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Abstract

The notions of a (limited) T & F-ideal and a T & F- o -subalgebra are introduced, and

various properties are investigated. The relationship between a T & F-subalgebra and a T &
F-ideal is established. Conditions for a T & F-structure (resp., T & F-subalgebra) tobe a T &
F-ideal are discussed. An example is provided to confirm that in a BCI-algebra, a T & F-ideal

cannot be a T & F-subalgebra in general, and then conditions for a T & F-ideal to be a T &

F-subalgebra in a BCI-algebra are considered. The relationship between a T & F-ideal and a
T & F- o -subalgebra in a BCK-algebra with condition (S) is discussed. Conditions for a T &
F-structure over a BCK-algebra with condition (S) to be a T & F-ideal are provided. Using
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the notion of T & F-level sets, a characterization of a T & F-ideal is established. A novel T &
F-ideal is constructed with an existing T & F-ideal using a characterization of a T & F-ideal.
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1. Introduction

In the fuzzy set introduced by Zadeh [23], the degree of membership
is represented only by one function, called a membership function. An
extension of the fuzzy set is made by Zadeh by using an interval-valued
fuzzy set (see [24]). An intuitionistic fuzzy set is introduced by Atanassove
[2], and it is a generalization of the fuzzy set. Jun et al. [11] introduced
the notion of cubic sets by combining the interval-valued fuzzy sets
and the fuzzy sets. In 1966, Iseki introduced BCK/BCl-algebras which
are two essential classes of logical algebras (see [7], [8], and [14]). Since
then, many results have been produced for the BCK/BCl-algebra theory
by several researchers. Fuzzy mathematics is considered as the study of
fuzzy subsets and its application to mathematical contexts. As an essential
branch of fuzzy mathematics, we can consider fuzzy algebra. Rosenfeld
[18] introduced the concept of fuzzy subgroups in 1971. Since Xi [21]
applied the concept of fuzzy sets to BCK-algebra in 1991 and studied its
properties, many researchers have been extensively studying fuzzy theory
in BCI/BCK-algebra. Biswas [3] defined interval-valued fuzzy subgroups
of Rosenfeld’s nature, and investigated some elementary properties, and
the notion of Interval-valued fuzzy sets, neutosophic sets and MBJ-sets
has been studied in BCK/BCl-algebras, UP-algebras and groups (see [1],
[4], [5], [9], [10], [12], [13], [17], [19], [20], [22], [25]). Using the interval-
valued fuzzy sets and the fuzzy set, Mohseni Takallo et al. [16] constructed
a new kind of structures, called True-False structures, and considered
its application in BCK/BCl-algebras and groups. They introduced the
concepts of (limited) T & F-groups and (limited) T & F-subalgebras,
and investigated several properties. They considered characterizations
of (limited) T & F-groups and (limited) T & F-subalgebras, and showed
that the intersection of two T & F-groups is also a T & F-group, and the
intersection of two T & F-subalgebras is also a T' & F-subalgebra. They
provided examples to show that the union of two T & F-groups (resp., T &
F-subalgebras) may not be a T & F-group (resp., T & F-subalgebra).
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In this article, we introduce the concepts of a (limited) T & F-ideal
and a T & F-o-subalgebra, and investigate various related properties. We
discuss relationship between a T & F-subalgebra and a T & F -ideal. We
provide conditions for a T & F-structure (resp., T & F-subalgebra) tobea T
& F-ideal. We use examples to confirm that in a BCl-algebra, a T & F-ideal
cannot be a T & F-subalgebra in general, and then we consider conditions
for a T & F-ideal to be a T & F-subalgebra in a BCl-algebra. We discuss
relationship between a T & F-ideal and a T & F-o-subalgebra in a BCK-
algebra with condition (S). We provide conditions for a T & F-structure
over a BCK-algebra with condition (S) to be a T & F-ideal. Using the notion
of T & F-level sets, we establish a characterization of a T & F-ideal. We set
up anew T & F-ideal from the existing T & F-ideal using a characterization
of a T & F-ideal.

2. Preliminaries

A set K together with a special element “0” and a binary operation
“x” is said to be a BCI-algebra if the following assertions are satisfied.

@O (vq,z,reK) ((g*2)*(g*)*(r+z)=0),
(I (vq,z eK) ((g*(g*2))*z =0),
() (vq ek)(g*q=0),
(IV) (Vq,zeK) (g*z=, z%q=0=g=2z).
If K is a BCl-algebra that satisfies the following identity:
(V) (Vg ek)(0=xq=0),

then X is called a BCK-algebra. An order relation “<” on a BCK/BCI-
algebra K is defined by (Vq,zeK)(g<z<#*z=0). Every BCK/BCI-
algebra KC satisfies:

(V& e)(E+x0=9), (2.1)
(V¢ 67y eKNE<g=>E*y Sg*y, yxg<y*f), (2.2)
(V& 6,y e)(Ex6)*y =(E*y)*0). (2.3)

Every BCl-algebra K satisfies (V¢&,6 €K) (£*(E*(E*xg)) =E*g)
and (V&,ceK) (0#(&#¢)=(0%&)*(0*¢)). A subset M of a BCK/
BCl-algebra K is called a subalgebra of K if £+ eM for all §,¢ e M.
A subset M of a BCK/BCl-algebra K is called an ideal of K if 0 e M
and (V&,c €K) (§*¢ eM, ¢ eM=¢ eM). A BCK-algebra K is said to
have condition (S) if given &£, €K theset K(&,¢):={g e |q*&<g} hasa
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greatest element, say £ob. A subset M of a BCK K with condition (S) is
called a o-subalgebra of IC if £og e M forall &,¢ e M.

For more information on BCK/BCI-Alzebra, please refer to the books
[6] and [14].

Let U be a universal set. A True-False structure (briefly, T & F-structure)
over U (see [16]) is defined to be a pair (U, A) with A:=(y,,v,,v,,0,)
and it is the following function:

AU —[0,1]xint[0,1] x[0,1] x int[0, 1],

S (W, (6),w,(8),0,(8),0,(5)) (24)

AT & F-structure (U, A) over U with A:=(y,,yv,,v,,0,) issaid to
be limited (see [16]) if v ,(&)+v,(5)<1 and supy ,(&§)+supv, (&) <1 for
all & eU.

Given a (limited) T & F-structure (U, A) over U with
A=, v, v,,0,) consider the sets

Uy ;a)={E elly, (&) zal, Uy,;u)={(5elly, (&) =il
Lw,;B)={ elUlv,(5) < B}, Lo,;w):={ eU]|0,(S) S w},
L (e, i, ,0)=Uy ,;a) Uy ,;i)"L(v,; )N LD, ;)

where «,f €[0,1] and #a=[t",t"], w=[s",s"] eint([0,1]). We say that
L (a,i,p,w)isaT & F-level set of A over U.

3. T & F-ideals

Givena T & F-structure (K, A) overaset K with A:=(y,, v,, v,,
0,), we consider the following sets:

Q¥ = {(q/ z)eKxK: U (‘1) 2y, (Z)/‘/;A (‘J) 7 l/;A (2)},

Q) :={(q,2)eKxK:v,(q)<v,(2),0,(9)<0,(2)},

y .={ q K .l//A(q) = min{‘//A(Z)/l//A(r)} }

T(min, rmin) (z,r) KxK * (/;A (q) % rmin{l/;A (Z), l/;A (r)}
and

v )1 x :UA(q) <max{v,(z),v,(r)} '

Flmax,maz) @n kTG (9) < tmax{0, (z), 0, (r)}

It is clear that
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(V,2 €K)((@,2) €0 & 25 € ). (3.1)
(Vg,2,7 €K)((9,2) € Q) (2,7) QY = (g,7) QY ), (32)
(va,2,7 €K)((@,2) €Q) (2,1) € Q) = (9,71) €2} ), (3.3)

(V4,2 €K)((0,2) €0 & 5 €O ). (3.4)
(99,2, €K 5 € D © 5 € D) (3.5)
(90,27 €K 25 € Qs ey S T € Wb ) (3.6)

Proposition 3.1: Let (K, A) bea T & F-structure over a set K with A:=(y,,
W, L, 0,). Forany &,q,z,v €K, we have

eQ"’

(q, r) T (min,rmin)”

< QY (z,1) e =

(9,2) (min,rmin) ”

~_ e (z,1) e} =

(9,2) F(max,rmax)’

(3.7)

F(max,rmax) *

Proof : Let &,q,z,v e K be such that = eQ"’ and (z,r) e QY. Then

T (min,rmin)

v ,(&) > min{y , (9),¥ ,(2)} 2 min{y , (q),v , (N},
W ,(&) = rminly , (9),v ,(2)} = rmin{y , (9w , (1)}

and thus ﬁ e L If =—eQ’ and (z,r) €Q7, then

T (min, rmin) (q z) F(max,rmax)

v,(&) <max{v,(q),v,(2)} <maxfv,(q),v,(r)},
A(§)<rmax{ A(q) O (2)) = rmax{u (9),0 (D)

Hence = QY O

F(max,rmax) *
In what follows, let K be a BCK/BClI-algebra unless otherwise stated.

Definition 3.2 : ([16]) A T & F-structure (K, A) over K with A:=(y,,
v, v,, 0,) iscalled a T & F-subalgebra of K if the following assertion

is valid.

cQ, QY ) (3.8)

(9,2) T (min, rmin) F(max,rmax)

(Vq,z eIC)(

If a T & F-subalgebra is limited, then we say that it is a limited T &
F-subalgebra.
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Definition 3.3: A T & F-structure (K, A) over K with A==(y,, v,, v,,
0,) iscalled a T & F-ideal of K if the following assertions are valid.

(Vg e IC)((, 7 e N Q;). (3.9)
(Vq,z € IC)((*zq,z) € Q;f(min,rmin) M Q;(max,rmux) ) . (310)

If a T & F-ideal is limited, then we say that it is a limited T & F-ideal.

Example 3.4: Let (J,*,0) be a BCl-algebra and (Z,—,0) is the adjoint BCI-
algebra of the additive group (Z,+,0) of integers. Then the direct product
K:=J xZ is a BCl-algebra in which the zero element is (0,0) and the
binary operation “ ~~ “ is given as follows:

(V(q,8).(z,6) eK)(4,6) ~ (2,6) = (q*2,5 =¢))- (3.11)

Let (K, A) bea T & F-structure over K with A:=(y,, v,, v,, 0,)
which is given as follows:
A: K —[0,1]xint[0,1] x[0,1] x int[0,1],
0.8 {(0.7, [0.4,0.8],0.3,[0.2,0.5]) if (4,&) e J xN,,
’ (0.5,[0.2,0.5],0.6,[0.6,0.8]) otherwise

where N is the set of all nonnegative integers. It is routine to confirm that
(K, A) isaT & F-ideal of K.

Example 3.5 : Consider a BCK-algebra K ={0,b,,b,,b,,b,} with the binary
operation * given by Table 1. Let (I, A) be a T & F-structure over K

with A:=(,, v,, v,, 0,) given by Table 2. It is routine to verify that
(K, A) isa T & F -ideal of K.

Table 1
Cayley table for the binary operation “ *“

. 0 b, b, b, b,
0 0 0 0 0 0
b, b, 0 0 b, b,
b, b, b, 0 b, b,
b, b, b, b, 0 b,
b, b, b, b, b, 0
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Table 2
Tabular representation of (IC, A)

K v, @) v ,(@) v,(q) 0,@)

0 0.88 [0.6,0.9] 0.13 [0.11,0.25]
b, 0.66 [0.4,0.7] 0.43 [0.47,0.56]
b, 0.44 [0.2,0.5] 0.53 [0.53,0.77]
b, 0.77 [0.3,0.6] 0.33 [0.23,0.35]
b, 0.55 [0.1,0.2] 0.23 [0.28,0.49]

Lemma 3.6 : If a T & F -structure (K, A) over K with A:=(y,, v,, v,,
v,) satisfies (3.9), then

(vq’ zZe IC)(G € QV/ T (min,rmin) M Q;(max,rmax) = (q’ Z) € Q? n Qllj" ) : (312)
Proof: Assume that (3.9) is valid and L eQ"T’(mm o) OV (maxemary £OT 2

pzek. Then w,(q)2minly, Oy, () =y, () 7,(q) = minly, (©),
v, (2 =w,(2), v,(q)<max{v,0), v,()}=v,(z), 0,(q)=<rmax{v,(0),
0,(z)}=0,(z)and so (q,z) e Q) NQ7. O

Lemma 3.7 : Ifa T & F -ideal (K, A) of IC satisfies:

(vq’ zZ,vr e IC)( € Q?(mln rmin) m Q;(max,rmax) ) 4 (313)
then - r) IS Q"’ - Q;<max o) forall g,z,v e K.

Proof: Assume thata T & F -ideal (K, A) of K satisfies (3.13). Then

v (7%2) 2 minly, (0),y,(N), 7, (4% 2) o rmin{y7,, (0),7,, (1)},
v,(q*z) <max{v,(0),0,(r)}, 0,(g*z) x rmax{v,(0),0,(r)}

for all g,z,7 € K. This in combination with (3.9) and (3.10) leads to:

v 4(q) 2minly , (2),y, (N}, v ,(q) o rmin{y , (2),7, (1)}
v,(q) <max{v,(2),0,(r)}, 0,(q) x rmax{v,(z),0,(r)},

that is,

e NQY forall g,z,v e K. O

(z, r) T (min, rmin) F(max,rmax)
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Proposition 3.8 : Every T & F -ideal (K, A) of K satisfies:
() (vq,z elC)(q <z2=(q,2) eQ mQ;).

NQY

T (min, rmin) F(max,rmax) )

(i) (vgq,z,r elC)(q*z <r

(111) (‘v’q,z re K:) ( *r,%z) Q?(min,rmin) ﬁQ;(max,rmnx))'

(IV) (vq’Z € K:)(G € QW T (min, rmin) M Q;(max,rmux)’ (’ Z) € Qg a Q;
=(9,2) Q) N Q).

V) (V4,z2€K)((g*2,) eA=(q,2) €Q) N Q)

where A={(7,2) eKxKly,@)=v,(), v,@=v,2), v,@)=v,0)
5,(9)=0,@).

Proof :
(i) Let g,zeK be such that g<z. Then g*z= and so
(,_Z> = (q*z,z> €Q i i) N maxmary DY (3-10). It follows from Lemma

3.6 that (q,z) e Q) N Q7.
(if) Let g,z,7 €K be such that g*z <r. Then (g*z)*r=, and thus

Pz oz v
m - W Q?(mm rmin) QF(max Tmax)
by (3.10). It follows from Lemma 3.7 that 1 5 € i eminy ™ 2 ma, ema)
(iii) Since (q*z)*(g*r)<r#*z forall g,z,7 € IC, it is induced by (ii).
(iv) Straightforward.
(v) is induced by using (3.9) and (3.10). O

Corollary 3.9 : If (K, A) isa T & F -ideal of K, then

. q v v
(1) (vq’ ze IC) ((*z,z) € QT(mir\,rmin) M QF(max,rmax) ) 4

(11) (Vé:, ‘7/ Z re ]C) (( HHE E Q?(mm rmin) m Q;(max,rmnx) ) 4
ese . q v
(iii) If K isa BCK-algebra, then o € Qg(mm/rmm) N QF(maX )

forall g,z e K.
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Theorem 3.10: Ifa T & F -structure (K, A) over K with A:==(y,, ¥,, v,,
0,) satisfies (3.9) and the condition (ii) in Proposition 3.8, then (IC,A) is a
T & F -ideal of K.

q EQV/

Proof : Since g*(q*z)<z for all q,zeK, we have Z5eQj
N ey DY the condition (ii) in Proposition (3.8). Hence (K, A) is a

T & F -ideal of K.

Corollary 3.11: Ifa T & F -subalgebra (K, A) over K with A=(y,, v¥,,
v,, U,) satisfies the condition (ii) in Proposition 3.8, then (IC,A) isa T&F
-ideal of K.

Proposition 3.12 : Given a T & F-ideal (IC,A) of I, the following are
equivalent.

(Vg2 €K)((q*z(q*2)*2) QY N Q). (3.14)

(Vq,z,7 € IC)(((q *1)*(z%7),(q*2)*1r) € Q) NQY ) (3.15)

Proof : Let q,z,r e K. If (3.14) is valid, then

v (q*2) 2y, ((q*2)*2),¥ ,(q%2) 7y ,((q*2)*2),

v,(g*¥z)<v,((g*2)*2),0,(q*2) < 0,((q*2)*z). (3.16)

Using (I), (2.2) and (2.3), we have
(q=(zxm)sr)rr=((q=r)*(zxr))*r < (qg*z)*r.

It follows from , Proposition (i) and that
V@) @) =, (@ @)« 2 v, (@)1 2y, (g +2) *1),
va(grr)x(zxr) =y ,(q*z*n)=r)zy,(g*(z*n)=r)*r)=y,(q*2)*r),
v,((gxr)x(zxr)=v,((g*(z*r)*r)<v,((g*(z*r)*r)*r)<v,(g*2)*r),
0,((qr)*(z%7)) = 0,((q*(z*1)*1) <0, (g *(z* 1) ¥ 1)*1) < 0, (g% 2) *7),
thatis, ((g*r)*(z*7),(q*z)*r) e QA N Q.

Conversely, suppose that (3.15) is valid. If we take z=r in (3.15) and
use (III) and (2.1), then (3.14) is induced. O

Theorem 3.13 : Every T & F -ideal is a T & F -subalgebra in a BCK-algebra.

Proof : Let (K, A) be a T&F-ideal of a BCK-algebra K. For every
q,z,v €KC, we have



54 M. M. TAKALLO, R. A. BORZOOE], G. R. REZAEI AND Y. B. JUN

q*z _ q*z _ q*z _ q*z 172 v
©9) ~ 0%z,9) — (q*q)*z,9) — (4*2)*q,9) QT(min,rmm mQF(max,rmax)

by (I1I), (V), (2.3) and (3.10), and so —— e, nQY

(9,0) T (min, » min) F(max,r max)

by (3.5)
and (3.6). Since (0,z) eQ) NQ; for all z ek, it follows from (3.7) that
(Zt) € i rminy O Prmaxrmay - 1€TEfOre (K, A) is a T & F -subalgebra of

K. O

The converse of Theorem 3.13 is not true in general as seen in the

following example.

Example 3.14 : Consider a BCK-algebra K={0,b,,b,,b,,b,} with the
binary operation * given by Table 3.

Table 3
Cayley table of the binary operation “*”

* 0 b, b, b, b,
0 0 0 0 0 0
b, b, 0 0 0 0
b, b, b, 0 b, b,
b b, b, b, 0 b,
b, b, b, b, b, 0

Let (K, A) bea T & F -structure over K with A:=(y,, v,, v,, D,)
which is given by Table 4.

Table 4

Tabular representation of A:=(v,, v,, v,, 0,)

K w(q) v(q) v(q) o(q)

0 0.7 [0.5,0.7] 03 [0.2,0.25]
b, 0.5 [0.3,0.5] 0.5 [0.4,0.56]
b, 0.6 [0.3,0.4] 0.4 [0.4,0.56]
b, 0.5 [0.2,0.3] 0.5 [0.2,0.25]
b, 0.3 [0.1,0.2] 0.7 [0.6,0.89]
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It is routine to verify that (K,.A) is a T &F-subalgebra of K.
But it is not a T & F-ideal of K because (3.10) does not hold since

b, v
(bl *b2 'bZ) ¢ QT(min,rmz‘n

1
)mQF(

max,rmax)

We consider conditions for a T & F -subalgebra to be a T & F -ideal in
BCK-algebras.

Theorem 3.15: If a T & F -subalgebra (KC, A) of a BCK-algebra K satisfies the
condition (ii) in Proposition 3.8, then (K, A) isa T & F -ideal of K.

Proof : If we take g=2z in (3.8) and use (III), then (0,q) eQy NQ} for
all g K. Since g*(q#z)<z for all g,z €K, it follows from Proposition

3.8(ii) that WZ,Z) € i iy O Lmax,enay 10T all 4,2 € K. Therefore (K, A)
isa T & F-ideal of K. O

The following example shows that a T & F -ideal may notbea T & F
-subalgebra in a BCl-algebra.
Example 3.16 : In Example 3.4, if we take (0,0),(0,2) e K:=J xZ, then

0,0~02 _ _ 0-2) v v
(0,0),(0,2) — ((0,0,(0,2)) 2 QT(min,rmin) M QF(max,rmax)'

Hence the T & F -ideal (K,.A) isnota T & F -subalgebra of K.
We provide conditions for a T & F -ideal to be a T & F -subalgebra in
BCl-algebra.

Theorem 3.17 : If a T & F -ideal (K,.A) of a BCl-algebra K satisfies:
(V2 eK)((0%2,2) e Q) N, (3.17)

then (K, A) isa T & F -subalgebra of K.

Proof: Let (K, A) bea T & F -ideal of a BCl-algebra K that satisfies (3.17).
For any g,z e K, we have

9*z q*z q*z 4 v

O = e = Gromrn < i omin O 2 (ma omas)

and so (q'fgfz) € i omimy O ¢ , by (3.5) and (3.6). It follows from (3.7)

and (3.17) that Z*Z ey Nalo" Therefore (K, A) isa T&F

(9,2) T (min,rmin F(max,rmax)*

-subalgebra of K. O

max, rmax
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Let (IC,*,0) be a BCl-algebra and K :={g €K |0<g}. For any g€k
and n €N, we define " by ' =¢,4"" =q*(0*4"). The element g of K is
said to be of finite periodic (see [15]) if there exists n e N such that 4" €K .
The period of gisdenoted by | g | anditis givenby |g|=min{n eN|g" € }.
We provide conditions for a T & F -ideal to be a T & F -subalgebra in BCI-
algebras.

Theorem 3.18: Let KC be a BCI-algebra in which every element is of finite period.
Then every T & F -ideal is a T & F -subalgebra.

Proof : Let (K, A) bea T &F-ideal of K. Let z be an element of K with
|z|=n.Then z" €K, . Note that

(0%z" M) xz=(0*0*(0*z" ")) *xz=(0*2)*(0*(0*z"")=0x(z*(0*z""))=0%z" =0.

Hence  ((0%z"")*z,2)=(0,2) eQ/ N QY by  (39).  Since

0 N by (3.10), it follows from (3.7) that

((O*anl)*z,z) T(min,rmin

(0%z"",z) e Q7 NQY. Also, note that

max,rmax)

0#2" )%z = (0% (0%(0#2"2))) ¥z = (0#2)*(0#(0*2"2)) = 0% (2 #(0 2" 2)) = 0% 2"

and so ((0%z"?)*z,z)=(0%z"",2) eQ/ NQY. Since %
((0%2""%)*z,z2)

Qg(mm,rmm) mQ;(maX,rW) by (3.10), it follows from (3.1), (3.4) and (3.7) that

(0%2"2,2) e QY N QY. Continuing this process, we get (0%z,z) Q! N QY.

Using Theorem 3.17, we know that (K, A) isa T & F -subalgebra of K. O

Definition 3.19 : A T & F -structure (K, A) over a BCK-algebra K with
A=W, v, v, 0,) is called a T&F-o-subalgebra of K if the
following assertion is valid.

(Vq,z e IC)( e, AQY ) (3.18)

(q,2) min,r min) F(max,rmax)

Theorem 3.20 : In a BCK-algebra with condition (S), every T & F-ideal is a
T & F - o-subalgebra.

Proof:Let (IC, A) bea T & F -ideal of a BCK-algebra K with condition (S).
Since (geoz)*g<z forall g,z €k, it follows from Proposition 3.8(ii) that

Ly 104 Ny Therefore (K, .A) isa T & F -o-subalgebra of

(9,2) T (min,rmin)

K.

max,rmax)
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Proposition 3.21 : If K is a BCK-algebra with condition (S), then every
T & F -ideal (K, A) of K satisfies:

(Vq,z,r eIC)(qSZOr: e NQY ) (3.19)

(z,r) T (min,r min) F(max,r max)

Proof : Assume that (K, A) is a T & F-ideal of a BCK-algebra K with
condition (S). Then (K, A) is a T &F-o-subalgebra of K, and thus

=)V QY for all z,7 eK. Let g,z,r €K be such that
(z,7) T (min,r min) F(max,r max)
= I 4 v
q Szor. Then q * (Z ° T) - 0’ and S0 (0,z0r) - (q*(zor),zor) € QT(min,Vmin) N QF(max,rmax)
by (3.10). It follows from Lemma 3.6 that (g,z07) eQf NQ’. Hence
q 74 v
(z,7) T (min,r min) F(max,r max) *

We provide conditions for a T & F-structure (K,.4) over a BCK-
algebra /' with condition (S) to be a T & F -ideal of K.

Theorem 3.22 : Let (K,.A) be a T & F -structure over a BCK-algebra K with
condition (S). Then (K, A) is a T & F-ideal of K if and only if it satisfies the
condition (3.19).

Proof : The necessity is by Proposition 3.21. Assume that (K,.A)
satisfies the condition (3.19). Since 0<gqoqg for all g€k, we have
QY NQY , by (3.19) which implies that (0,9) eQf N Q}

(q,2) T (min,r min) F(max,rmax

for all g e K. Since g<(g*z)oz forall g,z ek, it follows from (3.19) that
e NQY Therefore (K, A) isa T & F-ideal of K. O

(9%z,2) T (min,r min) F(max,rmax) *

Using the notion of T & F -level sets, we provide a characteization of
a T & F-ideal.

Theorem 3.23 Let (IC,.A) bea T & F -structure over K with A:=(y,, v,,
v,, 0,). Then (K, A) isa T & F -ideal of K if and only if the nonempty T & F
-level sets U(y ,;a), Uy ,;11), L(v,;B) and L(D,;@) of A over K areideals
of K forall a,p €[0,1] and i1, w €int([0, 1]).

Proof. Assume that (K, A) is a T&F-ideal of K and let «,f €[0,1]
and i, €int([0,1]) be such that U(y,;a), Uy,;i), L,;B)
and L(0,;w) are nonempty. Then there exist g,z,{,6 €K such that
qgel(y,;a), zel(y,;u), §el(v,;p) and ¢ eL(0,;w). It follows from
(39) that v, 02y, ()za, v,0) =y, (2)=i, v,0)<v,(£)<p and
0,0<x0,(c)sw, that is, eU(y,;a)nU(y,;u)nL,;B)NLo,;D).
Let g,z €K be such that g*z eU(y ,;a)NU(y ;i) L(v,; B)NLO,;0)
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and zel(y,;a)nU(y,;i)NnL,;B)NLO,;®). Then w, (q*z)2a,
v,(2)2a, v,q*z) =i, v ,(2) = 1, v,(q*z2)< B, v,(2)< B,
0,(q*z)<w, and 0,(z) < @. Using (3.10), we have

v, (q) 2 minly ,(q+2), v ,(2)} 2 @, ¥ ,(q) 7rminly , (7%2), v ,(2)} = i,
v,(q) <minfv, (7*2), v,(2)} < B, 0,(9) STmin{o,(7*2),0,(2)} S D,

andso g eU(y ,;a)nU(y ,;u)nL(,; B)N LD, ;W)p. Therefore U(y ,;a),
Uy ,;u), Lv,;p) and L(O,;®w) are ideals of K for all «,f €[0,1] and
i1, @ eint([0,1]).

Conversely, suppose that the nonempty T & F-level sets U(y ,;a),
U@y ,;u), Lv,;B) and L(©O,;w) of A over K are ideals of K for all
a,p €[0,1] and @, @ eint([0,1]). If there exist &,¢,7,6 e K such that
V0 <y, @), 7,0=7,6), 0,0>y,0), and 5,0)>0,0).
Then y,0)<a<yp,(&), ¥,0<i<y,©), v,0)>p>y,() and
5,00>@>7,() where a:=1y,0)+y,(&), @=17,0)+7,(),
B=3,0)+v,1)) and W :=3(0,0)+0,(5)). Hence
0eU(y,;a)nU(y ,;u)nL(v,; B)NL(©®,;w) which is a contradiction.
Thus (0,9) eQy NQ; for all gek. If (3.10) is false, then there exist
9,z €K, i=1,2,3,4, such that w,k(q)<min{y,(q, *z) v ,(z)},
V() < Tminli7 (4, #2,),7,(2,), 0,(q,) > maxv, (4, *2,),0,(z,),
and 0,(q,) > rmax{0,(q, *z,),0,(z,)}. It follows that g, *z el(y,;a)
and z, el(y,;a), but q ¢U(y,;a) for a:=minly, (g, *z)v,(z)};
q,*z, eU(y ;i) and  z, eU(y,;u), but gq,eU(y,;i) for
i:=rmin{y ,(q,*z,),v ,(z,)}; q,%z, €L(v,;B) and z, eL(v,;B), but
q, ¢L(v,;p) for p:=max{v,(q,*z,)v,(z,)}; 4g,*z, eL(0,;w) and
z, eL(0,;w), but q, ¢ L(D,;W) for w:=rmax{v,(q, *z,),0,(z,)}. Thisis a
contradiction, and so (3.10) is valid. Consequently, (K, A) isa T & F -ideal
of K. O

Corollary 3.24:If (K, A) isa T & F -ideal of KC, then L, (a,u, 8, W) is an ideal
of K forall e, €[0,1] and i1,% €int([0,1]).

We want to set up a new T & F-ideal from the existing T & F -ideal
using Theorem 3.23.
Given a T & F-structure (K, A) over K with A:=(y,, v,, v,,
let (K, A") be a T&F -structure over K with A" =(y,, v,, v,,

0,),
U,) given as follows:
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. if gel(y,;a),
wA:/CA[o,l],qH{”’A(”’) 1)
m otherwise,

A" 7 2 -
P

otherwise,

. if g eL(v,;p),
UAr/C%[o,ll,qH{UA(q) 4 cLsif)
n otherwise,

0,(q) if qeL(®,;D),

S :]C int 011 7
0, : K —int([0,1]),9 '_){ otherwise

where i, w,p,4 €int([0,1]) and «,B,m,nel0,1] with w,(q)>m,
‘/;A(Q)>‘f7, UA(LI)<” and U~A(q)_<q

Theorem 3.25: If (K,.A) isa T & F -ideal of K, then so is (I, A").

Proof : Assume that (K, A) is a T & F-ideal of K. Then the nonempty
T & F-level sets U(y,;a), Uy ,;u), L,;B) and L@®,;w) of A
over K are ideals of K for all «,f €[0,1] and u,w eint([0,1])
by Theorem 3.23. Obviously, (0,9) EQ{ OQ{ for all gek. Let
g,zek. If g*zel(y,;a) and zel(y,;a), then gel(y,; a).
Hence ) (4)=y,(9) > minly ,(7%2),p,(2)) = minly, (g*2),, (). If
g*zeU(y ,;a) or zeU(y ,;a), then w,(g*z)=m or y,(z)=m. Thus
V(@)= m=minly,(q*2),v,(2)). If g*z,z U7, ;il), then q eU(7,;il),
and thus

v ,(9) =7 ,(q) 7 tmin{yy (9% 2), v, (2)} = rmin{y7 , (9 2), 7, (2)}.

Assume that g*z ¢U(y ;i) or zeU(y ,;it). Then v, (q*z)=p or
¥ ,(z) = p. Hence

V. (q) = p=rmin{y7, (q%2),7,(2)).
If gxz eL(v,;p) and z eL(v,;B), then q €L(v,;B). Hence
v,(9) =v,(9) < max{v, (9+2),0,(2)} = max{v, (7%z2),0,(2)}.

If gxz ¢L(v,;B) or z ¢L(v,;B), then v,(9*z)=n or v,(z)=n. Thus
v, () Sn=max{v,(g*z),v,(z)}. If q*z,zeL(0,;®), then qelL(®,;n),
and thus

0,(q)="0,(q) < tmax{0,(q%z),0,(2)} = rmax{0, (9 * z), 0, (2)}.
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If g¥zeL(0,;®) or zel(,;®), then O,(g*z)=q4 or 0,(z)=4.

Hence
0,(9) < § = rmax{o, (q*2),0, (2)}-
Therefore Wi,z) € QY inemin N e,y » AN consequently, (K,A"
isa T & F-ideal of K. O

4. Conclusion

Mohseni Takallo et al. have constructed a new kind of structures,
called True-False structures (briefly, T & F -structures), by using the notion
of (interval-valued) fuzzy sets, and have applied it to groups and BCK/
BCl-algebras. In this paper, we have introduced the notions of a (limited)
T & F-ideal and a T & F-o-subalgebra, and have investigated several
properties. We have discussed relationship between a T & F -subalgebra
and a T & F-ideal. We have provided conditions for a T & F -structure
(resp., T & F -subalgebra) to be a T & F -ideal. We have given examples to
confirm that in a BCl-algebra, a T & F -ideal cannot be a T & F -subalgebra
in general, and then we have considered conditions for a T & F -ideal to
be a T & F-subalgebra in a BCl-algebra. We have discussed relationship
between a T & F -ideal and a T & F-o-subalgebra in a BCK-algebra with
condition (S). We have provided conditions for a T & F -structure over a
BCK-algebra with condition (S) to be a T & F -ideal. Using the notion of
T & F -level sets, we have established a characterization of a T & F -ideal.
We have set up a new T & F -ideal from the existing T & F -ideal using a
characterization of a T & F -ideal.
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