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Abstract

In this work, we introduce the concept of f-coessential submodule and definition
(Let W be an R-module and N<M<W, then N is called a f-coessential submodule of M in W
(symbolize N<, M in W) if M/N <<, W/N) was presented and its relationship to the concept

of the coessential submodule, §-coessential submodule and f-small were presented and some
of the characteristics were given.
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1. Introduction

Let T be a unit right R module where P is an identity ring. We will review
some concepts and mention their source. Zhou in [1] introduces a small
essential submodule: A is a non-zero small essential submodule of T (Brief
AL T), if ANN #0V (0+#)N «<T.In 2016 the small-singular submodules
concept was introduced by [3]. The following provides a definition: let T be a P-
module, then Z5(T)={a€T|Ann(a) <, P}. If Z5(T) =T, then T is called the s-
singular module. For SSM<T, then S is called a coessential submodule of M in
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submodule of T if, P+S=T and T/S s-singular[5]. Following Zhou [1], a
submodule X of a module W is called a §-small submodule (notation X <5 T)
if T =X +S with T/S singular, then T = S. And let T be an R-module and
L<N<T, then L is called a §-coessential submodule of N in T (symbolize
L<sNin T)if N/, <5 T/, [7-10].

Before starting with the details of the research topic, I need the following
property and the prove is clear by [3] and [5]:

T (symbolize S<,M in T) if M/S « T/S [4]. And let P <,T be a f-small

Proposition 1.2: Consider a P-module T with two submodules, S and K.
T . . T . .
If - is s-singular module, then— is s-singular.
s S+K

Proposition 1.3: Let H and K be an P-modules and a:H — K be a
H

a4

. K . . . .
homomorphism. If Sisa s-singular module, then is a s-singular module.

Corollary 1.4 [3]: Every submodules of s-singular is s-singular module.
Corollary 1.5 [5]: Every submodules of f~small submodules is /~small.

Lemma 1.6: Consider T as an R-module with two submodules, S and U. Then
S+U<KLs Tifandonly if S K¢ Tand U <Ky T.

2. f-coessential Submodules
Definition 2.1: Let T be an P-module & N<H<T, then N is called a f-
coessential submodule of H in T if 7/ N <5 T/ N > symbolize N< ., Hin T.

Examples and Remarks 2.2:
1. The relation between submodules f-coessential and f-small clear by (
N & T & 0<f;N inT)

2. Every f -coessential submodules of an R-module W is §-coessential. But
the converse is not true for example, consider Zg as Zg-modules where
0=<gcoe3Zs since 3Zg K5 Lg but 0% 0.3 Zg since 3Zg + 2Zg = Zg and

Z6/3Z6 is s-singular but 2Z # Z.

3. Clearly by Cor.(1.5) every submodule of f-coessential is f-coessential
submodule.

In the following property, we prove the transitive property of f-coessential
submodules by using the class of coessential submodules.

Proposition 2.3: For any chain of submodules K< N< O< T of an R-module T,
then K<, ,NinT and N <(.,,0 in U if and only if K<.,,O in T.
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Proof: &) Since K<;,,,O in T, then O/K & T/K' But N/K
c O/K c T/K thus by COll.(l.S)N/K L T/K That is K<f;,N in T. Now,
define a: T/ > T/ by @ (WwHK) = w + N V w e T. It is clear that a is an
epimorphism, therefore by [5] a (O/ k) = 0/ N <r T/ - Thus N <¢.,.O in

T.(=) Claim that K <f.,,0 in T, thus T/K = O/K + /K’ where % is an s-

singular by 3™isomorphism theorem , T/ v s-singular. Then T = O + X and T/ N

= O/N + X+ N/N and X+{V/ T/y 4 N is an s-singular by 3**isomorphism

theorem. So T/N = X+N/N and hence T = X + N. Then T/K
=X/ + N/ and since N/, < T/ & ? is an s-singular, T/}, =X/ thus
T=X.

Proposition 2.4: Let T be an P-module and S €M < H ¢ T. Then M<f.,.H in

. o M H. T
T if and only if 5 <fcoe S in =

T/S

. . H _ H/S T _T/S
Proof: Assume that M<g,.H inT. Since w = s and = s (by
th H/S T/S M H. T
3 1som0rphlsm theorem). We get —— n/s Nwn /s S0 = Sgcoe g 1N E'(<:) Suppose
LT H/S _ H T/S the .
that —< fcoe ; in~, , since T and — s = (by 3*"isomorphism theorem),
then —.So M<f¢HinT.

Proposition 2.5: Let T be an P-module. If M<(.,,N and H<(,.K in T, then M
+ H<fc, N+Kin T.

Proof: Suppose that M<f,,,N in T and H<f,,K in T. To show that
MtHS/ N+K in T Leta:ir—»——3a(t+M)=t+(M+H)Vte
T.And ﬁ:g - # Sa(t+H)=t+ M+ H)Vt €T. Clearly each a and B

Nl K Land
M+H M+H

by lemma(1.6).

an epimorphisms Since £<<f1 and 5<<f1 then a(ﬂ)=

K+H M+K N+K
ﬁ( )—M—+H Narvren , by[5] and hence + win wen & wn

Therefore M+H<(¢,,N+Kin T.

Corollary 2.6: Let T be an P-module and HK¢T. Then M<g¢,.N in T, if and
only if M+H=<¢ o N+H in T.

Proof: 1t is clear by using above proposition and converse part by using
3t"hisomorphism theorem
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Proposition 2.7: Let H and K be an P-modules and o: H = K be a epimorphism.
If X <fcoe Y in H, then a(X) <o, a(Y) in K.

Proof: Suppose that X Sfcoe Y in H . To prove that a(X) <fc,. a(Y) in K. Let

K _a), A
— =1 T W = =
2 a0 = S / e is a s-singular module. Thus K= a(Y) + A it is
clear H=Y+a~1(4), S0 — i Y+ﬂ, since —— is a s-singular module,
X a(X) a(X)

H
then — is a s-singular module and hence by Pro.(1.3) we get =

) 4
th (A)+X ~ H . ”
module. And by 3"*isomorphism theorem / = Siaex sas singular

is a s-singular

module by Pro.(1.2). Therefore / & s-smgular module. Since % Kf %,

then H=a '(4) +X so K= A+a(X) but a(X) € A, thus K=A. Hance
a(X) <fcoe a(Y) inK

Proposition 2.8: Let T be an P-module with P is hollow and S € N < T, then
S<fcoeN in T if and only if S<;,N in T.

Proof: (<) Assume that S <., N in T. To prove that then S<.,,N. Let

T N, X T/s . . . . . T/s .
=5t where %), is s-singular module and since P is hollow ring then %), is
s s

singular module by [3]. But S <., Nin T i.e %« g , therefore §= g Thus
SSfcoeN. (—) Assume that S <¢.,, N in T. To prove that S<;,Nin T (g < g).

Let E == + —~ where ;S is singular module and by relation between singular
module and small-singular [3]we get %= / is s-singular module but since — <<f

T X
so—-=-=.

s s

Proposition 2.9: Let K < H be submodules of an R-module T. If H = K + X
and X<f T, then K<f.,, Hin T.

Proof: Assume that H=K+X and X< T. Let Z == + Z where | is s-singular

Pl
module and by 3*"isomorphism theorem P;’{ E% . Then T=H+P=K+X+P and
K
smce — is s-singular, and since X<y T and 1s small-singular by Pro.(1.2)

therefore T=K+P and K€ P. Thus T=X and hence K<fcoe Hin T.

Proposition 2.10: Let M, S, O and P be submodules of an R-module W. The
following statements are equal:

i ITM<fee SinW,and K € W, then M N K <gco, SNKinW.
ii. IfM<fg e SinW and O<f.,.P in W, then MN 0 <f.,, SN P.
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iii. IfM <f,eM+Sin W, then M NS <¢p. Sin W.

Proof: (i— ii) Let M<g.,, SinW,and O<f.P in W. Then by (i), M N
0 <fcoe SNOinW. And O=<(;,,P in W and § € W, then SN 0 <;.,, SNP
inW.So MN O <fe SN P in W by Pro.(2.8). (ii— iii) Let M <f;,M+S in
W. Since S<(.,,S in W, then by (2) MNS <f0 (M +5)NS in W. (iii— i)
Let M<fcoe SinW,and K € W. Since M + (SNK) € S, then M <g,, M +
(SN K) in W by Pro.(2.8). Hence MN (S N K) <fo. SNK in W, by (iii). We
getMNK <f0e SNKinW.
Recall that S is named f —supplement of Min Tif M+ S=T & M N S K,

T[5].

Proposition 2.11: Let U, N and O be submodules of an R-module T. If U is a
f —supplement of N in T and N is a f —supplement of O in T with UCO, then
Usfcoe OinT.

Proof: Let U is a f —supplement of Nin T and Nisa f —supplement of O in T
with USO. To prove that USf.,, O in T. Let I-2,% , where v is s-singular
U u-u X/U

submodule (T.P. 5 = % ). So T=0+X by modular law X=X NT=XNn (N + U) =
(XN N)+U. Hence T O+X=0+(XN N)+U= O+XN N) by the second

N+X T . . N .
isomorphism theorem — = —— = —, but — is s-singular submodule, so — is
X X XNN

XON T X
s-singular submodule. And since N is a f —supplement of O in T and XN N €
Nthen XN N =N and hence NC X. Thus T=X , therefore §= g We get

USfCOe OinT.

Recall that a submodule H is called f —coclosed in T if ﬂ is small-
singular and 2 ~<r 3 L for some Ac H, implies H = A ( Shortly H<{,. T), see
[6].

Proposition 2.12: Let S <, T. If K is a proper submodule of S s.t. K<f.5, S
in T, then S =K @ X for some submodule X of T.

Proof: Assume that K is a proper submodule of S s.t. K<, S in T. By [2,
Cor. (5 22)], 3 X<T st. KX < A & by [1] we get KBX <;,A then by

[3]— is s-singular . Let a map g - @ 3 g(t) =t+ (KGBX) VvVt €T, clear that
g is an epimorphism. And E Kf E’SO g(;) see[5]. But S<g. T,

thus S=K@X.

K —
K®X Kox

3. Discussion and Conclusion

In the present paper, we introduced a new definition called f- coessential
submodule, and showed its relationship with the following concepts f-small
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submodules, coessential submodules, and 6-coessential submodules with some
of characteristics.
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