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Abstract

Beurling introduces the generalisation of the primes in the third decade of last century.
He said in his work that any positive , increasiy real sequences {r;}”,_, with r, precisely qreatar
than one called Beurling primes the fundamental Furthermore, the series of Beurling integers
(or B-integers) could be generated by using the F-T-A. This work adapted the generalization
Balanzarios work “Exampls of the generalised prime system” where using the sequence of
weird numbers to show that size of |N(x) —ax|, a > 0 is always less that the asymptotic
behavior of 7t (x).

Subject Classification: 11D45, 54G20.
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1. Introduction
Introducing a nonempty set M of all arithmetic functions, m: R— C .
Now, M* € M .where M* ={m: (1,0 ) - C}, mis increasy
And M§={m € M s.t mis increasy and m(1)=0 } where as
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={meM s.t mis increasy & m(1) =1}

Here M =My n M*.

In a simple case of a generalised prime system , the set of Beurling prims
can be defined as the sequence of real prims that occur twice in each step, or
r={2,2,3,3,5,5,...}. So, in this case when applying the fundamental theorem of
arithmetic to get the set of the generalized integers implies the set of naturel
elements where each element (n) occurs as d(n) times. Therefor

=2 (1)

m(x)logx

lim, |
where as
No~ Znen, (1) @

In Beurling’s work (precisely during 1937), he showed that as x goes to
infinity

. Nq(x)_bx _ . E
lim,, Tog0D T k.. (1) for somb >0 and k > 0 with a > .
And lim, ., |M I )

the Beurling system mentioned above only exists for values exactly
greater than 3/2 and does not exist for values equal to 3/2 (refer to diamond [1,
2, 3]). Furthermore, the aforementioned is known as the Prime Number Theorem
Generalisation.
Later Hall (see [6]) showed that for each (s,, s,, d) with s; €[0,1), s, € (1,
+oo] and d € [0,1], than in Beurling prims system such that
Ng(x)-bx _
*[(togn) 41 1751
mq(x)logx

=K i) limy,, inf [ 2202000%
I=s2

From the foregoing, it is clear that the Beurling zeta function is involved in
the estimation Brosess, which begins with N, (x) (or 4 (x) ) and ends with the
approximate value of the other. In fact {5 (x) =),,,., n™° fors=o¢ + it . follow:

iii) limy_ e sup [

,(x) or lllq(x)

fora>—s-a+lt‘ '

4q () N, )

Flgure 1
Explain the link between these functions.
In the seventh decade of the last century, Diamond indicated in his work
(see [5]) where he introduce the modification of { (s) for s = ¢ +it, for o> 1 as
follows:
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8(9) = Zpmn =T, (1-2) 7, @

Here, p is a prime for which the product is running over all primes. It is
worth to notify that equation (2) converges absolutely for ¢ > 1 (see[5]).

Define the space of arithmetical functions M, M:R — ¢ where, M(x)
continuous from the right hand side. Here, the function should be of local
bounded variation. Let M'cM and for any m in M , m is increasing function.
So, if MycM (where M={meM: m(1)=0}), then My'= M~M" It is worth to
show some challenged Beurling’s prime systems:

(i) Define K as a set of actual primes apart from 2. In fact, K here
satisfying the conditions of Beurling. That is; K represents Beurling’s primes.
So, following “the fundamental theorem of arithmetic” one can get N, to be the
Beurling’s integers where N, taking only the odd numbers. Furthermore, this

addresses that lim,_, w = 1. While, lim,_ |N(x) —%x|_<k,

for some k>0. This is indicating that there is a discrete B-prime system (g,
Ng).So, from what have been done by Balanzario in his work (see [@])
introducing a continuous B-counting function [], as shown here
behind: (1) m(a) Yp<, 1;where Pisprime (2) N(a) = Y, 11t is worth to
notify that seeing the sequence of B-primes doesnot leeds to see the sequence of
B-integers by applying the F-T-A in general. In fact some time is impossible to
pick up the B-integer sequence from what have got it of B-primes. The related
link below reflecting the relation between these functions involving B-zeta as in

Figure 1 above.
() _ e g
(g(s) - fl_x dlzbg(x)

Where 7, (x) ~ P,(x) for o > % (see [5]).So with the above its obvious
that: myMg {m:m is increasing function with m(1)=0} and N,M; {m:m is
increasing function with m(1)=1} N, (x) = e™a. Then the order pair (7q, Ny) is
called Beurling’s prime system (see [5]).

Example: For instance, one can take the sequance of B-primes such that
each prime occure twicely. this inform us that the counting function of B-primes

{gs) = floix_s dN,(x) and

assymptoticly to %. whereas, when applying the fundamental theorem of

arithmetic, one could get a sequence of B-integers numbers for which each
element n occure as d(n), where d(n) is the divisor function. Here, the counting
function of B-integers be have as a ssymptoticly of },,,cy d(n). So, in the above

example means there is a B- primes system such that 7 (x)~ % & Np(x) =
Yneng d(n).

2. Weird numbers

Studying weird numbers is always surprising and full of unexpected
difficulties. Until now, we don't know if there are odd weird numbers at least
less than1028. Benkoski defined the weird numbers in 1972 and he proved with
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Erdos that weird numbers have positive density. Factually, the weird numbers
are infinite because weird number multiplied by a prime larger than its sum of
divisors is again weird and this was proved . Now some definitions related to the
main subject "weird numbers" will be stated as:

Definition 1 [7]: If x is a positive in N and o(x) = 2x implies x is named
perfect. The first perfect numbers are 6, 28, 496, ...

Definition 2 [7]: If x is a positive integer and o(x) > 2x we say x is called an
abundant. The well known abundant started with 12, 18, 20, ...

A(x) = 6(x)—2x is called the abundance of x..

Definition 3 [7]: If x is a positive in N and o(x) < 2x where x is called
“deficient”. The first deficient numbers are 1,2, 3,4, 5,7,...

Definition 4 [7]: If x is a positive integer and equal to sum of all or some of its
proper divisors then x is the pseudo perfect number. The first few pseudo perfect
numbers are 6, 12, 18, ...

Definition 5 [7]: A positive integer x is weird if it is abundant but not pseudo
perfect. The first few weird numbers are 70, 836, 4030, 5830, 7192, 7912, 9272

Kravitz in 1976 showed that for a natural number n and prime number p. if
_ 2"p=(p+D)
(p+1)—2n
is a prime then w=2""1 is weird. Kravitz used Mersenne prime (the prime
number of the form 2" — 1) 2161 as p and 57 as n and get a large weird number
w=2.55x10%.
To here are some exemplification about weird number:
Cardinal number 945:
The established divisors about 945 are 1, 3, 5, 7, 9, 15, 21, 27, 35, 45, 63,
105, 189, 315..
The sum of these divisorsis 1 +3 +5+7+9+15+21 +27+35+45+
63 + 105 + 189 + 315 = 793, which is sizeable than 945..
Be that as it may, there is no subset about these divisors that quantity up to
945.
On that account , 945 is a weird number.

3. Primitive weird numbers

Definition 6 [8]: A weird number is a primitive if none of its proper divisors is

weird. Actually there are only 24 primitive weird numbers less than million.
Until now, the infiniteness of primitive weird numbers is unverified but, in

2014, Giuseppe Melfi gave a way to build a weird to be primitive as follows
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Theorem 9 [9]: Let z & 41 g With m , n e {odd integers} where p=2%*2—m and
q=2%%2+n primes. If n+3 <m <ZZ;—2then w=27% pq is primitive weird number.
This theorem did not proved the “unconditional infiniteness”.
More generally, in 2018 Melfi again with three others presented an
algorithm to generate numbers as a “primitive weird “ mp,p,...p, as m should
be deficient andp;, p,,..., p, are primes as the following

Theorem 10: Suppose that k>1 is d-number and n>1, assuming py, p,, ..., Py be
primes with o(k)+1 < p;<--<p,,. Let

V' = [p; = o(kK)(Pn — P1) "]
Letw=K p; py...pn and
Ukpyp, = Ufofa € Nijpy + 0(k) <a < G+ Dpy}
For more details the reader could see page (3,4,5) in [10] then for all a €K,
a can’t be expressible as a sumation of distinct divisors of x.

Theorem 11 [11]: Generating a primitive weird number

Let ¢ = [[j=1 pi such that A(c) < -1 (c is deficient) and there exist a prime
number > p.such that cq is abundant and for n > 1 let {qi}j~, be an increasing
sequence of primes such that q,> [[j=1(p; + 1). Let x= c]IL,q;, if x is
abundant and A(x)€K then x is primitive weird.

4. Some known results from literatures
(1) In 1903, Landu [12] proved that:
<kfor8<1- liml

X—00

Ng(x)—ax

. mq(x) logx
lim,_, ) 4 =

X

=1

Moreover

g x)-li(x)
- 1

lim,_,, <k Forsome ¢, k>0

x exp{—c(logx)2}
(2) In 1961, Malliavin [13] proved that :

Nq(0—ax <k forsomeA>0 and0<a<1. -

lim _—
X729 |x exp{-A(logx)®}

_ (NG e
x exp{—b(logx)P} < kFor some ,B >0andb >0 &ﬁ =1

(3) In 1970 , Diamond [5 | improved Malliavin's result and conversely he
proved that if :
nq(x)—li(x)
x exp{-c(logx)®}

Ng(x)—px
2P < k,Forsome b,k>0 & B =—.
x exp{—b(logxlogloglogx)P} e

(4) In 1998, Balanzario [4 ] proved that :

lim, e

lim, <k holdsforO<a <1, c>0

- lim,_q
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g (x)-1i(x)
x exp{—(logx)*}
Forsome w>0 & a=pf :%.

Nq(X)_PX
e S PN
x exp{—c(logx)B}| — w,

lim,, <k for k> Oand lim,_,

(5) 1In 2006, Diamond, Montgomery and Vorhauer [14 ]| proved Landau’s work
is the optimal. L.e., they addressed that 3 a discrete B — prime system as:
mq(x)-1i(x)

x exp{—c(logx)%}

(6) 1In 2006, Hilberdink extended Diamond’s [15] result (to o = 1 case) as
follows : suppose

lim,, >w for c,w>0

wg(x)—x
xa

< k for some

lim,, |

0<a<1 - lime Nqg()—px

—| <k, forp,c,k > 0.
x exp{—c(logxloglogx)2}
(7) in2013,F . AL- Maamori [16] improved proved that:

g (x)=Lli(x)

lll’l’lx_,OO W SK o (#) and
. Ng(x)-px
lim, e T oplctog D >w ...(##)

holds for some w,pandc >0 also 0 < f=a <1.

Adapting same strategyof the auther Balanzario in 1998 where later
medicated by AL- Maamori in 2015. Note that the error terms of the
arithmetical functions usually of the form :

X
@ O(2=) () O(xeWs) () 07
In our work dealing with the part (a) above.
Y(O) = 1= Ypon, @y Cnl09D @

tan
{ys) = floix's dN,(x) = floix's ed™™) = exp
JoxSdn (0} . (##)
in this work, the Balinzarios methods generalization is modified by assuming
that x takes a sequence of w- numbers, as mentioned in (7) above. Since the
weird numbers (as x approaches infinity) behaviours have multiple general

forms, we can use the sense of the w- numbers to explain the behaviors of the
Beurling counting functions from a different perspective [15-18].

t—k
y(t)de,

1_
logt
Tq(x)~ li(x)
xe (—c(ogx)] & = k

Suppose that we have 7, (x)=. 1x

where lim,_,

c>0with 0<a<1,k=4,n,=3,x=¢e'0

_ I S S - = 2
bn_ exp{(logxn)z},an_ log by - (logxn)% - (lngn) 2, Xpy1 = eXp{(ZOan) }

2
X1 =e?, T, = exp{(logxn)3/4}, oy = nz’ a= Zn>n0 Oy
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Keeping the same style of Balanzario’s method.

Proposition 1: This is the diminishing of idea
If my(x) is as in (#), then m,(x) = li(x) + 0(xe~°Woex) Here ar =§ ,
c=4.

Proof: We have:
T[q( ) J-lx 1-t~

1-t~ cos(bnlogt)) dt

- En>n0 an tan

y(t)dt I

- (mH 1p )e 2(109m+21 1lngL)2 < (mkpl) 6_2(21_ 1109pl.)2 < (mkpk)
e~2%"ogpi)® Therefore , m(m I, p;) =li(py) +O(pj e 2" togri)®) ,
a<l.
The Estimation of N4(x) enable us to see the effecting of m4(x) Ny(x)
. . X
Starting calculating M, (x) = I , Ng(x) dt.
Since dealing with M (x) is doable than dealing with) Ng(x).

So, My(x) = == [ 4 () = b>1. (1)

2mi

s(s+1)

Calculating M, (x) by following the same strategy of the mention paper to
calculate ¢ 4(x).

Using the arguments as it was follows in the mention paper, getting :
| ¢ 00| <4s.

The value in equation (1), there are in 0 and 1, singularities points. So
calculating the integral for [b - ico, b + ico], splitting the path into the following
steps for avoiding that singularities as follws:

I : is the integral on [ b-ico, b-iT],

[, : is the integral on [b-iT, —2 - iT], I3 : is the integral on [-; -iT, -g +T],

I : is the integral on [-2 +iT, b +1T], [ : is the integral on[ b+iT, b+ico],

Thus, we can write ( 1 ) as follows :

M,X) =5+ +Is+ ], + -+ J,+R-{0,1},

Since, = lf {qx )s(s+1)

Jm _27.”- fcm ¢ q() —s(s+1) ds, ny<|m|<n.

Here I, would be the integral of (1) and Cm is the m-Loops that
behorizontal 3(s)= by,

Its obvious that , estimating [; is similar to estimating I which is the
same case for I, and I,.

Where the stratygy of the mention paper tells us that the upper bound of

XZ
should be O (T—),

m=1,...,5
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Similarly for I, and 14.0(%)2 While the estimating of I3 should be O(%) .
From the above one could get

2
|L,| « )T(—, m=1, ...,5 and then the equation (1) could reform it to be:
2
Mg()= 0 (5) SFi_y Jm + residues{0,1} ©)

2
Calculating the R- {0, 1 } in (2 ) to be =k@(1) % + (1-k) @(0)x
Enable us to rewrite equation (2) as:

M(x)=kO(1) %+ (1) B(0)x + The s Jm + O () 3)

The fraction )T(—z in equation (3) = X2 exp{—(logxn)%}, so the equation (3)
would be :

Mg()=KO(1) 2 +Ehern Jon + OX? eXD{-(logx,)i}) @)

The following sum Y75 __,, ], as in equation (4 ) would be :
3
|ZZO <|m|sn—1]m | < 120x26—(logx)4 ’

Proof: Estimating J,:
Ul = |

15, _
get: |l < b—zxze am logx
m

1
2mi

S+1
fcm ¢ p(x) ﬁ ds|, and we see that by [Balanzario, 1998] we

Secondly , we estimate |Zf10<|m| <n—1Jm | as follows :
If |m| <n—1, then e~ 9m109% < g=an-1logx
3
. ~ 3
= exp{—2 11 < 2 e (0% Hence |Zflo <Im|sn—1Jm | <30
(logn-1 )*

2 ,—(logx )& yn 1
x~e |m| >ng b2,

The rest of the proof would be: X0, 5n, é < Ximisnp €V logxm < 4.,

3
Therefore,  |Xn cpmisn—1Jm | < 120x%e~(290* S0 the (4) could be
written as:
3
M,(x) =k@(1) 3 %2 +(J_y + Jy) +O(2p~G10g)4 ) (5)

The rest of the proof should estimating : J,, + J,. Following the same
strategy one could have

S _ Sinn;ﬂ 2—ap+iby L iy +0 3
Jn=In TIn sweget— J,= I X (@) 2 Sn (xze_(lOQX)4 )
(7
1
%2 e—3(logxn)Z 10-5 %

e —3(logx)

i >
Hence equation (7) as |J,| = 1600 4009 2 Gogn)t
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We already know that |],,| is large , but still it can be that N (J,,) =0.
Equation (7),with x=(1+—2

),|01]1< 1. Then , we get by[Balanzario ,

9gXn
s 1
199813 (J) = ooz e™(°99? When x= m[Ii, p; < mkpy. Thercfore,
L1075 c(logpir*® -
Jn = 2ogpe)? , Ve, c>0, a>p,0,=0(+)
107 c(ogpi™ —0(—
Jn < 2Gogpe)? , Ve, c>0, a>p,0,=0(-)

These inequalities and equation :
3
2 _ 3
My (T =20 (1) [T p0° 42 U) +O(GTTE, e 0o
S+e
We have My(m[T, ;) = 20(1)(m 1, p)” + Q4 ((logpy) e ~c009P0” ) |

Ve,c > 0. Therefore, the nice enhancing in this manner is concentrated in
showing that for equation (#) in result (7) holds for 0 < a < 1 and (##) exists as
well but for B very closed to a half.
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