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Abstract

To introduce new concepts called R’-coessential submodule, R™-coclosed submodule.
which are generalizations of coessential, and coclosed submodule respectively. We investigate
various form of such conditions and properties and their relations to R-supplemented
module.
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1. Introduction

M considered as unitary left R-module and R is any ring with 1. A
submodule E of M is referred to as small in M (denote by £ << M ) if
whenever, E+F =M for some F S M implies that F = M,[1]. Many
generalizations of small submodule see [2,3].0zcan in [4] introduced the
concept of consigular submodule of M as follow Z*(M) = {m € M; Rm <<
E(M)},where E(M) is the injective hull of M. if Z*(M) = M,then M is called
consigular. In [2] Mustafa and Khalid introduced new type of small submodule

(adepends on cosingular submodules) if whenever M = E + F and Radj * (%)
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= % implies that F = M where Radp * is the sum of all e*-small submodules

in M, denoted by E <z* M. We use Rady *-small submodule that appeared in
[5] to introduce R*-coessential submodule and R*-coclosed submodule which
are generalizations of coessential and coclosed respectively, and we illustrate
the relation between them and other concepts. Main properties of these concepts
are proved.

Definition 2.1: Let M be an R-module and let F and E be its submodules and
F C EC M. When ;«R*%, then Fis referred to as the Rady *-cossentail

submodule of E in M (for short, R*-cossentail submodule), shown
by F Cr*. Ein M.

Remarks and Examples 2.2.

1. Asthe Z-module Zg .In Z, , obviosity {0} is R*-coessential submodule of
{0.3}.

2. Asthe Z-module Zg.{0,4} Sg#*. {0,2,4,6} in Zg since {0{2 4}6} Lp {ji}

3. Asthe Z-module Z. Within Z, 4Z is a R*-coessential submodule of 2Z.
As the Z-module M,M = Z @ Z,,, . It is evident that in M, {0} is not a

R*-coessentail submodule of Z,. {0} € Z,,, € M, but Zpo

) 1s not R*-

small in ;\4_}

5. Assuming that M is an R-module and E € M .Then E <g* M if and only if
{0} Sp*ce Ein M.

6.  Observe that each coessential submodule is a R*-coessential submodule;
however, this need not always be the case, as Zg might also be a Z-
module. In Zg, {0} is a non-coessential submodule of {0,3} that is R* -
coessential. The features of the R*-coessential submodule that are required
subsequently are given in the following assertion.

Proposmon 23:LetH S F € E S Mand M be an R-module. Then F Syp*., E

E. M
in M iff = — SR*ce ;N
£ E M M
Proof: Assume that F Sp*., E in M, since %E; and %E; (by third
H H
Isomorphism theorem), due to F Sgp*. E. Subsequence §<< % ,therefore

E M

.. M
L Lpxdt Consequently _R ce 1n prs
H H
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, due to (by third
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f.p = in
RceH

) wpe| x T

E
. T E M
Isomorphism theorem). As a consequence of 4 «<p* & then — Kgx — For that
H

reason, F Cp*., E.

Proposition 2.4: Suppose that H €S F S EC M, M be an R-module. Then
HCpx,e EMMiff H Ci*,, FinMand F Sg#*,, E in M.

E

Zc¥ and
HT H

E M F M iy

o $r* - Consequently o Kpx (by proposition (2.6(1)) [5]). So
HQR ce FinM.Nowdeﬁnef:%ﬁ%byf(m+H) =m+FVmeM. f is
well define, let m; + H=m, + H iff m; —m, € Hso f(m; —m,) € f( H)
iff f(my+H)=f(m,+H)iff m+F=m,+F. Clearly f is an
epimorphism. Because of % Kp* % . Next f (S) = g Kp* % (by proposition
(2.6(4)[5]) Consequently F Cp*., E in M.

“e”: To show H Cp*., E in M. Assume that H Cgp*.,, F in M and

F Cp*.e E in M, to show H Cp#*., E in M. Let XM and R*(ﬂ)zﬂ

=R7ce =R"ce : H ' H H X

Proof: "=”: Suppose that H Cgp*. E in M. Simply, due to SE

X
sthen M = E + X hence M_EXx_Z nf , since R* (E) = M( by corollary
F F F X X
* - M E M X+F_ M
(2.6) [5]). Next R (X+F) =t But — Kpx therefore — == and.
Hence X + F = M. Furthermore §+ g = % Because of g <<R*% and

R* (ﬂ) =Y Therefore * =2
X X H H

Proposition 2.5: Let M be an R-module. If H € M and F Cg*, E, then
F + H Sg*., E+ Hin M. The converse is true if H <gx M.

E+H

Proof: To show that F + H Sp*., E + H, where H € M. Let m+m
F—,andR* (ﬂ) =ﬂ ,then M = E+ H+ U ,since H € H + F contained in U,
thenM E+U soﬁ M—5+2 but R*(ﬂ)=ﬂand£<<,;*ﬂ,soﬂ=
p FoF y U U F F F
- then —= therefore—<<R —.
F+H F+H F+H

In other hand F + H Sg#*,, E+ H in M and H <z* M.To show that

F Cp*ce E in M. Let M= E Z’ and R*(M) =% .Subsequently M = F + U,
so — = 2 UrH Consequently R* ( ) u ,then by corollary ((2.5) [5])

F+H F+H F+H
U+H

state R” (L) =" But <<R therefore M A and, so M =
U+H/) ~ S+H F+H  F+H
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U+ H. Since H<z*M and R* (%) = % Consequently M = U, therefore

M_ U .
- =5 and F Cg*., Ein M.

Proposition 2.6: Let be an R-module M and H Kgz* M. If F Cp*,, E in M,
then F Sp*., E+ Hin M.

Proof: Suppose that F Sp*,., E in M and H <z* M. To show that F Cg*., E +
Hin M. Let % ="+ 2 and R* (5) =1, S0 E+ H +5 =M, (by corollary

2.5) [ ]) stat that R* (S+E) = and H <gx M. Subsequently M = E +S
and —== + g However, P R* Y and R (M) =Y Therefore Z=2 Thus
F F F U U F F

FQR CeE+HinM.

Proposition 2.7: Consider both M and M" R-modules as well as f: M = M~ be
a homomorphism, then f(F) Sp*.. f(E) in f(M) if F Sp#*, Ein M.

f)

f(F)
f(m) + f(K), for each m € M, smce P« R* ,then (by proposition (2.6)(4) [5])

E\ _ f(®) fon
[0) (F) G Kp* d)( ) G Thus we get the result.

Proof: Suppose that F Cp*., E in M. Define ¢:% By ¢(m+K) =

Proposition 2.8: Assuming that M is R-module and H S EC M. IfE=H+S
and S Kz* M. Then H Cg#*., E in M.

Proof: Suppose that E = H + U and S <z* M. Let 2> =2 + X for some X € M
H H H

andR*(K)zﬂ,toproveMzﬁ then M =E+X, hence M =H+S+X =
X X H H
X + S, since S Kg* M and R* (1;1) —, therefore M = X. Thus H Cyp*., E in

M.

Proposition 2.9: Consider H € E € M and M as R-module. If M = H + E, and
UNE Kgx M. Then H Sp*., Uin M.

Proof: Supposethat HCUC M , M =H+E and UNE Kzx M. Let%=%+

£ and R* (ﬂ) =Y , to prove M=E , where F € M,then M = U + F. Because of
H F F H H

this U=UnNnM=UnH+E)=H+UnNE) (by modular low).
Subsequently M =U+F=H+ (UNE)+F. So M=({UNE)+F. But

UNE Kgx M and R* (%) = % , therefore % = g .Thus H Cg*., Uin M.

The R*-coessentail submodule is characterized by the following assertion.
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Proposition 2.10: Let M be an R-module. If H Sz*., F in M and X Sp*., E in
M. ThenH + X Cp*,. F+EinM.

Proof: Suppose that H Sgp*., F in M and X Sg#*., E in M. To show that
H+XCg*, F+X in M, let f:%é% be a map defined by f(m + H) =

m + (H + X) for each m € M and g:% - HM? be map defined by g(m + X) =
m + (H + X) for each m € M.Clearly each f and g are epimorphism .Because

of £<<R*% , and §<<R*¥~ Consquently f(g) = ((::?) R*%. Also,
E (E+X) M o F+X | E+X
(;) = SR (by proposition (2.6(4)) [5]). Hence dix T o=
F+E M

— <KL

o SRF o (by proposition (2.6, (2) [5]). Thus H + X Sg*., F+ E in M.

Proposition 2.11: Let M be an R-module and let H, F, E, and X be submodules.
Following are equivalent statements:

1) IfHCp*,, H+ FinM,then HNF Cg+*., Fin M.

2) IfHCgp#*,, FinMandY S Mithen HNY Cpx,, FNY in M.

3) IfHCg*,, FinMand X Cp*., EinM,then HN X CSg*., FNE in M.

Proof: “(1)”= “(2)”:] Let H Sg*, F in M and Y contained in M. Since
H+ (FNY)CF, thenH S+, H+ (FNY)in M (by proposition 2.4), hence
HN(FNY)Cpx,, (FNY)inM,by(1) HNY Cg*., FNY in M.

“2)"= “(3)”: Let HCp*,, F in Mand X Sg#*, E in M. By (2), HN
X Cr*ce FNXin M.Also X Cp*., EinMand F € M , then F N X Sg#*,. F N
E in M.Thus H N X Sg*,, F NE in M by proposition (2.4).

“(3)’=>“(1)": Let H S+, H+F in M. Since H Sgp*,, F by (3) HN
FCrtee H+F)NFinM.Thus HNF Cg*,, Fin M.

We use the following lemma in next theorem.

Lemma 2.12: Assume M be an R-module such that M = E + F and M = (E N
F) + H for each of its three submodules, A,B and L. That means (E N H) +
F=FNH)+E, [79]

Theorem 2.13: Assume that the module M = F + X has R* (%) = % Let X be
contained in E and X Sp*., Ein M. Then FNX Cp*.,, FNE in M.

M H M (FNE) H
——=—— . Let =
(FnX) (FNX) (FNX) (FnX) = (FnX)
HC<S M and R* (%) = % For that reason, M = (F N E) + H, therefore M =
E+ H. By lemma (2.13) suggest that M = (F N H)+ E. Consequently

M _ Foi)+X + E however, R* (M) = M, then R* ( M ) =M
X X X X X (FAH)+X (FNH)+X

According to corollary (2.5,[5]). But §<<R*% . Therefore M = (FNH)+ X

Proof: To demonstrate that for
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again by lemma(2.13), M = (F N X) + H = H once more again. As a result,
M H  FnE M

Fox) ;) Fox R Fax’

Not that if E and F are both submodules of M. E is considered to be a R*-
supplement of F in M if M = E+ F and E N F Ki*x E. Additionally, E is
weak R*- supplement of Fin M if M = E+ Fand EN F <y, M. When each
submodule in M has a R*-supplement, M is said to be R*-supplemented;
conversely, if each submodule in M has a weak R*-supplement, M is considered

weakly supplemented. [6] .

Proposition 2.14: Consider F,E and U to be submodules of R-module M. If F
is R*-supplement, of E in M and if E is R*-supplement of U in M with F € U,
then F Cp#*. Uin M.

Proof: Let us assume % = % + % , where F contained in U, and R* (%) = % To
show that F Cz*., U in M. In order to demonstrate % = g .Consequently

M =U+V,dueto Fis R*- supplement of E in M, following that M = E + F
and ENF KgxE . V=VnNM=Vn(F+E)=F+ (VnNE) ,(by modular
law). E is R*-supplement of U in M, subsequently M = E+ U and E N
U Kgx E, E=ENM=EnU+V). E=(EnU)+ (EnV)follows. In
order to demonstrate that R* (L) = L, £~
S ENV ENV ENV
-~ =7 (because of this FCSVand E+V=E+V+F=(E+F)+V,
however R* (M) =ﬂ, hence R* (L) =L, since EN U <Kzx E, then
v v ENV ENV

E=ENV,soE SV.Subsequently V=F +E =M .Thus F Sz*., Uin M.

(by second Isomorphism )

3. R*- coclosed submodule
Let E and F be a submodule of M a submodule E of M is called coclosed
of M (notation E S, M) if wheneverg & %implies that E = F, [7].

Definition 3.1: Let M is R-module and E be a submodule of M, we say that F
is R*-coclosed submodule of M indicated by (E Cg.cc M) if whenever
X Srice E inM for some X of E, we have X = E.

Remarks and Examples 3.2.

1. {0} is R*- coclosed submodule in M.

2. {0,2} in Z, as Z-module is not R*-coclosed submodule

3.  Consider Z;, as Z-module, the R*-small coessential submodule of < 2 >=
{02468} is <F>={0438}, (<F>Cp.ce <2>) since - =< 3>
Kpy Z1p ,but <2 >#< 4>, So < 2 > is not R*-coclosed submodule of
Z4, as Z-module.
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4. Zg as Z-module, since < 2 >= {0,2,4,6} Kg+ Zg and zZTZ =< 2 S>KLp*
Zg 50 <0 >«Kp*x<2> but <2>#<0> ,50 <2> is not R*-
coclosed submodule of Zg as Z-module

5. For any module M every R*-coclosed submodule is coclosed. To see this,
let X be a submodule of E such that )E—( << % , then )E—{ K R+ % by [5].
Since E Sg.cc M, then E=X.

Proposition 3.3: Let M is R-module and E a submodule of M satisfies for
every submodule U of E such that R* (g) = 5 Following are equivalent
statements:

1. Eis R* -supplement submodule of M.

2. Eis R*-coclosed in M.

3. if U Kk, M, then U <g, E.Then (1) = (2) = (3) If M is weakly R*-
supplemented, then (3) = (1) .

Proof: “(1)”= “(2)”: To prove that E is R*-coclosed. Let E be R*-supplement
of Fin M. Consequently M = E + F and E N F Ky, E, Let g KRy %, for some

submodule U of E. Since M = E + F,ﬂ = E+M ,to show R* (l) = l,
U U U F+U

F+U
. M E+F+U E E
since = Ty Z EaeeD) — Ui GEnR) (by modular law). Consequently
R* (L) = L, but L KR« u , therefore M- Take note of that E = E N
F+u) ~ F+U U u u U

M=EnN(F+U)=U+ (ENF) (again by modular law). Keep in mind that
although E N F Kg* E and R* (g) = g,therefore E=U.

“(2)”= “(3)”: Suppose that E is R*- coclosed in M and U <g, M , let

E=U+K and R*(g) =§ , since E is R*-coclosed in M, it suffices to

demonstrate that — K+ M, et Z4+4Z=Y and R’ (ﬂ) =2 Consequently
K K K K K F F

M=E+F=U+K+F=U+FHowever U<z, M, and R*(%):ﬂ

F’
M=F.
“(3)”=*(1)”: Thinking about that M is R*-weakly supplemented means
that, there exists a submodule F of M suchthat M = E + F,and ENF Lzx M
,by (3) consequently E N F Kz* E .Thus E is R*-supplemented submodule of
M.

Corollary 3.4: Let M be an R-module, and let E € F € M with R* (g) =
L Then

E

1. IfF is R*-coclosed in M, then g is R*-coclosed in % .

2. IfE is R*-coclosed in M, then E is R*-coclosed in F.The converse is true if
F is R*-coclosed in M
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3. Let C be R*-coclosed in M, then forany ECF € C C M, g Kps %ifand

. F c
only le Kpe 5

4. If E<Lg, F, and g R*-coclosed in % , then F is R*-coclosed in M

Provided that every submodule is R*coclosed in M.

Proof:

1. Suppose F is R*-coclosed in M. Let g Cr*ce g ,

~

and E € X S

oy <[l

Ll
X
F,then X Cp+c, F in M (by proposition 2.3) but F is R*-coclosed in M,
therefore F = X, so §= )E—{ Thus gis R*-coclosed in%
2. Assume that E is R*-coclosed in M , and let S be a submodule of E such
that %«R* % , then §<<R* %by proposition (2.6 (1) [5]) but E is R*-
coclosed in M ,therefore S = E, thus E is R*- coclosed in F.

3. Clearly by previous proposition.
F

F M . F % M
4. Assume that — <z — K € F,since — = £~ « —
Kk R g’ ’ K+E KI+(E R*

K+E

~

(by
proposition 2.6), then K+ F Cg,c. F, but Fis R * -coclosed in M,
hence F = K+ E ,but E <z* F and R* (g) = g, therefore F = K. Thus F

is R*-coclosed in M.

x‘f‘ms
o]

Recalling that if each proper submodule of M is R*-small, then a non-zero
module is said to be R*-hollow, [5,8].

Proposition 3.5: The R*-hollow submodule is R*-hollow for all nonzero R*-
coclosed submodules.

Proof: Let M is R*-hollow module and,H is nonzero R*-coclosed submodule of
M. Assume H be a proper submodule of E .Since M is R*-hollow, then H <p*
M.But H is R*-coclosed in M, therefore H <g* E by proposition (3.3). Thus E
is be R*-hollow.

Proposition 3.6: Let E is a nonzero R*-hollow submodule of an R-module M,
then either E <z, M or E is R*-coclosed submodule of M, but not both.

Proof: Suppose that E is a nonzero R*-hollow submodule of M and E is not
R*-coclosed , we have to show that E <z, M .Since E is not R*-coclosed in

M, then there exist H € E such that §<<R* % To prove that E <g, M, let

M=E+K and R*(%):ﬂ E+Z+K

K’
E E

(M _
EN(H+K) ~ H+(ENK) However (by (2.5), [5]) R (H+K) -

IR

thenZ = £ 4 2K Subsequently Y=
H H H H

M
T Consequently



R*-COESSENTIAL SUBMODULE AND R*-COCLOSED SUBMODULE 1493

M =

H + K, but E is R*-hollow and H is proper submodule of E, therefore

H L+ E, so H <z, M,(by[5]), then M =K. As a result E <, M.
Consequently if E <z, M and E is R*-coclosed, then %<< R+ % implies that

E = 0 which is contradiction.
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