + Nia = Nag
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Consequently, system (2) is self-semi-homogeneous of order 1, as the left
and right hands are equivalent.

Corollary 3-2: 4 system of standardized distinctions If the following conditions
are satisfied, and only then, is Equation (2) self-semi homogeneous of order
one:

M1 = Ni1 + Mi2lar + MiaMa1 + Niallas \
N11M12 + M1z = N11§12 + N12M2z + NisMaz + N1allaz
N117M13 + N1z = N1z + N1all2s + M1afas + N1aNas
N117M1a + N1a = N11§1a + Ni2Maa + M13Nza + N1aMaa

N21 + M22M21 = N21M11 + M22821 + M23N31 + N2allan
N22822 = N21M1z + M52 + N23N32 + N24Nac

N22M23 + 123 = N21M13 + M22823 + M23N33 + N24Ma3
N22M24 + M2a = N21M1a + M22824 + N23N3a + N24T4s > (3
N31 + M33fs1 = N31M11 + Na2l21 + N33831 + Nzallas

N3z + M33lsz = N31M12 + Na2ll2z + N33832 + Nzallaz
M33833 = N31M13 + N32M23 + N33 + N3aMas

N34 + M33M34 = N31M14 + M32724 + N33834 + 34744

Na1 + Naallar = NaaN11 + Naolan + Nazfz1 + Naaan

Naz + NaaNaz = Naalz + Na2llaz + Naslzz + Naadaz

Naz + NaaNaz = Naal13 + Na2ll2z + Naslzz + Naadas
N4a€aa = NaaNia + NazM2a + NazNsa + Nia )

Example 3.3: Let F(X(n)) = EX(n) be a system of difference equation then
its self-semi-homogenous of order one such that

1 0 0 1 1 0 0 1
-=_(0 1 0 -1 . [0 1 0 -1
E=lo 0 1 0 | there exists H = 00 1 0

0 0 0 1 0 0 0 1

To show this system is self-semi-homogeneous of order one, Theorem 3.1
will be applied as follows:

F(X(n)) = EX(n)

fi\ /x 10 0 1\ /%
fol[*2)_[0 1 0 —1)|(*
fmf\*] {0 0 1 0 X3
fi) \ra 0 0 0 1/ \Xa
fi(x1) X1+ Xy
f2(x2) _ | %27 %4
f3(x3) X3
fa(x4) X4
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F(Hx(n)) = HF (x(n))

AN /1 0 0 1\ /% 10 0 1\ /il
LY[0 1 0 —1)[*)_(0 1 0 —1}(/fa(x2)
fzJ{0 0 1 0 X 1710 0 1 0 fz(x3)
fa/ N0 0 0 1 X4 0 0 0 1 fa(xs)
f10eq + x4) f1(x1) + fa(xs)
f2(xa = x4) _ f2(x2) = fa(x4)
f3(x3) f3(x3)
fa(x4) fa(x4)
X1+ X4 + Xy Xy + x4 + X4 X1+ 2x, X1+ 2x,
Xp =Xy =Xy | _ [ — X — Xy Xy = 2% | _ | X2 — 24
X3 X3 X3 X3
Xy X4 X4 X4

« F(Hx(n)) = HF (x(n))

Alternatively, resolve via corollary (3-2).

N11é11 = 031 + N12M21 + N1afz1 + N1aMaq, thatis 1-1=(1)>4+0-0+0-0 +
1-0=1

N1z + M1z = N1z + Ni2M2z + M13Maz + N1alag, thatis 1-04+0=1-0+
0-1+0:-04+1-0=0

N11M13 + M1z = N1113 + Ni2M23 + N13Mas + Nialas, thatis 1-04+0=1-0+
0-0+0-14+1-0=0

N11M1a + M1a = N11$1a + N12M2a + M13M3a + NiaNag, thatis 1-14+1=1-1+
0-—-14+0-14+1-1=2

M21 + M22M21 = N21M11 + M22821 + M23N31 + N2afar, thatis0+1-0=0-1+
10400+ (-1):0=0

N22822 = 21Nz + M52 + M23M32 + Naalap, thatis 1-1=0-0+ (1)*+0-0 +
(-1D-0=1

N22M23 + N23 = N21M13 + M22823 + M23N33 + Maalas, thatis 1:-0+0=0-0+
1040 14(=1)-0=0

N22M2a t N2a = M21M1a + M22824 + N23M3a + N2aNge, thatis 1- =1+ (1) =
0141 (=1)+0-0+(-1)-1=-2

N31 + N33M31 = N31M11 + Na2N21 + N33831 + N34Maq, thatis0+1-0=0-1+
0:-0+1-04+0-0=0

N3z + N33M32 = N31M12 + Na2N22 + N33832 + N34Map, thatis0+1-0=0-0+
0-1+41-04+0-0=0

N33833 = N31713 + Na2M23 + N33 + N3alsz, thatis 1-1=0-0+0-0+4 (1)* +
0-0=1

N34 + N33M34 = N31M14 + N32M24 + N33834 + N34M4as, thatis0+1-0=0-1+
0-(-D)+1-04+0-1=0



HOMOGENEOUS SYSTEMS OF DIFFERENCE EQUATIONS 1663

Na1 + NaaNar = NaaMi1 + NazN21 + Nazfz1 + Naalaq, thatis0+1-0=0-1+
0:-0+0-0+1-0=0

Naz + NaaNaz = NaaMiz + NazN22 + Nazlzz + Naalar, thatis0+1-0=0-0+
0-1+40-0+1-0=0

N3 + NaaNaz = Na1M1z + Nazl23 + NasNzz + Naalsz, thatis0+1-0=0-0+
0:-04+0-1+1-0=0

Naaaa = Narla + Nazllza + Nazfze + Ny, thatis1-1=+0-14+0- (1) +
0-0+(1)2=1

Remark 3.4: To resolve the aforementioned example, one may utilize Equation

(4).
Case 2: When (m = 2).

Theorem 3-5: Self-semi-homogeneity of order greater than one is achieved by
the homogeneous system of difference equations (2) if and only if the matrix =
serves as a solution to the subsequent algebraic system:

N5 = Api&in + Aialpr + Arsna + Aralla
Mz + Mz = A11é1z + Aralaz + Araaz + Arallay
NNz + M1z = A11$13 + A1aM23 + A13Nas + A1allas
Ni1Mia + M1a = A11§1a + A1aM2a + A13N3a + A1aTaa
N21 + M22M21 = Az1Min + Az2821 + Azalzg + Azallay
N5 = Apitha + Azaap + Agalizy + Aallay
N22M23 + N2z = Az1Miz + Az2823 + Azalzz + Azallasz
N22M24 + N2a = Az1Mia + A22824 + AzsNza + Azafaa
N31 + N33M31 = Az1M11 + Asafar + Azzésr + Azallan >
Naz + N33N3z2 = As1M12 + Asallaz + Asz3$zz + Azalsz
N33 = AziMis + Asallps + Assss + Asallas
N34 + N33N34 = Az1M14 + AsaM2s + A33834 + Azalas
Na1 + NaaNar = AsaMig + AuaNar + Ausfzr + Asada
Naz + NaaNaz = AsiMiz + Asolaz + Assllaz + Asada;
N4z + Naallaz = ANz + Asalas + Aszfaz + Agadas
7]24 = Ay1814 + AsoNaa + Asslzs + Agsaaa j

)

where the matrix

N1 M1z M3 T &1 Sz §13 Sua

H= M21 M2z M2z Mo | o _ $21 $22 23 $2a and
M31 M3z M3z N3 |7 E31 &3p &3 &3
Na1 MNaz Mz Tas $41 Saz a3 Saa
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Proof: The identical method utilized in proof theorem (3.1)

Corollary 3.6: If the following conditions are satisfied, and only then, is

Equation (2) self-semi homogeneous of order greater

7]%1 = A11§11 + AN + Agalzg + Aralan

NNz + Mz = A11812 + A1aMa2 + A1sfaz + A1alas
Ni1M13 + M1z = A11813 + A12Ma3 + A1slas + A1alas
Ni1M1a + M1a = A11814 + A1aMaa + A13Nza + A1afaa
N21 F M22M21 = Az1Mi1 + A22821 + Azalzy + Azallay
N5y = Apilhig + Azaap + Agalizy + Agallay

N22M23 + N2z = Az1M13 + A22823 + Az3lzs + Azalas
N22N2a + N2a = Az1M1a + A22824 + Az3Nza + AzaMas
N31 + N33N31 = Az1M11 + Asalar + Assésr + Azallay
N3z + NasNzz = Az1Miz + AsaNzz + A33832 + Azaflar
N33 = Az1lis + Asallzs + Asaaz + Asallas

N3a + N33N34 = A31M14 + As2M2s + A33834 + A34M4s
Na1 + NaaNar = AsaMig + AuaNar + Auslzr + Asalan
Naz + NaaNaz = AsaNiz + Asalzz + Assllsz + Agada;
Naz + NaaNaz = ANz + Asalaz + Assllas + Agadas
Nia = Agré1a + Asplos + Agzliza + Agaas

than one:

\

(10)

J

Example 3.7: Let F(X(n)) = ZX(n) be a system of difference equation then

its self-semi-homogenous of order five such that

10 0 0 1
=_[3 0 =3 0 . _[3
E=10 0 1 o , there exists H = 0

00 0 1 0

Solution: By using theorem above

F(X(n)) = EX(n)
fi\ /x 1.0 0 0\ /x f1(x)
LAYV (3 0 =3 0)(Y )5 [0
fs [\ 2 00 1 0)\Z f:(2)
fol W 00 0 17 W f1(Z)

F(Hx(n)) = H5F(x(n))
fi\/1 0 0 0\ /x 10 0
2[3 0 =3 o|(Y)_(3 0 -3
1lo 0 1 0|2 0 0 1
i/ N0 0 0 1/ \w 00 0

0
0
0
0

3x — 3z

fi(x)
()
fs(2)
fa(w)

P—‘Oo
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f1(x) fi(x) X X
fB8x=32) | _(3fi(x) =3f3(2) | | (3x—3z)|_(3x-3z
f3(2) f3(2) ‘ z
faw) fa(w) W w

~ F(Hx(n)) = HF (x(n))

Instead, the solution can be obtained through corollary (3-2).

4. P-self-semi-homogenous of order m
Case 1: Whenm = 1.

Theorem 4.1: The homogeneous system of difference equations (2) is p-self-
semi-homogenous of order one if and only if the matrix = is a solution of the
following algebraic system:

M1 = Pniy + Phiamay + PNysnsg + Pianag

Ni1M1z + N1z = PN11$1z + PNialaz + Puafiaz + Niallaz
N11M13 + M1z = PN11$13 + PNialas + PNysfas + Pyatas
N11M14 + M1a = PN11S1a + PiaNaa + Piafza + Pialas
N21 + N22M21 = PNaaiy + PNa28ar + PNasfzy + Paanag
N22822 = P2aMiz + Pz + Pliaalzy + Ppanan

N22M23 + N23 = PNa1M13 + PN228as + PNgafzs + Pgafas
N22M24 + N2a = PNaaM1a + PNa2$aa + PNgsnzs + Paatay

N31 + N33N31 = PN31M1y + Psalar + PNasésy + PNsanag (11
N3z + M33Nzz = P3Nz + PNaaNzz + PNaaéss + Psalas

N33833 = Pizafis + PNagNas + P13z + P13anas

N34 + N33Nza = PN31M1a + PN3zNzs + PN3sdss + Pty
Na1 + NaaNar = PNagNyy + PNagNzy + PNaznzy + PNaadsn
Naz + NaaNaz = PNarNiz + PNazNzz + PNazNzz + PNaadss
N4z + NaaNaz = PNarNyz + PNazNzz + PNazNzz + PNaadss
Na48as = PNainia + PNaglaa + Pllagza + PNis /

In the given matrix H = Z
Proof: Employing the same methodology as in proving theorem (3.1).

Corollary 4.2: 4 homogenous system of differences Equation (2) is P-self-semi
homogenous of order one if and only if the following conditions hold:
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M1é11 = Pnit + Pniaman + Pliastizg + PNiana \
Ni1Miz + M1z = PN11éiz + PNialaz + PNislaz + Nialla:
N11M13 + M1z = PN1181s + PNiaas + PNiafizs + PNiafas
N11M1a + M1a = PN11§1a + PNiaNos + Pysnzs + PNyatas

N21 + M22M21 = PNaiNiy + PNaaéaon + Phaanzy + Paafag
N22822 = Plizamiz + P53z + Pligatizy + Ppatay

N22M23 + N2z = PNa1Miz + PN228as + PNgafzs + PNaafas
N22M24 + N2a = PNa1Nia + PNaaéos + PNasnizs + PNagfag >
Na1 + N33N31 = PN31M1q + Psalay + PNaséay + PNsanag

N3z + N33N3z = PN31Miz + PNsalaz + PNssész + PNsanss
N33833 = PM31Mis + PNaalas + P13z + Pnganas

N34 + N33N34 = PN31M14 + PNsaMas + PN3sdza + P3alay
Na1 + NaaNar = PNaaliy + PNaalar + Pllastzy + PNaadsn
Naz + NaaNaz = PNaaliz + PNaalaz + Pllastaz + PNaadss
Naz + NaaNaz = PNaaMz + PMaalzs + Pllagfas + PNaadas

(12)

N4a§aa = PNaalis + Pllaglps + Plasnzs + PNy )
Example 4.3: Let F(X(n)) = £X(n) be a system of difference equation then its
20 =20
7 196
self-semi-homogenous of order three such that Z = 0 0 (1) 0 , there
1 0 -0
7
00 g O
1 -3
7 0 T 0\
existsH=|0 0 ? 0|
0 > 0
00 g O
Solution: By using theorem above
F(X(n)) = EX(n) .
-3
fi\ /x /7 0 196 0\ /x fi(x) lx_iz
f2 %’:00 0 0 g:fz(J’)=701196
N2 e 1 J\2)T 6@ ey

F(Hx(n)) = PHF (x(n))
1 -3 -3
fi (; 0 To¢ 0\ 19 0\| f1(x)
2110 o 0 )
| /| o 6@

i 0 0
; 0 1
0 g 0/ fa(w)

W \o o

oo
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(G =) \ (G 7))

| |
1 1
(7X+EZ) (7X+EZ)
0 0

« F(Hx(n)) = PHF (x(n))
Alternatively, resolve via corollary (4-2)

Case 2: When (m = 2).

1667

Theorem 4.4: The homogeneous system of difference equations (2) is said to be
P-self-semi-homogenous of order greater than one if and only if the matrix Z is

a solution of the following algebraic system:

7]%1 = PA11811 + PA1oNa1 + PAysnzy + PAyana

NNz + M1z = PA11$12 + PA1aNas + PAganz, + PA1ana,
Ni1M13 + M1z = PA11$13 + PA1aNas + PAganzs + PAjanas
N11M14 + M4 = PA11814 + PA1aNas + PA1aNzs + PA1aNas
N21 F M22Nz21 = PAyiNy + PAgzéa1 + PAgsnay + PAzanay
77%2 = PAy1M1z + PA3282, + PAgsnsy + PAgyla,

N22M23 + N2z = PAziMiz + PA3p833 + PAgsnss + PAgutas
N22M2a + N2a = PAgiM1a + PA328a4 + PAgsnzs + PAjuMay
N31 + Na3Nzy = PAziNqq + PAsangy + PAssésy + PAgalay
N3z + NasNzz = PAzNqz + PAsaNag + PAssésy + PAsana;
N33 = PA31niz + PAsalps + PA33éss + PAgyas

N34 + N33N34 = PAgiM14 + PAsaMay + PA33éss + PAgyMay
Na1 + NaaNay = PAgNy + PAsaNoy + PAysnzy + PAgsay
Naz + NaaNlaz = PAgN1z + PAsaNog + PAysnsy + PAssSa;
7743 + NaaNaz = PAgNz + PAyanos + PAysnss + PAgsSas
Nia = PAy1&1a + PAspnos + PAyanzs + PAyséay

where the matrix

\

N1 Miz T3 T $11 Sz §13 $ua
H= M21 N2z M2z Toa | o _ $21 S22 $23 $2a
M31 Ms2 N3z Msa |’ $31 32§33 $aa
Na1 MNaz Maz TNaa i &an &us s

A11 A12 A13 A14
A21 A22 A23 A24-
A31 A32 A33 A34—
A41 A4—2 A43 A4-4-

(13)

Conversely suppose the homogeneous system of difference equations (2) is
P-self-semi-homogenous of order greater than one to prove the equation (13)

holds:
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F(Hx(n)) = PH™F(x(n))
fi N1 M1z T3 T
f2 M21 M2z M2z M2
f3 M31 M32 M3z N3a
fa Na1 Maz N4z MNaa

Ay A Az Ay fi(x)
Ayy Ay Az Ay )
Agy Azp Aszz Az f3(2)
Ay Asy Ay Ass faw)
f1(M11% + N12Y + NM132Z + N1aw)
f2(M21% + M22Y + N232 + N2aw)
f3(M31X + N30y + N332 + N3aw)
f3(M41% + N42Y + NazZ + Ngaw)
/Allfl(x) + A f2(0) + Az f3(0) + Arafa(w)
_p A1 f1(x0) + Az fo(¥) + Apsf3(y) + Azafa(w)
\A31f1(x) + A32/2(¥) + A33fs(¥) + Azafa(w)
A1 f1(0) + Ay f2(0) + Ausf3(y) + Agafa(w)
By implementing equation (6)
$11 (M1 X + M2y + N13Z + N1aw) + E12Y + §132 + §aw
§21% + $22 (21X + N22Y + M23Z + MaaW) + &032 + $puw
§31% + §32Y + §33(M31X + M3y + M33Z + Nauw) + $uw
§a1X + 42y + €437 + E44(Nar X + Napy + N43Z + Nyaw)
/A?I(Enx + élizy + E;:sz +&aw) + A?:z(finx + é:z:zy + é:z:;z + é’:MW) + Av,% (6:311 + fijizy + 5:5:32 + 5:54W) + A?q(gnx + égy + 6432 + §aaw)
] A 8y + 80+ Eua) + Ao+ £+ Eaa + Eaa) + Ara(Gar + Eaa + Eaa + Eag) + Ans (G + L+ Eua +Eggw)

Agy (§1ax + 812y + 137 + §1aW) + Aga (§1X + §227 + 332 + §4W) + Agz (§a1X + §321 + 332 + §34W) + Agg (§aa X + §a2y + a3z + §aaW)
A (G1ax + §12y + 8132 + §uaW) + App (G X + E2y + §232 + §uW) + Az (G X + Eaay + 332 + §aW) + AgaCaa X + Eiay + a2 + Eaw),

M1$11 = PA11§11 + PA12821 + PA13831 + PA14San \
$11M12 + &2 = PA11812 + PA12622 + PA13S32 + PA14S4
$11M13 + &3 = PA11813 + PA12623 + PA13S33 + PA1aSus
$11Ma + $1a = PA11é1a + PA12624 + PA13834 + PA14S4s

$21 + $22M21 = PA21N11 + PA22801 + PA238s31 + PAZAEM
N22§22 = PA21$12 + PA22822 + PA23dss + PAz4Ss:

$22M23 + §23 = PA21813 + PA22823 + PA23ds3 + PAzaas
$22M24 + §24 = DA21814 + PA22824 + PA23834 + PA24S4a >
$31 + &33M31 = PA3111 + PA32821 + PA33ésr + PAsaSa

32 + &33M32 = PA31§12 + PA32822 + PA33ésy + PA3ASs,
N33$33 = PAz1$13 + PA32823 + PA33833 + PAssdus

$34 + &33M34 = PA31$14 + PA32824 + PA33834 + DA3AE4s

$a1 + $4alar = DA 11 + PALS21 + PAszsr + DALS L

$a2 F SaaMaz = PAsE12 + PAs222 + PAssész + PAsaar

$43 + $aaMaz = PA4E13 + PAs283 + PAsséss + PAsaas j

Naa$as = PAs1$14 + DAs2824 + DA43S34 + DALSaa
Given the equality of matrices H and Z, their components are equivalent
and can be expressed as follows:

N1 = &10,Mz2 = €12:M21 = $21) e s Naa = a4

S NRR

(14)
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Now, the subsequent may be employed to rephrase clause (14).
77%1 = PA11811 + PA1ona1 + PAysnsy + PAjana
N1z + M1z = PA11§12 + PAangg + PAgsnsy + PAjsana,
Ni1M13 + M1z = PA11$13 + PAiaNas + PAganzs + PAjanas
Ni1M1a + M1a = PA11814 + PAioNas + PAisNas + PA1aNas
N21 + N22M21 = PAgiMiy + PA328a1 + PAgsnzy + PAgana
77%2 = PAy1M1z + PA3385, + PAysnsy + PAgzsla,
N22N23 + N2z = PAgiMiz + PA3a8s3 + PAgsnss + PAgutas
N22N2a + N2a = PAgiM1s + PA328o4 + PAgsNzs + PAjuTas
N31 + N33N3y = PAginiq + PAsanyq + PA3sésy + PAsana
N3z + N33N32 = PAgiNip + PAsaay + PA3sésy + PAsuma,
77%3 = PA311y3 + PAsaNas + PA3sséss + PAsanys
N3a + N33N34 = PAgiN1s + PAgoMay + PA33Sss + PAgaMay
Na1 + NaaNay = PAuiN1q + PAsolay + PAysnzy + PAgsaq
Naz + NaaNaz = PAuN1z + PAsolay + PAysnzy + PAgséss
Naz + NaaNaz = PAsiNiz + PAsolas + PAysnzs + PAysSus
Nis = PAyis + PAuyNas + PAysnzs + PAséss
conversely
F is P-self-semi-homogenous of order greater than one if there exists a
matrix H such that F (Hx(/n)) = PHF (x(n)) we claim that this matrix is

defined as:
B 2
pztlsnsfflf)zz;n“ ’lulﬁl‘:nfsl:z_ PZ‘?;IZ? N1z + M3 — PA1alzz = M1alig + s — PAgalpe —
Pan Pa, PAi3l33 — PA1aTa3 PA13N34 — PA14Taa
PA;, PA;,
2
7]22221 '*;77121_ pquAzi]nll szz n PfZ;lez n N22M23 + M2z — PA2iTiz —  MazMaa + Naa — PAziMia —
23 3;,14 2741 23 3;’/4 24742 PAzsNzz — PAzalaz PAzsNzs — PAzalag
= 2 2 PAz, PAy;
N33N31 + M31 — PAsiNiy —  Naslsz + M3z — PA3iNin — N33 — PA3 13 — N33M34 + N34 — PA31M14 —
PA3ang1 — PAgaay PAzyngs — PAsaNs, PA3;1m,3 — PA3ynas PAszoMpy — PAsaTyg
PAs; PAss PAs; PAs;
NaaNar + Mar — PAsaMis —  Naalaz + Maz — PAsiMiz —  NaaMaz + Naz — PAginz — N2y, — PAynyq —
PAgaNy — PAgshz PAgaNy — PAgsnsp PAyan3 — PAsztizs PAgaNze — PAyslas
PAy, PAyy PA,, PAy,

F(Hx(n)) = PH"F(x(n))

f / N1 M1z T3 Tia
fa M21 M2z M23 M2a
f3 M31 M3z M3z Msa

fa Na1 Maz M4z Tag
Ay Ay Az Agg f1(x)
Ayy Ay Az Ag ()
Agy Azp Aszz Az f3(2)
As Asy Aus Ags/ \fy(w)

S NRR

=P
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fi(M11X + N12Y + N13Z + N1aw)
221X + N22Y + Ma32 + M2aw)
f3(N31% + M32Y + N332 + N34W)

f3(Na1X + N4z + NazZ + N4aw)
A fi(x) + A fo(0) + A f3(0) + Aafa(w)

Apf1(0) + Ana f2(3) + Apsf3(¥) + Azafa(w)
Az f1(x) + A3 f2(¥) + Azafs (V) + Asafa(w)
A [1(0) + Ao f2(0) + Ausf3(¥) + Agafa(W)
By using equation (6)
§11(N11X + M2y + M13Z + N1aw) + &2y + §132 + §uw
§21% + §22(N21X + N22Y + M23Z + M2aW) + &332 + oW
31X + &52) + E33(N31X + M3z + N33Z + M3aw) + $auw
$a1X + 8§42V + €437 + §44(NarX + N4z + N43Z + Ngaw)

/An(fnx + 8§12y + 6132 + §14w) + A1a (§1X + $22Y + 62327 + $24W) + Ars(Ea1x + §52Y + $332 + E3aw) + Arg arx + Eazy + $asz + Eaaw)
_p A1 (Grax + §12Y + §132 + &1aw) + Agp (G0 + §02Y + 8237 + §2aW) + Az (§31x + 32 + §332 + §34w) + Apa (CanX + §a2y + $a32 + §aaw)
Azy (§11x + &1y + §137 + §14w) + A3a (1% + §22Y + 232 + $24W) + A33 (31X + §32) + $337 + §34W) + A3 Caa X + $a2y + §asz + $aaw)
Ag1 (§11X + &1y + §137 + §14w) + Aga (§1% + §22Y + 8232 + $2aW) + Au3 (§a1X + §32) + $332 + §34w) + Aga Gaa X + $a2y + §43z + $aaw)

Therefore:
7]%1 = PAq1&11 + PAyan1 + PAgsnsy + PAany,

N31—PA12021—PA13N31~PA14l41
PAq11

77%1 =PAy; + PAioN21 + PAisNzg + PA1anay

=i =05
Also,

N1z + Mz = PA11&12 + PAanas + PAgsnsy + PAjana,

+ —PA —-PA —PA
N11712 + Nig = PA11 N11M12+N12 1221211 13732 14M42

+ PA1212;

+PA3N32 + PA1aNa;

S M1z + M2 = N1z + M1z
Also,

N11M13 + M3 = PAg1&13 + PAjaNgs + PAgsnzs + PAganas

+113—PA -PA -PA
N11M13 + N1 = PA11 MN11M13+7M13 127;2:11 13733 14743

+ PA13M23

+PA3N33 + PA14Tas

S M11M13 T M1z = N11M13 + M13
Also,

N11M1a + M1a = PA11§1a + PAiaNos + PAi3Nzs + PA1aNy,

+114—PA —-PA —-PA
N11M14 + Nig = PA11 MN11M14 1714 127}7)'2111 13734 14144

+ PAi3M24

+PA13N34 + PA1aNaa

S M11M14 T M1 = N11M1a T 7M14
Also,

M21 + Na2N21 = PAyiNiq + PAés1 + PAysnzg + PAyanas
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N22M21+M21—PA21M11—PAz3731 —PAz4741
PAjo

N1 + Na2M21 = PAziMiq + PAy,
+PAy3N31 + PAzana

S M1+ M22M21 = M2t T N22M21
Also,

77%2 = PAy1M1z + PA3280, + PAysnsy + PAyana,

2
2 _ N32—PA21M12—PA23132—PA24M42
N3z = PAy1n12 + PAy, Py + PAysNzy + PAyuna,

=15 =15,
Also,
N22M23 + N3 = PAyM3 + PAyyéas + PAsnss + PAjunas

+ —-PA —PA —PA
Na2M23 + Ny = PA217713 + PAZZ N22M231723 21:]::22 23733 24743

+PAy3N33 + PAzatys

S M22M23 + 123 = N22M23 T 123
Also,

N22M2a + Naa = PAsiMia + PA3380s + PAysNzy + PAyaNa,

+124—PA —-PA —-PA
Na2N2a + Moy = PA21U14 + PAZZ N22M2411724 2171131:22 237134 2444

+PAy3N34 + PAsuNas

S N22N24 + M2a = N22M24 + M2y
Also,

N31 + N33M31 = PAgiMqq + PAsaNag + PAssésq + PAgana

+131—~PA31011~PA32021~PA
M31 + N3slzr = PAsyNyy + PAsyhyy + PAgy 223081 312;133 s2lz " Csaln

+PA34M41

S M31 1 N33M31 = N31 + M33731
Also,

N3z + N33M32 = PA3iNiz + PAsalgy + PAssésy + PAzana,
Naz + Naalag = PA Ny + PA N2z + PA N33M32+1M32—PA31M12—PA32122—PA34MN42
32 33132 = [A31712 32122 33

PA33
+PA34N4,
S M32 + M33M32 = N32 + N33732
Also,
N33 = PA3in13 + PAgynas + PA33ss + PAsatas
2 _ N33—PA31M13—PA32M23—PA34Na3
N33 = PAz M3 + PAsyps + PAss + PA3yN43

PAss
=033 =133

Also,

N34 + N33N3a = PA31N14 + PAzyNps + PA33éss + PA3uMas
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N33NM34+NM34—PA31M14—PA32M24—PA34744
PA33

N34 + N33N34 = PA3qM14 + PAsyNps + PAss
+PA34M44

S N34 1 N33M34 = N34 T N33734
Also,
Na1 + NaaNar = PAgNiq + PAgonag + PAustzg + PAsiéan

Na1 + NaaNar = PAyN1q + PAsaNgq + PAssnsg

N44N41+M41—PAg1M11—PAs2M21—PAs3N31
+PAy, 2
PAgq

S Mg1 T NaaNar = N1 + NaaNan
Also,
Naz + NaaNaz = PAuNiz + PAuoNop + PAusNzy + PALE,,

Naz + NaaNaz = PAyNz + PAsyNgy + PAssns,

+PA Na4Na2+N42—PAs1M12—PAs2M22—PAs3N32
44 PAys

S Nzt NaaNaz = Naz + NaaNao
Also,
Naz + NaaNaz = PAgNiz + PAsonas + PAusss + PAsuas

N4z + NaaNaz = PAsuNiz + PAgonas + PAssnsz
+PA N44M43+M43—PAg1M13—PAs2N23—PAs3N33
44 Y™

S Mgz + M43 = Mgz + Naqlas
Also,

Nis = PAynig + PAyongy + PAysnzs + PAgséas

2
2 _ N4a—PA41M14—PAs2M24—PAs3N34
Nis = PAyN1s + PAsyNps + PAysnzy + PAy, YW

. 2 — 2
= Mg = Naa
Consequently, considering the order greater than one, system (2) is p-self-
semi-homogeneous due to the equality of the left and right hands.

Corollary 4.5: 4 homogenous system of differences Equation (2) is P-self-semi
homogenous of order greater than one if and only if the following conditions
hold:
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Ni1 = PA11&11 + PAianpy + PAgstizy + PAjana \
NNz + M1z = PA11812 + PA1aNas + PAganz, + PA1ans,
N11M13 + M1z = PA11$13 + PAyaNas + PAganzs + PA1anss
N11M1a + N1a = PA11§14 + PAgaNos + PAgsnzs + PA1aNas

N1 + Na2N21 = PAgiNiy + PAg§a1 + PAgsnzy + PAgunay

N5, = PAyiNiz + PAyy&sp + PAgslzy + PAyuna,

N22M23 + N2z = PAziMiz + PA3p8a3 + PAgsnss + PAgamas
N22M24 + N24 = PAziM1a + PA3y8as + PAgsnzy + PAzamag (15)
N31 + N33Nzr = PAziMyq + PAsangy + PAssésy + PAsana

N3z + N33Nzz = PAsiNiz + PAsalay + PA3zésy + PAsyMas
N33 = PA3in13 + PAsalps + PAgs3éss + PAganas

N34 + N33N34 = PAsiM1a + PAsalay + PAz3Szq + PAsylay
Na1 + NaaNay = PAyNyy + PAsaNgy + PAysnsy + PAgsday
Naz + NaaNaz = PAyN1z + PAsyNgy + PAysnsy + PAgséa,
N4z + Naallaz = PAsiNiz + PAsylas + PAysnzs + PAgsSys
7724 = PAuN1a + PAsoNaa + PAusNza + PAsséys )

Example 4.6: Let F(X(n)) = ZX(n) be a system of difference equation then
its P-self-semi-homogenous of order two such that

1 1
/;000\ (5000
1 1
2= 0 9 00 , there exists H = 0 9 00 With P=9.
o o 0 oo + O
9 1 9 1
0 0 o 3 0 0 o 3
1
/5000\
fi X 1 X f1(x)
. 2 \Y 0 -0 of(”Y ()
FX(n)) =2X(n) = = =
Kn ==X =15 )\ 2 CE L2 Il VA0
fal W 00 = 1|W fr(w)
0 9
1
§x
1
1
| 97 |
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1
f (5 e 0\ .
F(Hx(n)) = PHF (x(n)) = g 0500
fa/ 10 0 % (1) w
1 00 23
o0 e
—9| 0 = 00 )
S D X5
0 0 = 1[VaW)
o o 8
1 1 1 11 1
/fl (6.%)\ /afl(x)\ /ax\ /ﬁgk’\ /ax\l
rn | e | e | e || e |
9 2
H =9 811 — 811 -9 8112 - 811
| G2 | ﬁf3(z) a1 3197 517
1 / 1 1 11 1
faGw) 8—f4(W) a1V 319" TR

~ F(Hx(n)) = PH?F(x(n))
Alternatively, solve via corollary (4-5).

5. Conclusion

In this paper, we introduced a novel definition of a homogeneous
system, which we refer to as a P-self-semi-homogenous system of order m with
(4*4) dimensions. In many instances where p and m were positive integers, we
looked at them. The values of P and m were obtained twice in our work: once
when they were equal to one and once more when they were more than one.

6. Future work

Extending the aforementioned investigation to encompass a system of
time-varying (or non- autonomous) homogeneous difference equations, this
study also seeks to examine the generalization of the (n*n)-dimensional case.
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