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Abstract

This work aims to develop new techniques for introducing new BCK-algebra classes
via permutation in symmetric groups. permutation generalized BCK-algebras are introduced
as a generalization of positive implicative permutation BCK-algebras. It shows how to create
a permutation generalized BCK-algebra from a permutation quasi-ordered set. The concept
of permutation generalized ideals of permutation generalized BCK-algebras is introduced,
followed by examining the relationships between such ideals and congruence. Permutation
generalized BCK-ideals are described in detail. It is established that a set generates a
permutation generalized BCK-ideal.
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1. Introduction

Logical systems are fundamental components of artificial intelligence that
are utilized to make human decisions. Many—valued logic and fuzzy logic are
also used. A BCK positive logic and a BCI positive logic prompted the study of
BCK-algebras [1]and BCI —algebras [2], respectively. The study of abstract
algebras and their generalizations justified by known logics is of significant
interest to academics working in the fields of algebraic structures, artificial
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intelligence, and computing. Thus, several scholars have examined
generalizations of BCK /BCI —algebras [3,4]. For any permutation [ in the
symmetric group S,, the product of disjoint cycles B = (bi,b3,...,bz,)

(bz,bzz,...,béz)...(bf(ﬁ),bzc(ﬁ) ;Ef;)) can be decomposed essentially

uniquely [5]. As a result, we can write § as A;4; ... Ag). The division is known
as the cycle type of f [6]. The permutation set is non—classical set like soft set,
neutrosoph set and so on, they are studied in topology and algebra and other
fields [7-11]. In this work, the permutation sets are used to introduce new
classes of BCK —algebra. As a generalization of positive implicative
BCK —algebras, permutation generalized BCK —algebras are introduced. A
permutation generalized BCK —algebra is constructed from a permutation quasi
ordered set. The concept of permutation generalized BCK —ideals of
permutation generalized BCK —algebras is proposed, and the linkages between
such ideals and congruence are investigated. Permutation generalized
BCK —ideals are thoroughly described. It has been demonstrated that a set
produces a permutation generalized BCK —ideal.

2. Preliminaries

Definition 2.1[9]: Suppose f is permutation in symmetric group S,, on the set
2 =12,..,n} and the cycle type of f is a(B) = (ay,az, ..., acp)) then S
composite of pairwise disjoint cycles {4;};] B where A; = (b, b}, ...,b(’;i) 1<
i < c(f). For any k —cycle A = (b, by, ...,bk) in S, we define § —set as Af =
{by, by, ..., b} and it is called § — set of cycle A . So the B — sets of {A; }C(B)
defined by {/15g = {b{', bs, ...,béi}ll <i<c(P)}

Definition 2.2 [1]: A BCK —algebra is an algebra (X,*,0) of type (2,0) satisfying
the following axioms (1)((x *y) * (x * z)) x(zxy)=0, (2) (x * (x * y)) *
y=0,3)x*xx=0,4) 0xx=0,(5) x*y=0andy *x =0implyx =y,
Vx,y,z € X.

3. Permutation Generalized BCK —Algebras

In this section, we study some novel notions of PBCK / PGBCK —algebras
and their ideals, and we provide a method for generating PGBCK —algebras
using permutation quasi-ordering set.

Definition 3.1: Let {,1"’} @ _ ={thth...,.ti}11<i<c(®} be a
collection of S-sets, where f is a permutatlon in the symmetric group G = §,,.
Let T= /15 , for some /1 € X, where AB such that Z Jth< Z“L th & || <
[4:,V(1 <i<c(B)) ... (x). If there are at least two disjoint B-sets say 2, /15
satisfy (x). Let T= Aﬁ if ath € Aﬁ with t} < tJ, V(1 <s<a,) or T= /15

at) € /15 with tJ <th, v (1 <5 < ap). Also, let #:X X X — X be a binary
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operation. We say (X,#,T)is a permutation BCK-algebra (PBCK — A),
if 4 such that the conditions: (1) (A7 #A9) #((Af # A#(b, % 2y =T,
QM # A wnar=1, @ Ha=T@r8M =1, 5 If
Ay A =Tand 2 427 =T, then 27 = 20,val, 20,48, e x.

Definition 3.2: Let (X, #,T) bea (PBCK —A) and @ # M € X. Wesay M is a
permutation BCK -subalgebra (PBCK — SA) if A‘f # /1? EM,V Af,/lf € M.

Definition 3.3: Let (X, #,7) bea (PBCK —A) and @ + M € X. Wesay M is a
permutation BCK-ideal (PBCK —I) if it such that; (1) T € M, and (2) If /1? #
A eM A eMthen X e Mv A, 2 ex.

. (1 2 3 4 5 6 7 8 9 10 11 12
Example 3.4: Let 8 = (3 41257 10 12 9 8 ¢ 11) be a
permutation in S;;. So, B =(13)(5)(24)(9)(671081211) and X =

5

{Af}‘ = {(13},(5),{24},09), {67.8,10,11,12}} and T = {L3}. Define
i=

#:X XX — X by Table (1).

Table 1
(X,#,T)isa (PBCK — A).
# {1,3} {5} {2,4} {9} {6,7,8, 10,
11, 12}
{1,3} {1,3} {1,3} {1,3} {1,3} {1,3}
{5} {5} {1,3} {5} {1,3} {1,3}
{2,4} {2,4} {2,4} {1,3} {1,3} {1,3}
{93 {93 {93 {93 {1,3} {1,3}
{6,7, 8,10, 11, {6,7,8, 10, {9} {6,7, 8, 10, {5} {1,3}
12} 11,12} 11, 12}

We consider that (X, #,T ) isa (PBCK — A). Also, H = {{1,3},{2,4}}isa
(PBCK —I) & (PBCK — SA). However, D = {{1,3},{5},{9}} is a (PBCK —
SA), but is not (PBCK — I). Since {6,7,8,10,11,12}#{5} = {9} € D & {5} € D,
but {6,7,8,10,11,12} ¢ D.

c(B)
be a collection of S-sets in S,. We say

Definition 3.5: Let X = {/1?}1=1

(X, #,T)is a permutation generalized BCK-algebra (PGBCK — A), if #: X X
X > Xsuch that: (1) Af#7 =27, @) A#rl =7, 3) (A#)ual, =
W aabyudl (@) (A wayual, = Cuabywafualy, val 26,25 e x.
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Example 3.6: Let p= (1 = > 1 > 8 89 10 1

7

58 41376 11 10
4

B =(1534) (289)(67)(1011) and X = {,1?}_ = ({1,534}, {2,89},
i=1

{10,113}, {6.7}}, so T = {6,7}. Let #,,#, : X x X — X be defined by Tables 2

) € S,,. So,

and 3.

Table 2
(X,#,,T)isa (PGBCK — A).
#, {6,7} {1,5,3,4} {2,8,9} {10,11}
{6,7} {6,7} {6,7} {6,7} {6,7}
{1,5,3,4} {1,5,3,4} {6,7} {1,5,3,4} {1,5,3,4}
{2,8,9} {2,8,9} {2,8,9} {6,7} {6,7}
(10,11} (10,11} (10,11} 6,7} {6,7}
Table 3
(X, #,,T ) is a (PGBCK — A).
#q {6,7} {1,5,3,4} {2,8,9} {10,11}
{6,7} {6,7} {6,7} {6,7} {6,7}
{1,5,3,4} {1,5,3,4} {6,7} {6,7} {6,7}
{2,8,9} {2,8,9} {6,7} {6,7} {6,7}
{10,11} {10,11} {6,7} {6,7} {6,7}

We consider that (X,#,,T) and (X,#,,T) are permutation generalized
BCK-algebras (PGBCK — As). But they are not permutation BCK-algebras
(PBCK — As). Because {2,8,9}#,{10,11} = {10,11}#,{2,8,9} = T and
{2,8,9}#,{10,11} = {10,11}#,{2,8,9} = T, but {10,11} # {2,8,9}.

Definition 3.7: For any (PBCK —A) X, let < be defined by /15 < /1][.; o
lf#lf = T, it is a partial order on X. Also, for any (PBCK — A) X, if ( /153 #
Ayl = F 4 25 w8 4 25), val a8 A5 eX. We say X s positive
implicative permutation BCK -algebra (PIPBCK — A).

Remark 3.8: Every (PIPBCK — A) is (PGBCK — A) [From Definition 3.5].

However, the converse maybe not true. See (X,#;,T) and (X,#,,T) in
Example (3.6), they are (PGBCK — As), but they are not (PIPBCK — As).

Proposition 3.9: Let (X,#,T) be a (PGBCK — A). Then; (i) T#/lf =T,
) (2 # 20)# 28 =T, (i) 27 # 27 = Timplies (2 #22) » (2 #28) =T.

Proof: (i) 1t is hold from [(2) & (4) in Definition (3.5)], (ii) It is hold from (i)
and [Definition (3.5)-(4),(1)]. (i) Suppose that A7 # 27 = T - (Af# A%) #
A w8y = AF#29)# 28 =T #2% =T. This brings the proof to the end.
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age B c(B) . .
Definition 3.10: Let X = {/li} be a collection of B-sets in S,, and R be a
i=1

relation on X. We say (X, R) is a permutation quasi-ordering set (PQ — 0S) and
R is permutation quasi-ordering (PQ — 0) of X, if R is a transitive and reflexive
on X.

Proposition 3.11: Let (X, #,T ) be a (PGBCK — A) and Ry be a relation on X,
then Ry is (PQ —0) of X if Ry such that (27 ,27) e Ry & AP#Al =
TV 2 € X.

Proof: Since A’; # Af =T, V}f € X, thus (}f,}f) € Ry , then Ry is reflexive.
Also, by [Definition (3.5)-(1),(4)]&[Proposition (3.9)], so Ry is transitive. Ry is
a(IPQ — 0) of X.

Proposition 3.12: Let (X, #,T ) be a (PGBCK — A) and Ry be a relation on X,

if Ry such that (A7, 27) € Ry & P48 = 1,vA? 27 € X. Then; () (A%, T)

€ Ry,VA¥ €X, (i) If2¥ € X with (T, 2¥) € Ry,then 2’ = T.

Proof: (i) It is hold from Proposition (3.9)-(i)], (ii) It is hold from (1) in
Definition (3.5)].

Note: If (A7, 2%) e Ry o M#2f = T,vAl ¥ e X, and (X, #,T) is a

(PGBCK — A), then Ry is called induced permutation quasi-ordering (IPQ —
0) of (PGBCK — A) X.

Lemma 3.13: Assume that Ry is (IPQ — 0) of (PGBCK — A) X. Let 27 , X! €
X with (A ,25) € Ry. Then (AF # 28,08 # 28) € Ry and (W24 28, 204 27) €

Ry, v e x.

Proof: Let A7,27,2% € X be such that (A{,27) € Ry. Then A0« 2f =T,
and so (WW#A) # (A8 #28) =P w2y url = 79l =7, and (2 #2)
# w2y = Ma a2l = Qudyu @ w22 = Awah)

# a2y W 2)= w2y A w2l a1 = #20) #(F #2))
= T.Hence (A # 20,20 # 20) € Ry and (AF # 25,28 #20) e Ry, VA € X.
Proposition 3.14: Let Ry is (IPQ —0) of (PGBCK —A) X. Then;
() (2,28 # (A8 # 20)) € Ry vl 20 e X (i (Af # 20, (A0 A0) (25 4 2E) €
Ry, VA, 47,20 € x.
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Proof: (i) It is hold from [(2) and (3) in Definition (3.5)], (ii) It is hold from
[Proposition (3.9)-(ii)] and [Lemma (3.13)].

For any permutation quasi-ordering R of X, refer as 2 the relation on X
defined by (17, 47) € g if and only if (Af,17) € R and (A7, 27) € R. 0y is
clearly an equivalence relation on X, which is also recognized as an equivalence
relation generated by R. Let [xlf log, be equivalence class containing Af , where
[ 1op= 12 € X | (A, 2F) € g}, and X/ = {[M10, | A € X}. Define a
relation <g on X/Qg by [M 1o, <k [ 10, © (X, 2%) €R. Hence < is a
partial order on X/, thus (X/0g, <p) is a poset, it is said to be a poset assigned
to the quasi-ordered set (X,R). A relation R on X is said to be permutation
compatible if (A/f #Ai,lf #lﬁ) € R whenever (/1’1-3 ,Ajl? ) € R and (lﬁ ,Aﬁ) €
R,V Af,lf,lﬁ,lg € X. Also, the equivalence relation induced by R on X is
said to be a permutation congruence relation on X if it is permutation compatible
relation on X. The set [T]z = {Af € X| (/1? ,T) € R} is called the kernel of R.

Theorem 3.15: Suppose that Ry is (IPQ — 0) of (PGBCK — A) X and w = Qg
is the equivalence relation induced by Ry . Then; (i) T is a congruence relation
on X with kernel [T, = {T}, (ii) the quotient algebra (X /m, *, [T];) is a
(PGBCK —4) , where *is operation on X/m is given as

K x (1= #2010, v[A] (K e x/m

Proof: (i) It is obvious from [Lemma (3.13)] and [proposition (3.12)-(ii)], (ii)
Since (X, #,T ) is a (PGBCK — A).Then, for any [/15],,, [Af],,, [Aﬁ]n EX/mwe
have the four conditions are hold and hence ( X / m, *, [T];) is a (PGBCK —A).

Remark 3.16: Let (X, #,T )be a (PGBCK —A)and @ =D < X . We refer by
Rp the relation on X given by (/1? ,/If ) € Rp if and only if Af #lf € D and
242 e p.

4. Permutations Generalized BCK-Ideals
In the following, let X signify a (PGBCK — A) unless otherwise specified.

Definition 4.1: Let X be a (PGBCK —A) and @ # F € X. We say M is a
permutation generalized BCK-ideal (PGBCK —I) if it such that; (F;) If /1? €
Fand A/ € X, then A{#Y € F.(F,)If 27,27 € Fand 2% € X, then 20#( (A0 #

B B B B B .. . .-
A )#Aj ) EF,V A;, &, 4 € X. Combining [(2) in Definition (3.5)] and (F,),
soT €F.
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Example 4.2: Let p=(3 2 3 4 5 67 8 9 10 11 12y,

3412571012986 11
S, S0, = (13)(5)(24)(9)(671081211),X = {Af}._l = {{1,3},{5}, {24},

{9},{6,7,8,10,11,12}} and T = {1,3}. Let # : X X X — X be defined by Table
4.

Table 4
(X,#,T ) is a (PGBCK — A).
# (1,3} (5} (2,4} 9} {6,7,8,10,11
12}
{1,3} {1,3} {1,3} {1,3} {1,3} {1,3}
{5} (5} (1,3} {5} {1,3} {5}
(2,4} (2,4} (2,4} (1,3} (13} (2.4}
{9} {93 {2,4} {5} {1,3} {9}
{6,7,8,10,1 | 16,7.8,10,1 | {6,7,8,10,1 | {6,7.8,10,1 | {6,7,8,10,1 1,3}
1,12} 1,12} 1,12} 1,12} 1,12}

We consider that (X,#,T) is (PGBCK — A). Also, F = {{1,3},{5},{6,7,
8,10,11,12}} and € = {{1,3},{2,4}, {6,7,8,10,11,12}} are (PGBCK — Is).

Proposition 4.3: If F is a(PGBCK — 1) of X & ¥ € F, A0 e X, 20 « A¥ =T >
Per.

Proof: Put /1]@ = T in (F,) and from [(2) in Definition (3.5) ], we have /1? € F.

Corollary 4.4: Let F be a (PGBCK — 1) of X and let Ry be (IPQ — 0) of X. If
A € Fand(,2%) € Ry, for A €X, then A € F.

Remark 4.5: Let D be a (PGBCK —1) of X. Then the relation R, is a
congruence relation on X with the kernel [T]¢, = D.

Theorem 4.6: If R is a reflexive and compatible relation on X. Then the kernel
[T]g is a (PGBCK — 1) of X.

Proof: By proposition 3.9-(1) and Definition 3.5-(1), we get [T]z is a
(PGBCK — 1) of X.

Lemma 4.7: Let (X,*,T) be (PGBCK —A) , ® # F € X and such that: (F;)
T € F,(F)IfA} «2f € Fand ¥ € Fimply 2 € F.VA! € F > A0« (4 « 2F)

€ F,V/If € X.
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Proof: Let Af eEF andlf € X, then x* (/1}[" */ILB) * /1? = (Ajﬁ * /1?) *
(A« 2) =T € F. 1t follows from (F,) then A7 (A + 2¥) € F.

Conclusion

Some new extension of BCK-algebra using permutation are given in this
work. Also, in future work, we will study the extension of our results using other
non—classical sets like, fuzzy, soft and neutrosophic.
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