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Abstract
The exploration of non-Euclidean geometries in the context of neural network 

architectures presents a novel avenue for enhancing the processing of complex data 
structures. This paper introduces the concept of Elliptic Neural Networks (ENN), a 
framework that integrates the intrinsic properties of elliptic geometry into the fabric of 
neural computation. Characterized by constant positive curvature and closed geodesic 
paths, elliptic geometry provides a unique perspective for representing data, especially 
advantageous for configurations exhibiting cyclic and dense hierarchical interconnections. 
We begin by delineating the fundamental aspects of elliptic geometry, focusing on its impact 
on conventional notions of distance and global structural interpretation within data sets. 
This foundational understanding paves the way for our proposed mathematical schema 
for ENNs. Within this framework, we articulate the methodologies for embedding data in 
elliptic spaces and adapt neural network operations by encompassing neuron activation, 
signal propagation, and learning paradigms to conform to the topological idiosyncrasies 
of elliptic geometry. In this paper addressing the implementation of ENNs, we discuss the 
computational challenges and the development of novel algorithms requisite for navigating 
the elliptic geometric landscape. The prospective applications of ENNs are extensive and 
diverse, ranging from the enhancement of cyclic pattern recognition in time-series analysis 
to more sophisticated representations in graph-based data and natural language processing 
tasks. This theoretical exposition aims to set the groundwork for subsequent empirical 
research to validate the proposed model and assess its practical performance relative to 
conventional neural network architectures. By harnessing the distinctive characteristics of 
elliptic geometry, ENNs mark a significant stride towards enriching the arsenal of machine 
learning methodologies, potentially leading to more versatile and efficacious computational 
tools in data analysis and artificial intelligence.
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1.  Introduction

The advent of neural networks has ushered in a new era in the field of 
machine learning, offering robust tools for a plethora of data analysis 
tasks. Traditional neural network architectures predominantly operate 
within the confines of Euclidean geometry [1]. However, the complexities 
inherent in certain data structures, particularly those exhibiting hierarchical 
and cyclic characteristics, often elude the optimal representational capacity 
of Euclidean-based models. This limitation has sparked interest in 
exploring non-Euclidean geometrical frameworks within neural networks 
[2][10]. Among these, elliptic geometry, a branch of non-Euclidean 
geometry characterized by constant positive curvature, presents a 
compelling alternative. In this paper, we introduce the concept of Elliptic 
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Neural Networks (ENN), which seamlessly integrates the principles of 
elliptic geometry into the structural and operational paradigm of neural 
networks.

1.1 Elliptic Geometry: A Mathematical Overview

Elliptic geometry, unlike its Euclidean counterpart, is defined on a 
surface of constant positive curvature, such as a sphere. The essential 
elements of elliptic geometry that deviate from Euclidean principles are as 
follows:

Figure 1
Elliptic geometry on a sphere

Figure 1 representing elliptic geometry, the sphere’s surface delineates 
the space where this geometry operates. The great circles, illustrated as 
black lines on the sphere, act as the “straight lines” of elliptic geometry. 
These lines are unique compared to Euclidean geometry as they curve 
along the sphere’s surface, and notably, every pair intersects at two 
opposite points, known as antipodal points. A key characteristic of elliptic 
geometry highlighted here is the absence of parallel lines, with all lines 
eventually intersecting. This graphical representation offers a basic view 
of elliptic geometry, emphasizing line concepts and the lack of parallels. It 
doesn’t cover more intricate aspects such as the angle sum of triangles, 
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methods of measuring distance, or the nuances of curvature, all of which 
are essential for a comprehensive understanding of elliptic geometry.

Geodesics in Elliptic Geometry: In elliptic space, the shortest path 
between two points, akin to a ‘straight line’ in Euclidean geometry, is 
known as a geodesic. On a spherical surface, these are segments of great 
circles. Mathematically, the geodesic between two points P1​(θ1​,ϕ1​) and P2​
(θ2​,ϕ2​) on a sphere can be defined using the Haversine formula:

1, 2  arccos sin 1 s( ) ( ( ) ( ) ( ) ( ) ( )in 2 cos 1 cos 2 cos 1 2 )d P P r θ θ θ θ φ φ= + −

where, d is the distance between the points, and r is the radius of the 
sphere [3].

Triangle Sum of Angles: A fundamental property of elliptic geometry is 
that the sum of the angles in a triangle exceeds 180 degrees. For a triangle 
with vertices 

α, β, and γ is given by:

α+β+γ>180
This property profoundly affects the way distances and angles are 

computed in elliptic space.

1.2 Adapting Elliptic Geometry to Neural Networks

Incorporating elliptic geometry into neural networks necessitates 
rethinking the conventional Euclidean-based mathematical operations. 
We propose the following adaptations:

Data Embedding in Elliptic Space: Data points are embedded in elliptic 
space, which impacts the computation of distances and relationships 
between points. This embedding can be represented as a mapping. 

2: nf R S→

where S2 is the 2-dimensional spherical surface [4].
Neural Activation and Propagation: The activation functions and the 

propagation of signals through the network layers must respect the elliptic 
geometry. For instance, the activation function σ could be redefined to 
account for the curvature of the space [5].

Learning in Elliptic Space: The backpropagation algorithm must be 
adapted for elliptic space. Gradient descent, typically used in Euclidean 
spaces, requires modification to accommodate the curved space. The 
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gradient E∇  of an error function E in elliptic space could be computed 
considering the manifold’s curvature [6][11].

The introduction of elliptic geometry into neural networks offers a 
novel approach to model complex data structures more naturally and 
efficiently. The mathematical intricacies inherent in ENN not only 
challenge existing paradigms but also open new avenues for exploration 
in the field of machine learning. This paper endeavors to lay the 
foundational mathematical groundwork for ENNs, paving the way for 
future empirical research and practical applications.

2.  Conceptual Framework for Elliptic Neural Networks (ENN)

Elliptic geometry differs fundamentally from Euclidean geometry in 
its approach to space, lines, and angles. In the context of neural networks, 
this integration requires a redefinition of neural network operations to 
adhere to the principles of elliptic geometry.

2.1 Adapting Neural Network Architecture

Layer Structure: Each layer in ENNs is adapted to operate within 
elliptic space. Neurons in these layers are interconnected in a manner that 
respects elliptic geometric properties.

Figure 2
Integration of elliptic geometry principles into a neural network

Figure 2 is a simplified neural network structure, where circles and 
lines illustrate an input layer, hidden layers, and an output layer, with the 
lines representing the connections between neurons (circles) across these 
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layers. Overlaying this structure is a blue sphere-like shape, symbolizing 
the integration of elliptic geometry into the neural network. This represents 
a shift from the conventional Euclidean framework typical of neural 
networks to the non-Euclidean nature of elliptic geometry. To aid 
understanding, the diagram includes text labels that describe its different 
components. Overall, the diagram is abstract, serving primarily as a visual 
metaphor to conceptualize the incorporation of advanced geometric 
principles into neural network architectures.

Activation Functions: Activation functions in ENNs are redefined to 
align with elliptic geometry. For example, a sigmoid function might be 
modified to reflect the curvature of the elliptic space [7].

2.2 Learning and Optimization in Elliptic Space

Gradient Descent in Elliptic Space: Traditional gradient descent is 
adapted for the elliptic curvature. The gradient of a loss function E in 
elliptic space is computed considering the geometry, possibly using 
Riemannian gradients.

Backpropagation Algorithm: The backpropagation algorithm for ENNs 
needs to account for the elliptic nature of the space. This involves updating 
the weights and biases of the network in a way that is congruent with 
elliptic geometric constraints.

3.  Architecture of Elliptic Neural Networks (ENN)

The architecture of Elliptic Neural Networks (ENN) represents a 
significant paradigm shift in the field of artificial neural networks, 
incorporating the principles of elliptic geometry into its core design and 
functioning. At the as in Table 1, the ENN begins with the Data Input 
stage, where traditional data is initially received. This data then undergoes 
a transformation in the Data Embedding in Elliptic Space component, 
where it is adapted to fit the unique characteristics of elliptic geometry, 
marking a departure from conventional Euclidean data representations. 
Following this transformation, the data enters the Elliptic Layer Structure, 
the heart of the ENN. Here, multiple layers, each meticulously tailored to 
elliptic geometry, process the data sequentially. These layers are 
interconnected, ensuring a smooth flow and integration of information as 
it passes through the network. The next critical stage is the Activation in 
Elliptic Space, where neuron activation is governed by elliptic geometry 
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principles. This stage is crucial as it determines how the neural network 
processes and interprets the embedded data.

Once the data has been activated, it moves into the Elliptic Space 
Backpropagation process. This stage is pivotal for the learning capability 
of the ENN, where the network adjusts its parameters (weights and biases) 
in response to the error between the predicted and actual outcomes, 
adhering to the rules of elliptic geometry. This adaptation is what enables 
the network to learn from data and improve over time. Finally, the 
processed data culminates in the Output Generation stage, where the 
ENN produces the final output after extensive processing through its 
elliptic-geometry-informed layers. This output reflects the culmination of 
the network’s sophisticated and unique approach to data processing, 
standing as a testament to the integration of advanced mathematical 
principles in neural network architectures.

Table 1
Sequential Process Flow in Elliptic Geometry-Based Neural Network

Step Component Description

1 Data Input The initial data input into the network. 

2 Data Embedding 
in Elliptic Space

Transforms and embeds the input data into elliptic 
space, converting traditional data representations into a 
format suitable for processing in elliptic geometry.

3 Elliptic Layer 
Structure

Multiple layers of the neural network, each adapted 
to elliptic geometry. This step includes several 
interconnected layers, demonstrating how data flows 
and is processed through each layer in the context of 
elliptic geometry.

4 Activation in 
Elliptic Space

Activation of neurons according to the principles 
of elliptic geometry. This illustrates how the neural 
network applies elliptic-geometry-based activation 
functions to the data.

5 Elliptic Space 
Backpropagation

The backpropagation process adapted for elliptic space. 
Shows how the network adjusts and learns by updating 
its weights and biases in accordance with the rules of 
elliptic geometry.

6 Output 
Generation

The final output generation of the network. This is 
where the processed data, after passing through the 
various layers and transformations, culminates in a 
final output.
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4.  Data Representation in Elliptic Space

4.1 Techniques for Embedding Data in Elliptic Space

In the realm of Elliptic Neural Networks (ENN), the process of 
embedding data into elliptic space is a critical step that diverges 
significantly from traditional Euclidean approaches. This embedding is 
not just a mere transformation of coordinates; it involves reinterpreting 
the data in a way that aligns with the properties of elliptic geometry.

Conversion to Spherical Coordinates: The first technique involves 
mapping the conventional data points to spherical coordinates. This 
mapping is akin to projecting the data onto the surface of a sphere, a 
fundamental model of elliptic space. Each data point is represented in 
terms of angles and distances relative to a central point, analogous to 
latitude and longitude on a globe. This repositioning allows the data to 
embody the curvature inherent in elliptic geometry.

Topology Preservation: In embedding data into elliptic space, it’s 
essential to preserve the topological properties of the original dataset. 
Techniques that maintain relational and structural integrity are employed 
to ensure that the embedded data accurately reflects the original data’s 
intrinsic patterns and hierarchies.

Normalization and Scaling: Given the constraints of elliptic space, 
such as the bounded nature of a sphere, data normalization and scaling 
become crucial. The aim is to fit the data within the geometric boundaries 
of elliptic space without losing its characteristic features. This step involves 
scaling down or transforming the data values so that they align 
harmoniously with the curved space.

Mathematical Expressions and Equations for Data Representation:

While the detailed mathematical expressions and equations are 
beyond the scope of this section, it’s important to highlight that they play 
a pivotal role in accurately embedding data in elliptic space. These 
mathematical formulations are designed to:

Ensure Consistency with Elliptic Geometry: The mathematical 
expressions govern how data points are positioned and related within 
elliptic space. They take into account the unique aspects of elliptic 
geometry, such as the curvature and closed nature of the space.

Facilitate Geodesic Calculations: One of the key aspects of data 
representation in elliptic space is the calculation of geodesics or the 
shortest paths between points. The mathematical formulations enable the 
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computation of these paths, which are crucial for operations like distance 
measurements and network training.

Support Complex Operations: Advanced operations, such as 
convolution or pooling in the context of neural networks, require specific 
mathematical formulations when applied to data in elliptic space. These 
operations must respect the geometric constraints and properties of elliptic 
space.

The representation of data in elliptic space within ENNs is a 
multifaceted process that involves both conceptual and mathematical 
reimagining of how data is perceived and processed. The techniques 
employed ensure that the data not only fits within the elliptic framework 
but also retains its inherent properties and relationships, paving the way 
for effective processing and analysis by the neural network.

5. � Challenges and Future Research Directions for Elliptic Neural  
Networks (ENN)

The development and implementation of Elliptic Neural Networks 
(ENN) pose a unique set of challenges, both technical and theoretical. 
These challenges stem primarily from integrating elliptic geometry into 
the existing neural network frameworks, a task that demands not just 
computational innovation but also a profound understanding of complex 
mathematical concepts. However, addressing these challenges also opens 
exciting avenues for future research and development.

5.1 Technical and Theoretical Challenges

Complexity of Elliptic Geometry Integration: One of the primary 
challenges is embedding the principles of elliptic geometry into the core 
operations of neural networks. This includes data representation, 
activation functions, and the backpropagation algorithm, all of which 
must be adapted to suit the non-Euclidean nature of elliptic space.

Computational Overhead: The calculations required for operations in 
elliptic space are inherently more complex than those in Euclidean space. 
This complexity could lead to increased computational costs, both in terms 
of processing time and resource allocation.

Lack of Established Frameworks: As ENNs are a novel concept, there 
is a lack of established frameworks or libraries that support elliptic 
geometry operations in neural networks. Developing these tools from 
scratch is a significant undertaking.
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Data Representation and Normalization: Effectively embedding and 
normalizing data in elliptic space while preserving its inherent properties 
poses a significant challenge. There is a need for new techniques and 
algorithms that can accurately map data to elliptic space.

Scalability Issues: Scaling ENNs for large datasets and complex 
applications is a critical challenge. The increased computational complexity 
might hinder the scalability and efficiency of these networks.

5.2 Potential Solutions and Areas for Future Research

Development of Specialized Algorithms: There is a need to develop 
new algorithms and mathematical models that are specifically designed 
for elliptic geometry. Research in this area could focus on optimizing these 
algorithms for better performance and reduced computational complexity.

Advancements in Computational Resources: Leveraging 
advancements in hardware, such as GPUs or quantum computers, could 
help address the computational challenges posed by ENNs. Research 
could explore how these technologies can be optimized for elliptic 
geometry operations.

Hybrid Architectures: Combining the principles of elliptic geometry 
with existing neural network models could lead to the creation of hybrid 
architectures. These models could potentially mitigate some of the 
complexities involved while still leveraging the benefits of elliptic geometry 
[15].

Empirical Testing and Validation: Conducting extensive empirical 
tests to validate the effectiveness of ENNs in real-world applications is 
crucial. This would involve applying ENNs to various datasets and 
comparing their performance with traditional models.

Exploration of New Applications: Investigating new areas where the 
unique properties of ENNs could be particularly beneficial, such as 
complex hierarchical data processing or cyclic pattern recognition, is a 
promising direction for future research.

6.  Conclusion

 The In our journey through the intricate landscape of Elliptic Neural 
Networks (ENN), we have traversed a path that intertwines the abstract 
elegance of elliptic geometry with the dynamic world of neural networks. 
The unique properties of elliptic geometry, with its closed geodesic paths 
and constant positive curvature, opened possibilities for more naturally 
representing and processing data with inherent cyclic and hierarchical 



ELLIPTIC GEOMETRY IN NEURAL NETWORKS � 511

structures. The potential applications of ENNs, from enhancing pattern 
recognition in time series to offering deeper insights in graph-based data 
analysis, are as vast as they are intriguing.

As we conclude, the journey of ENNs is just beginning. The practical 
implementation of these networks, their scalability, and their effectiveness 
in real-world scenarios remain areas ripe for exploration. The road ahead 
calls for the development of new computational tools, empirical testing, 
and a continuous refinement of the theoretical foundations we have laid. 
Moreover, the potential integration of ENNs with emerging technologies 
like quantum computing could further revolutionize their capabilities. 
ENN, as a concept, stands at the confluence of mathematical theory and 
technological innovation. It challenges us to think differently about how 
we design neural networks and process data. As we continue to push the 
frontiers of artificial intelligence and machine learning, ENNs remind us 
that sometimes, looking through a different geometrical lens can reveal a 
whole new world of possibilities. This venture into the realm of elliptic 
geometry is not just a step forward in AI but a leap into a future where the 
complexities of data are met with equally sophisticated and elegant 
solutions.

References

	 [1]	 R. I. Balam, F. Hernandez-Lopez, J. Trejo-Sanchez, and M. U. Zapata, 
‘An immersed boundary neural network for solving elliptic equations 
with singular forces on arbitrary domains’. Mathematical Biosciences 
and Engineering, 18(1), pp. 1-22,(2021).

	 [2]	 S. H. Chowdhury, Md. R. Sany, Md. H. Ahamed, S. K. Das, F. R. 
Badal, P. Das, Z. Tasneem, Md. M. Hasan, Md. R. Islam, Md. F. Ali, 
S. H. Abhi, Md. M. Islam, and S. K. Sarker, ‘A State-of-the-Art Com-
puter Vision Adopting Non-Euclidean Deep-Learning Models’, Inter-
national Journal of Intelligent Systems, vol. 8674641, pp 1-33, (2023).

	 [3]	 G. M. Jay, ‘Euclidean and Non-Euclidean Geometries’, New York: 
W.H. Freeman and Company, (2008).

	 [4]	 G., Han, L. Sun, and J. X. Wang, ‘PhyGeoNet: Physics-informed ge-
ometry-adaptive convolutional neural networks for solving param-
eterized steady-state PDEs on irregular domain’, Journal of Computa-
tional Physics, 428, 110079 (2021).

	 [5]	 M. A. Nabian, and H. Meidani, ‘A deep learning solution approach 
for high-dimensional random differential equation’s, Probabilistic En-
gineering Mechanics, 57, pp. 14–25, (2019). 



512� V. K. VERMA, B. SAINI, A. YADAV AND P. DADHEECH

	 [6]	 S. Karumuri, R. Tripathy, I. Bilionis, and J. Panchal, ‘Simulator-free 
solution of high dimensional stochastic elliptic partial differential 
equations using deep neural networks’, Journal of Computational Phys-
ics, 404, pp. 109120, (2020).

	 [7]	 K. Stefan, A. Steinicke, and M. Szölgyenyi, ‘A deep neural network 
algorithm for semilinear elliptic PDEs with applications in insurance 
mathematics’, Risks, 8(4), (2020).

	 [8]	 Anil Kumar & Sandeep Kumar Sharma. Information cryptography 
using cellular automata and digital image processing, Journal of Dis-
crete Mathematical Sciences and Cryptography, 25:4, 1105-1111 (2022), 
DOI: 10.1080/09720529.2022.2072437.

	 [9]	 D. Thameur, W. Ouarda, H. Boubaker, and A. M. Alimi, ‘Deep neu-
ral network for online writer identification using beta-elliptic model’, 
International joint conference on neural networks (IJCNN), pp. 1863-
1870. IEEE, (2016). 

[10]	 H. Esam AA, S. Aldosary, H. Khaled, and T. M. Hassan. ‘Authenti-
cated Public Key Elliptic Curve Based on Deep Convolutional Neu-
ral Network for Cybersecurity Image Encryption Application’, Sen-
sors 23, 14, (2023).

[11]	 K. Matija, and D. Vlah. ‘Ranks of elliptic curves and deep neural net-
works’, Research in Number Theory 9, 3, 53, (2023).

[12]	 Sharma, Sandeep Kumar, Kumar, Anil, Ashtagi, Rashmi & Jain, 
Rekha. OCA: An intelligent model for improving security breach of 
biometric based authentication systems, Journal of Discrete Mathemati-
cal Sciences and Cryptography, 26:5, 1415–1425 (2023), DOI: 10.47974/
JDMSC-1765.

[13]	 D. Wenbo, P. Roy, C. Peng, and V. Isler, ‘Ellipse R-CNN: Learning to 
infer elliptical object from clustering and occlusion’,  IEEE Transac-
tions on Image Processing ,30, pp. 2193-2206 (2021).

[14]	 C. Yunpeng, S. AL de Ridder, S. Rost, Z. Guo, X. Wu, S. Li, and Y. 
Chen, ‘Physics-Informed Neural Networks for Elliptical-Anisotropy 
Eikonal Tomography: Application to Data From the Northeastern Ti-
betan Plateau’, Journal of Geophysical Research: Solid Earth, 128, no. 12, 
(2023).

[15]	 P. Hung-Wen, S. Lee, and C. Lee, ‘An oblique elliptical basis function 
network approach for supervised learning applications’, Applied Soft 
Computing, 60, pp. 552-563, (2017).

https://doi.org/10.1080/09720529.2022.2072437
https://doi.org/10.1080/09720529.2022.2072437
https://doi.org/10.47974/JDMSC-1765
https://doi.org/10.47974/JDMSC-1765

