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Abstract

The first and second Hyper-Zagreb indices are the molecular descriptors that describe
the structures of chemical compounds and they help us to predict certain physicochemical
properties. In this paper, we studied the first and second Hyper-Zagreb indices for certain
important chemical structures like line graphs of the VC,C,[p,q] and HC,C,[p,q] nanotubes.
Moreover, we defined second Hyper-Zagreb-polynomial of graph G and applied it on the
line graphs of the VC,C,[p,q] and HC,C,[p,q] nanotubes. These explicit formulae can
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correlate the chemical structure of molecular graph of nanotube to information about their
physical structure.
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1. Introduction

Chemical graph theory which is a fascinating branch of graph theory
has many applications related to chemistry. A topological index which is a
numerical quantity derived from the chemical graph of a molecule is used
to modelling chemical and physical properties of molecules in QSPR/
QSAR researches [6]. Topological indices are the molecular descriptors
that describe the structures of chemical compounds and they help us
to predict certain physicochemical properties[2, 3]. Rao Li et al. [25] by
using first Zagreb index of a graph, presented sufficient conditions for
some Hamiltonian properties of the line graph of a graph. Wei Gao et
al. [26] studied the Hyper-Zagreb index for an infinite family of nanostar
dendrimer. In (2019) Mahdieh Azari [27] computed the multiplicative sum
Zagreb index of some chemical graphs such as polyphenylene chains and
spiro chains and in (2021) Alsharafi et al. [28] investigated the F-index and
coindex of V-Phenylenic Nanotubes and Nanotorus and their molecular
complement graphs. Ayache et al. [29] studied the Second Hyper-Zagreb
Coindex of chemical graphs and some applications. Here we continue this
line of research by exploring the behavior of the second Hyper-Zagreb
index for certain important chemical structures like line graphs of the
VC.C,[p,q] and HC,C,[p,q] nanotubes. The first and second Zagreb
indices can be regarded as one of the oldest graph invariants which was
defined in (1972) by Gutman and Trinajsti¢ . The first and second Zagreb
indices defined for a molecular graph G as:

M,G)= X B w)+5,)],  M,(G)= 3, 5,w)d, (),
uveE(G) uveE(G)

The first and second Zagreb coindices have been introduced by
A.R. Ashrafi, T. Dosli¢, and A. Hamzeh in 2010 [6]. They are respectively
defined as:

MiG)= D [6,w)+5,(0)],  M2G)= D, 5.(u)s,(v),

uvgE(G) uvE(G)
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Furtula and Gutman in 2015 introduced forgotten index (F-index) [7]
which is defined as:

FG)= >, 6;50)= 2, (67 w)+5.(v))
veV(G) uveE(G)

Furtula et al. in (2015) defined forgotten coindex (F-coindex) [8] as
the following:

FG)= X (6. )+, ()
uvgE(G)

A. Alamerietal. [9],[10].in 2020 defined the (Y-index) and (Y-coindex),
which are defined respectively such as:

Y(G)= D [6;w+6 ()], Y(G)= D [6;)+6:(v)]
uveE(G) uveE(G)

In 2013, G.H. Shirdel, H. Rezapour and A.M. Sayadi [22] introduced
degree-based of Zagreb indices named Hyper-Zagreb index which is
defined as:

HM(G)= Y (5.(u)+3, ()
uveE(G)

In 2016, Maryam Veylaki et al. [23] introduced degree-based of Zagreb
indices named Hyper-Zagreb coindex which is defined as:

HM(G)= Y (6;u)+5.(0)’
uveE(G)

In 2016, Wei Gao et al. [24]. defined second Hyper-Zagreb index of a
graph G, which is defined as :

HM,(G)= 2, (6,(u)3,(v))°

uveE(G)

Then, Farahani et al [1]. computed the first and second Zagreb
polynomials of VC.,C,[p,q] and HC,C,[p,q] and their indices, B. Zhao
et al. [12]. computed the Redefined Zagreb indices of VC.C,[p,q] and
HC.,C,[p,q]l. F. Deng et al. [13]. studied the topological Indices of the
Pent-Heptagonal Nanosheets VC,C, and HC,C,, and there are a lot of
researchers who have studied some topological Indices on VC,C, and
HC,C, nanotubes that cannot be all mentioned here. In this study, we
compute the first and second Hyper-Zagreb indices for certain important
chemical structures like line graphs of the VC,C,[p,q] and HC,C,[p,q]
nanotubes. G.H. Shirdel et al. [22] in (2013) and Alsharafi et al. [16] in
(2020) computed the Hyper-Zagreb index of some special graph and graph
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operation. A.Modabish etal. [21],in 2021 studied the second Hyper-Zagreb
index of some special graph and graph operations. Nanotubes play an
important role in many applications such as Energy storage, Bioelectronics
and Optoelectronics [19]. Because of the unique structural, electrical,
optical, and mechanical properties, graphene nanosheets drew dramatic
attention of academic and industrial research [13, 20] and as nanotubes
introduced into graphene could be extremely useful and exploited to
generate novel, innovative, and useful materials and devices. So, the
property of VC,C, and HC,C, nanostructures has become an active area
of research [13]. Here we present the HM —index and HM, —index and
their topological polynomials of VC.C,[p,q] and HC,C, [p,q] nanotubes
which are useful for surveying structure of nanotubes. Any unexplained
terminology is standard, typically as in [11, 14, 15, 16, 17, 18].

2. Main results

In this section, we compute the first and second Hyper-Zagreb indices
for certain important chemical structures like line graphs of the VC,C, [p,q]
and HC,C,[p,q] nanotubes. Moreover, we define HM, —polynomial of
graph G and apply it on the line graphs of the VC.C, [p,q] and HC,C, [p,q]
nanotubes.

Theorem 2.2 : [1] The first and second Zagreb indices of VC,C,[p,q] and
HC,C,[p,q] nanotube (Figure 1) and (Figure 2) respectively, are given by

M, (VC,C,[p,q]) =12p[12q9+2],
M,(VC,C,[p,q]) = pl216q +18],
M, (HC,C,[p,q]) = pl729+20],
M, (HC,C,[p,q]) = p[1084 +16].

2.1 Second Hyper-Zagreb index of VC.C,[p,q] nanotube (p,q>1)

Theorem 2.1.1: The HM, —index of VC,C,[p,q] nanotube (Figure 1) is given by
HM,(VC,C,[p,q]) = p[1944q — 54].

Proof: By definition of the HM, —index HM,(G)= X )[5G(u)5c (@), and

uveE(G

by replacing each G with VC.C,[p,q], which yield to HM,(VC,C,[p,q])



SECOND HYPER-ZAGREB INDEX OF VC,C,[P, Q] AND HC,C,[F, Q] NANOTUBES 919

Figure 1
Molecular graph of a VC.C,[p,q] nanotube.

Table 1
The edge partition of VC,C [p,q] nanotubes.

Edge partition E, =E, E =E,
Cardinality 12p 24pq - 6p
Table 2

The vertex partition of VC,C,[p,q] nanotubes.

Vertex partition v, v,
Cardinality 3p+3p l6pg

2 ey
= ZweE(VCSQ[p,q])[5vc5c,[p,q](”)5vc5c7[p,q] (v)]°, and the partitions of the vertex

set and edge set V(VC,C,[p,q]), E(VC,C,[p,q]), of VC,C,[p,q] nanotube
are given in (Tables 1, 2) respectively [1].
The edge set of VC,C,[p,q] is divided into three edge partitions based

on the sum of degrees of the end vertices as:
E,(VC,C,Ip,q]) = E; ={e=uv e E(VC,C,[p,q]):6(u)=2,6(v) =3},
E,(VC,C,Ip,qD) = E; ={e=uv e E(VC,C,[p,q]): 6(u) = 3,6(v) = 3},

Thus:
HM,(VC.C,lp,aD= X [Byecpdyecpn@F

uveE(VC;C, [p,q])
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= > [Bve.c p1 Mvc.c 1,01 (@)

o ek (VC5C, [p,q))

+ z [5VC5C7 [p.q] (u)é‘VCsQ [p.al (U)]Z

1woeE, (VC,C, [p.q))
=36 E,(VC,C,[p,q) [+81| E;(VC,C,[p,q)) |
=36 E,(VC,C,[p,qD [+81| E,(VC,C,[p,q)) |
=432p +81[24pq —6p]
=1944pq - 54p.

Definition 2.1.2 : The HM, - polynomial of graph G defined as:

HM2 (G, x) = Z x[dc (”Mc (U)]Z

uveE(G)

Theorem 2.1.3 : The HM, — polynomial of VC,C,[p,q] nanotube (Figure 1) is
given by

HM,(VC,C,[p,q],x)=6p[2x* +[4g—1]x™].

Proof: By definition of the HM, —polynomial of graph G (2.1.2)
and as (Theorem 2.1.1) the partitions of the vertex set and edge set
V(VC.C,Ip.qD),E(VC,C,[p,q]), of VCC,Ip,q] nanotube are given in
(Tables 1, 2) respectively we have,

HM,(VCC [pqlv)= Y, aoom e
2 sz

uveE(VC;C, [p,q])

2
— E x[ISVCSCﬂM](“)“yVC5C7[V/4](v)]

uveE, (VC5C, [p.q))

16vCsCy 1p.a1 M3V 1p.q1 0P
+ E x Vsl 5C7

uveE, (VC5C, [p,q))
=| E,(VC,C,[p,qD) | x**+| E,(VC,C, [p,q]) | x*
=12px* +[24pq - 6p]x™
=6p[2x™ +[49-1]x"].

Wecanalso getthe HM, —index of VC,C,[p,q] nanotubeby derivating
the relation HM, — polynomial of VC,C,[p,q] nanotube above as:
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dY(VC.C.[p,q],x) A[12px* +6p[4g —1]x™]
HMZ(VC5C7 [P'q]) = 56; P |x:l = P az 1 |x:1

=1944pqg - 54p.

Theorem 2.1.4 : The F —index of VC,C,[p,q] nanotube (Figure 1) is given by
F(VCC,[p,q]) = 48p[1+9q].

Proof: By definition of forgotten index (F-index) and Theorem (2.1.1).
Then,
F(VC5C7 [p,q]) = Z [6‘§C5C7[Pﬂ7] (u)+55c5c7[p,q] @)

uveE(VCsC, [p,q])

= Z [5‘§C5C7[n/ql () + 5‘§C5C7 [p.q] (U)]

LIUEE; VGG, [p.aD

+ Z [§5C5C7[P/H] (M) + 5‘§C5C7[F’/'ﬂ(v)]

uveEy (VCSC, [p.q])
=13|E,(VC,C,[p,q]) | +18 | E;(VC.C,[p,q]) |
=156p +18[24pg — 6p]
=48p[1+91].

O

Theorem 2.1.5: The HM —index of VC,C,[p,q] nanotube (Figure 1) is given by
HM(VC.C,[p,q]) = pl864q +84].

Proof: By definition of Hyper-Zagreb index (HM-index) and Theorem
(2.1.1). Then,
HMVEG Ipal = 2, [0y (1) + 8y (@OF

uveE(VC;C, [p,q))

= z [§VC5C7[F"I] (u) + 5VC5C7IF’r’1](v)]2

uv ek, (VC5C, [p,q])

+ z [5VC5C7[P"1] (u) + 5VC5C7[F7:‘I] (v)]2

uveE, (VC5C, [p,q))
=25|E_(VC,C,[p,q])|+36 | E,(VC,C,[p,q])|
= p[864q + 84].
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Table 3
Some topological indices values of H =VC.C,[p,q] nanotubes.

Pola | M(H) M,(H) F(H) HM(H) HM,(H)

1 1 168 234 480 948 18.900 x 10°
1 2 312 450 912 1812 38.340 x 107
1 3 456 666 1344 2676 57.780 x 107
2 1 336 468 960 1896 37.800 x 107
2 |2 624 900 1824 3624 76.680 x 107
2 3 912 1332 2688 5352 11.556 x 10°
3 1 504 702 1440 2844 56.700 x 107
312 936 1350 2736 5436 11.502 x 10°
313 1368 1996 4032 8028 17.334 x 10°

In (Table 3) some index values of VC,C,[p,q] nanotubes. formulas
reported in (Theorem 2.1.1), (Theorem 2.1.4) and (Theorem 2.1.5) for the
VC,C,[p,q] nanotube. In table it show that values of first and second
Zagreb indices, HM, —index, F—index and HM —index are in increasing

order as the values of p,q increase.

2.2 Second Hyper-Zagreb index of HC,C,[p,q] nanotube (p,q=1)

Theorem 2.2.1: The HM, —index of HC,C,[p,q] nanotube (Figure 2) is given by
HMz (HC5C7 [P, q]) = p[972q -20]

Proof: By definition of the HM, —index and by [1] the partitions of the
vertex set and edge set V(HC.C,[p,ql), E(HC,C,[p,q]), of HC,C,Ip,q]

nanotubes are given in (Tables 4, 5) respectively.

Molecular graph of a HC,C, [p,q] nanotube.

Figure 2
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Table 4
The edge partition of HC.C,[p,q] nanotubes.

Edge partition E,=E, E.=E, E =E,
Cardinality p 8p 12pq —4p
Table 5

The vertex partition of HC.C,[p,q] nanotubes.

Vertex partition v, V,

Cardinality 5p 8pg

The edge set of HC,C,[p,q] is divided into three edge partitions
based on the sum of degrees of the end vertices as:

E,(HC,C,[p,q]) = E; ={e=uv e E(HC,C,[p,q]): 6(u)=2,6(v) =2},
E.(HC.C,[p,q]) = E; ={e=uv e E(HC,C,[p,q]): 6(u)=2,6(v) =3},

E,(HC,C,[p,q]) = E; ={e=uv e E(HC,C,[p,q]):6(u) =3,6(v) =3},

Thus:
HM,(HC,C,[p,q1) = Z et Mhc.c ipm @F

uveE(HC;C, [p,q]

= > [Ssic.c. 15,0 0. 1,1 @F

o eE, (HC,C, [p,q))

D) [Ssic.c. 19,0 DO hic.c 11,01 @7

v ey (HC,C, [p,q))

D) [Sic.c, 19,0 O hic.c a1 @7

uveEy (HC5C, [p,q])
= 16| E,(HC.C, [p,q]) | +36| E.(HC.C, [p,q])| +81| E;(HC.C, [p,q]) |
= 16p+288p +81[12pq — 4p].

O

Theorem 2.2.2 : The HM, — polynomial of HC,C,[p,q] nanotube (Figure 2)
is given by

HM,(HC,C,[p,ql,x) = p[x'® +8x* +[129 - 4]x*].
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Proof: By definition of the HM, —polynomial of graph G (2.1.2) and as
(Theorem 2.1.1) the partitions of the vertex set and edge set of (HC,C,[p,q])
nanotubes. Thus,
[Bricec, 1pa1 (D3rcse, a1 F
HM,(HC,C,[p,ql,x)= D,  x ‘oo
uveE(HC;C, [p.q])
= Z x[dHCvaﬂv/q] sy 01 OF

uveE, (HCC, [p,q])
+ Z x[ﬁ“cscﬂvm(“)5HCsC7le(v)]2

uveE, (HCC, [p,q))
+ z xBHCSCﬂprq](”)5““5@[)"‘71(2))]2

uveE, (HCSC, [p,q))
=| E{(HC,C, [p,qD) | "+ EQ(HC,C, [p,q]) | x™+ | E;(HC,C, [p, 4D | "
= px'® +8px™ +[12pq — 4p]x™
= p[x'® +8x* +[129 — 4]x™].

O
We can also get the HM, —index of HC,C,[p,q] nanotube by

derivating the relation HM, — polynomial of HC,C,[p,q] nanotube above
as:

0Y(HC.C,[p,q],x) [px" +8px*® + p[12g — 4]x*
HMZ(HC5C7[p,q])= 587 P4 |x:1= [p P p[ d ] ]|x:1
X ox
=972pq - 20p.

Theorem 2.2.3: The F—index of HC,C,[p,q] nanotube (Figure 2) is given by
F(HC,C,[p,q]) = p[2164 + 40].

Proof: By definition of forgotten index (F-index) and as (Theorem 2.2.1)

the partitions of the vertex set and edge set V(HC,C,[p,q]), E(HC,C,[p,q]),

of HC,C,[p,q] nanotubes are given in (Tables 4, 5) respectively. Then,
F(HC5C7 [P' U]]) = z [éliCsC;[P,q] (u) + éfzcsg[p,,,] (U)]

uveE(HC;C, [p,q]

= z [5:IC5C7[p,q](u) +6;C5C7Ipr’7](v)]

uveE, (HCC, [p,q))

+ Z [551C5C7[F’r’11(u) +5;C5C7[F’r’7](v)]

uv ek, (HC5C, [p.q])
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D) (67,15, + S c 1, ()]

uveE, (HC5C, [p,q])
=8| E,(HC,C,Ip,q])| +13| E,(HC,C,[p,q]) | +18| E;(HC,C,Ip,q])|
=8p+104p +18[12pq — 4p].

Theorem 2.2.4: The Hyper-Zagreb index (HM-index) of HC,C, [p,q] nanotube
(Figure 2) is given by

HM(HC,C,[p,q]) = p[972q -108]

Proof: By definition of HM —index and as (Theorem 2.2.1) the partitions of
the vertex set and edge set V(HC,C,[p,q]),E(HC,C,[p,q]), of HC,C,[p,q]
nanotubes are given in (Tables 4, 5) respectively. Then,

HMHCC,Ip,aD= 2. [uec @+ pn@F

uveE(HC;C, [p,q]

= Z [5HC5C7[17'”I1(”) + 5HC5C7[PJ]I(U)]2

uveE, (HCSC, [p,q))

D) [81ic.. 15,0 ) + S c 1, @

uveE, (HCSC, [p,q))

D) [81ic.c 15,0 W)+ O c 1, @F

uveEy (HC5C, [p,q])
=16| E,(HC,C,[p,q)) | +25| E,(HC,C,[p,q]) | +81| E;(HC,C,[p,q)) |
=16p+200p +81[12pq — 4p].

O

In (Table 6) some index and coindex values of HC,C,[p,q] nanotubes.
formulas reported in (Theorem 2.2.1), (Theorem 2.2.3) and (Theorem
2.2.4) for the HC,C,[p,q] nanotube. In table it show that values of first
and second Zagreb indices, HM, —index, F—index and HM —index are
in increasing order as the values of p,q increase.

3. Conclusion

The present study has computed the Second Hyper-Zagreb index of
line graphs of the VC,C,[p,q] and HC,C,[p,q] nanotubes. The study also
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Table 6
Some topological indices values of G = HC,C, [p,q] nanotubes.

p q M, (G) M,(G) F(G) HM(G) HM,(G)

1 1 92 124 256 728 95.200 x 107
1 2 164 232 472 1376 19.240 x 10°
1 3 236 340 688 2024 28.960 x 107
2 1 184 248 512 1456 19.040 x 10
2 2 328 464 944 2752 38.480 x 107
2 3 472 680 1376 4048 57.920 x 107
3 1 276 372 768 2184 28.560 x 107
3 2 492 496 1416 4128 57.720 x 107
3 3 708 1020 2064 6072 86.880 x 10°

has defined Second Hyper Zagreb-polynomial of graph G and applied it
on the line graphs of the VC,C,[p,q] and HC,C,[p,q] nanotubes.
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