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Abstract

Let Fn be the finite field of order p and MS(IFF), the ring of 3x3 matrices over ]FP,
where p is a prime. For certain prime p, we determine the complete algebraic properties
of cyclic codes of length N (p{N) over M,(F,). We define an isometry from M,(F) to
IF;P + ele3 + elep3 , where €® =1. As an outcome, we derive numerous optimal and good linear

F, codes induced from [, -images of cyclic codes over M,([F,).
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1. Introduction

Cyclic codes over finite rings have been at the centre of attraction
among researchers since 1994 [9]. They have a rich algebraic structure and,
consequently, produce a huge amount of good linear codes. Initially, cyclic
codes were considered over finite commutative as well as noncommutative
rings. To discover new codes, cyclic codes over finite commutative rings
are investigated in [7, 10-12, 14-17, 19, 22, 24, 25, 29]. Till now, a few papers
[1,3,5,8,13,18, 20,21, 23] have come into the literature that presented the
study of these codes over noncommutative rings, namely, matrix rings.
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Like skew polynomial rings, matrix rings also produce new and good
linear codes. Towards this, Alahmadi et al. [1] obtained cyclic codes
structure over M, (F,) about Euclidean self-dual cyclic codes and obtained
many self-dual F,-codes. Also, Falcunit & Sison [5] studied algebraic
properties of cyclic codes over a more general ring M, (F,), where p=2 or
3(mod5) in 2014. Further, in 2018, Luo & Udaya [18] studied cyclic codes
over the matrix ring M, (F,[u]/(u*)). They have obtained many quaternary
optimal codes by using an isometry between M, (F,+ulF,) and
F,[u,v]/(u*,v*,uv—vu). Again, Pal et al. [21] explored cyclic codes over
M, (F,), and Bhowmick et al. [3] considered self-dual cyclic codes over
M, (Z,). Recently, in [13], we extended the concept of [18] to Mz(]Fp + uIFp)
for p=2 or 3(mod5), and obtained the structure of cyclic codes.

It is still open to obtain self-dual and cyclic codes over another
important matrix ring M,(F ), where p is a prime. In other words, it is
logical to explore whether cyclic codes over M,(FF) are capable of
producing good linear and optimal codes over Fps. Here, the answer is
affirmative, and this paper justifies the possibility. For certain prime p, we
consider the ring M3(IFP) of 3x3 matrices over IFP and define an isometry
from M3(]Fp) to F, +¢eF, +¢’F,, where ¢’ =1, in order to analyze cyclic
codes over M,(F,)). Finally, we give many optimal linear codes induced
from F -images of these codes. The major contribution includes the
derivation of algebraic properties of cyclic codes over M, (F ), which has
enough potential of producing optimal linear p-ary codes.

2. Preliminaries

Foraprimep, let F, be the finite field of p elements, and f (x) € F,[x],
an irreducible polynomlal of degree 3. For example, f(x) = x* —x— 1 has
no roots in ]Fp and hence irreducible in ]Fp[x] for pe|2,3,13,29,31,41,47,
71,73} (p<100). Now, F, = Fp[w] is a Galois field where f(w)=0. The
Galois group G = Gal(]lé /F,) is cyclic generated by the Frobenius
automorphism o: ]F - ]F defmed by o(a)=a". By using the technique
of [20], we construct a cychc algebra A= (]F /F,,0,1) as follows: A
contains ]F and has aright p , -basis contalmng 1, e ¢’ such that A = ]Fp
+ e]F +e IF3, where ae =ec(a) and e® =1 for all aeIE‘ Note that A is
a central simple algebra with dim A =9. Therefore, A=M 5(F)), thatis,
M (JF) = IF + eIF + e IF with ¢’ =1, where M (JF) 1sther1ngof 3x3
matrlces over L

Here, R represents the ring M,(F) = F, + e]Fp +e IFps, which is a
noncommutative ring (with unity) of size p°. An element §eR can be
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expressed as § = 4, + ei, + ¢’d,, where d,, d,, i, € Fps. Recall that {0} =C
< RY is said to be linear if C is an R-submodule of R". Vectors of C are

called codewords. Further, C is said to be cyclic if (5, , 5,, ..., 5, ,) € C
whenever (5, 5, ..., 5,_,) € C. We define a Gray map IT:R —>IF;3 by

~ ~ 2~ ~ ~ ~ ~ ~ ~
I(a, +ea, +ea,)=(a,,a,+a,,a, +a,+d,),
where a,,a,,d, € Fp3. The mapping IT is linear bijective and its extension
:RY - IF‘;N is defined by
I(s,,...,5, )

=@y sEy Dy

+b

+by  +Cy ),

oy b, +¢,...,a

N-1 N-1

where 3 =4, +el;1. +e’C, eR with 0<i<N-1. The Gray weight wt. of
§=a+eb+e*EeR is define by
wt,(3) = wt, (&) +wt, E+b)+wt, (@+b+E),
where the Hamming weight is denoted wt,; in e Recall that for a vector
7 in IF;Z, wt, (0) ={i:v,#0 Vi}|. Also, the Gray weight § = (3, ...,
§,,) € RN is define as wt,(8) = Nilth (§].), while the Gray distance,
=0

d.(C) = min{wt_(C) : ¢ eC\{0}}. Thus, we have that II is an isometry
from (RY,d_(C)) to (]F;BN,dH(C)).

Definition 2.1: [11] Assume N =of3, where o, 321 are integers. Based
on a cyclic shift operator y, another operator =, called quasi-cyclic shift,
is defined by

m,@...[a%) =(y@l...l y@)y),

where ' e R? for i=1,...,0. If 7, (C)=C, the code C is said to be quasi-
cyclic of length N and index a over R.

In the light of map I1 and Definition 2.1, we determine quasi-cyclic
codes over IFp3 based on Gray images of cyclic codes over .

Theorem 2.2: Let C = RY be a linear code. Then, C is cyclic if and only if
I(C) c IF:SN is quasi-cyclic with index 3.

Proof: 1t is verified analogous to [10, Theorem 4].
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3. Cyclic codes over R

This section aims to explore cyclic codes (Theorem 3.3 to Proposition
3.6), and their properties that are used to get some optimal linear codes in
the next section. For computation purposes, we restrict ourselves to cyclic
codes of length N satisfying gcd(N,p)=1, thatis, p{t N. We define a map

T:R[x]—> Iﬁ‘pz [x] by
N ) N )
T{ 's“‘,le =) T(5,)x",
i=0 i=0
where 7(5) is the polynomial reduction of § modulo e. A monic polynomial
f(x)eR[x] is defined to a basic irreducible polynomial, if 7(f(x))eF,[x]

is irreducible. The next two results (Lemma 3.1 and Lemma 3.2) help to
obtain cyclic codes over R.

Lemma 3.1: For p{ N, let xN—lzﬁfS, where ged(f,, f,)=1 for i=j and
s=1

f, s are irreducible polynomials in ]Fp3 [x]. Then,

Rlx] mR[x] m
= = m ,
N1y S s g £

_ %]
where ‘Rfs =15
Proof: 1t is straightforward by applying the Chinese Remainder Theorem

on the right )} -module R[x]/(x" —1) (see [20, 28]).

is right R -module for 1< s <m.

Lemma3.2: Consideranirreduciblepolynomial f € ]Fp3 [x]. Then, (0Y,(1),{e),{e*)

and {e+ ezhf), constitute the complete set of right R -submodules of R, = gzj[f;] ,
where hf is a unit in IFPS [x].
Proof: Let I be a non-trivial right ®-submodule of % = % and gel.

Then, we have that ge(f). Let g+(f) = §, + €3, + €’ + (f), where
g e]Fpa[x] with 1<i<3.

Case A: Let gcd(f,7(g))=1, thatis, ged(f,g,)=1. Then, g, is invertible
in Fp3 [x]/{f) and g isinvertible in ﬂ%f. Hence, I=(g)=(1) = ‘J?f.

Case B: Let gcd(f,g,)=f. Then,
g+<f>=e§2+ezg3+(f). @D
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Thus, I < (e). Now, we consider the following two sub-cases:
(1) Let gcd(f,8,)= f. Then, by equation (1), we have
g+(fr=eg, +(f). (2)

Therefore, I < (e*). Also, g is non-zero in I, ged(f,g,)=1. Hence,

g, exists in F,[x]/{f). Now, by equation (2), e +(f) = g8, " +
(fyel. Thus, (¢*)c I and I={(e*).

(2) Let ged(f,g,)=1. Then g;l exists in IFPS [x]/(f). Again, we have
two choices as below:

(a) If ged(f,g,)=f, then from equation (1), we have
g+(f)=eg, +(f), this implies that
e+(f)=83, +(fHel

Therefore, (¢) = I. Hence, I ={e).

(b) If ged(f,3,)=1, then g, exists in Iﬁ‘p3 [x]/{f). From equation
(1), we have

g+(fr=eg, +’g, +(f),
thatis, e+e’g,g, " +(f)=e+eh +(f)=g3, " +(f L,

with a unit /1, = g, g, in F, [x]. Now, we have either (e+e’h =1
or <e+ezhf) cl If (e+ezhf> cI, we have e+ezhf, el such that
e+ezhf, ¢ (e+ezhf>, with a unit /, in ]Fp3 [x]. Thus, we have that
e’(h,~h,)el with h #h,, and hence e’ cl. Again, by equation
1),

egz +<f> :g_62§3 +<f> el
e+(f)=(g-¢’3,)%, " +(fHel

Therefore, (¢) = I. Hence, I = (e).

this implies that

Taking into account all the factors discussed above, we reach to the
conclusion that all possible R-submodules of %, = R[x]/(f) are
(0),(1),{e),(e*) and <e+e2hf), with a unit i, in F [x]

Now, by using Lemma 3.1 and Lemma 3.2, we prepare Theorem 3.3

which gives all right R -submodules (cyclic codes) of <‘ng]1> .
P



194 H.ISLAM, O. PRAKASH AND D. K. BHUNIA

. N_1_ mn . _ . . ,

Theorem 3.3: Assume x 1—51:[1]‘5, with ged(f,, f,)=1 for i#j and f's
A N

are irreducible polynomials in Fps [x]. Denote f, =xf7_l, for 1<s<m. Then,

any right R -submodule of R[x]/(x" —1) is the sum of the right R -submodules
(f+N =1, (e +@N =D, (2f +(x" =1, and ((e+e’h,) f+(xV-1)),

for 1<s<m and a unit hf in FpS [x].
Proof: Using the fact given by Lemma 3.1 & Lemma 3.2, it is verified.

Theorem 3.4: Let C = R" be a cyclic code. Then
C=(E)®(eL,) ®(e’E,) ®((e + ezhf)F4>

and I(lepgz‘@:ldeg , for aunit h, in IE‘ ,[x] and gcd(P F)=1 for i;&j, monic
polynomials F's in IF [x] satzsfymg N -1= HF with F = and

0<s<4.

S

Proof: First, assume that x" 1= ﬁf, with ged(f,, f,)=1 for i#j and

f,’s are irreducible polynomials in ]F ,[x]. Now, let C = R" be cyclic. By
Theorem 3.3, C can be formed by the addition of the right R -submodules

(fs +(xN =1y, (efS +(xN =1, (e fs+(x -1)), and ((e+ezhf) fs+(x -1)),

1<s<m. We consider (without loss of generality)
C=(f ) @O, VO, o V@O, i)
O f, ) DD @ (e+eh)
Foostastrrt) @@Lt €M i)
where k>0 for 1<i<5 and YLk +1<m. Take k ;=0 and
k, +k, +k, +k, +k;=m. Also, let

Fosz0+1 fk+k’1 fk+1 fk+k;
Fzsz]+kz+1 fk+k+k’ 3 fk+k+k+1 fk1+k2+k3+k4;

F4 = fk1 Ay tky+ky 417" .fl<1+-k2+-k3 +ky ks "

Itis easy toseethat F,,..., F, are pairwise coprime, monic polynomials

satisfying x —1=[I.,F, and C=(F)®(eF,) ®(c’F,) ®((e+e’h,)F,).
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9degF 9degF4

Also, |(131)| p |(F>| p‘? e, (e 2F)| p9degs and |((e+e’h )ﬁ4)|:p
Thus, |C |4 <151>|’|<6F2>|‘|<€2F3>|'|<(6+ezhf)134) = p92,1degFl.

Proposition 3.5: Let C = R" be a cyclic code. Then, there exist factors F, G
of xN -1 in F,[x] satisfying C=(F), ®e(F), ® ¢*(F), @(e+ezhf)<G), and
|C|= p™N8F39EC  where (F), is an ideal generated by Fin I = F,[x]/ (xN -1)
and (x" =1) is an ideal of F,[x]

Proof: Let Cc®RY be cyclicc. Then by Theorem 3.4 we have
C= <F>(‘B<€F>@<€2F>@((e+€2h )E,), with gcd(F, F) 1 for i#j and
monic polynomials F s in IF J[x] satisfying x" -1= HF with F e

s=0

and a unit h in Fs[x] Further we know (F) (F> +e<F> +e (F) for
1<s<4. Therefore,

C=(E), +e(E), +eXE), +e(F), +eXE,), +(E), +eXE,), +(E), +
e(E), +(e+h XE,), +(E), +e(E), +eX(E),
=(E), +(B), + (B, +(E), +e((E), +(E), +(E), +(E))+
(Y, +(E), +(E), +(E) )+ (e+eh, XE,),.

Take I-“=1:"1+152+153+154 and G=1:"4. Now, we show (F) = (1:"1)1 +
(B, + (E), + <ﬁ4>1; Clearly, (F) c (E), + (E), + (E)), + (F)),. For any
s#t, we know FF =0 mod (x" —1), 0<s,t<4. Since, F and F are
pairwise coprlme there exist a_,b e IF ,[x] such that aF +b, F 1,
1<s<4. Also, [1i,(@F +b F) 1, Wthh implies that there exist some
polynomials W, w,, Wy, w, €F J[x] such that wFFEF + w2F2F3F4 +
w,F, F F, + w,EF, F =1, therefore, 1:“1 =w11:"1P2F3F4. Again, we have
w,FEEF, = wlFleFsF4 = 1-"1 Hence, 1:"1 €(F). Similarly, we can show that
F e(F) for 1=2,3,4. Hence, (F)), + (F,), + (F,), + (F,), < (F). Therefore,
(Fy = (E), + (E), + (E)), + (F)),. Consequently, C = (F), ® e(F), ®
e (F), ® (e+ezhf) (G),.

Further, [(F),[=p™ %" |(G), |= p™***° and hence, | C|= p®*tesf4sC,

Proposition 3.6: Let C<R" be a cyclic code. Then, there is a polynomial
F e R[x] satisfying C =(F).
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Proof: Let C = R" be cyclic. By Theorem 3.4, we have
C=(E)®(eF,) ®(e’E,) ®{(e+ ezhf )E,),

for gcd(Fl.,F].)zl,iqt j, monic polynomials F’s in ]Fp3 [x] satisfying
A N

W —1=TIF with £ =% "1
5=0 s

€2ﬁ3 + (e+e2hf) 1:"4. Now, we show C = (F). Clearly, (F) < C. Note that for
s#t, 1351:“[ =0 mod(x" -1) and Fbﬁs =0 mod (x" -1), 0<s,t<4. Again,

and a unit hf in F,[x]. Take F = 131 + el:"2 +
P

since F and IES are coprime, so there exist a_,b, EIF,; [x] such that

aF +b§_1:"S =1, for s=1,2,3,4. Also,

3 A
[ [(aF +bF)=1,which implies that 3)
s=1
(c,FEF, +c,FEF, +c,FEF, +c,FEE)=1,

where ¢;, for i=1,2,3,4 are some polynomials in IFP3 [x]. By performing
multiplication on the both sides of equation (3) by F,, we obtain
¢ EEEE =F. Also, F¢EEF = (e+c’h,) c.EEEF, = (e+¢®h)E,. Thus,
(e+ezhf) 1:“4 e(F). Continuing the same procedure, we show that 61:"1,
¢’E, e (F). Hence, C (F) and C=(F).

4. Examples

There is a well-known online database [6] which gives bounds on the
parameters of several linear codes over F,, where g=p" <9. It is one of
the most popular and reliable platforms to judge whether a linear code is
good. Here, based on the database [6], we derive numerous optimal, best-
known (briefly, BKLC) as well as near to optimal (good) linear F,-codes
induced from F, -images of cyclic codes over . We call [n,k,d], is Near
Optimal (good) or Near BKLC [n,k,d'], code, given by the database [6], if
d'—d <2. We use the Magma software [4] to carry out the computation for
these examples. We represent a polynomial a x" +a, x"" +...+a, briefly

by its coefficient sequence a a__ ...a
n o n-—

PR

Example 4.1: Let F, =F,[w] be the field of size 8, where o -0w-1=0.
Then in F[x],
(1) if N=7, we have
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¥ —1=11)(1o)(1e*)1(w+1))(1(0* +1)(1(w + ©*))(1(@* + ® +1))
= fih LS5 11, (say).

(2) if N=9, we have
x’ =1=(11)(111)(1lo1) (1o’ 1)(1w*1)
= 81883885 (say).
By following Theorem 3.4, the generator polynomials for cyclic codes
of length 7 and 8 over R = M,(F,) are given in 2" column of Table 1 and

their F,-Gray images which include many optimal codes (as per the
database [6]) are given by 3" column.

Table 1

Optimal linear codes induced from F-images of cyclic codes of
length N over M, (FF,)

N Generators of cyclic codes I(C) Remarks
7 (fi @ fify) [21,16,4] BKLC
7 (fefifyrf’f) [21,20,2] Optimal
7 (fifurehif) [21,19,2] Optimal
7 (ffo € i) [21,17,3] Near Optimal
9 (85,€°8:82) [27,23,4] Optimal
9 (€’8;,8,) [27,25,2] Optimal
9 (€’g,,(e+0%)2,8,) [27,18,5] Near BKLC
9 (85,08,8,,(e+¢%)g,) [27,24,3] Optimal
Table 2

Optimal linear codes induced from FF-images of cyclic codes
of length N over M. (F))

N Generators of cyclic codes I1(C) Remarks
15 | (&*f, (e+e)ff,) [45,42,3] Optimal
15 (fifs efy e+ e’ ofs) [45,44,2] Optimal
15 | (ef.f, e+ e)fff) [45,40,4] Optimal
17 | (eg, (e+e’)g,) [51,43,7] Optimal

Contd...
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17 | (eg,,(e+e*)g,8:) [51,39,8] BKLC

19 (h,h,,eh,) [57,51,5] Optimal

19 (eh,,e’h,,(e+e*)hh,) [57,53,3] Near Optimal
39 (k,k,,e’k,,(e+e*k.k,,) [117,112,4] Optimal
39 | (ekk,k,,(e+e*)k,kk ik, [117,108,5] BKLC

39 (k,k,, e’k k,,(e+e*)k.kk ) [117,109,6] Optimal

Example 4.2: Let C be a cyclic code over M,(F,) of length N, and
F, =F,[0], where ®’ -0-1=0. In F,[x],

(1) if N =15, then

x® —1=(11)(111)(10011)(11001)(11111)
= f1fzf3f4f5 (say).

(2) if N=17, then
x7 —1=(11)(100111001)(111010111)
= 818283 (say).

(3) if N=19, then
"’ -1=(11) (10’0’ 0’0’ v’ 1) (10’0’ v’ 0’ v’ 1) (lo° 0w’ 0’ v’ w’1)
= hh hh, (say).

(4) if N =239, then
¥ —1=(11)(111)11we*1)(11o’w*1)(11e* wl)(low* 11)(1e’*wll) x
(10’0’0’ (1o’ 11) (1o’ v’ e’ 1) (1o’ w’w’1)
—kkkkkkkkEk K, (say).

1772773774576 777879771011

Cyclic codes of length N =15,17,19 and 39 over M, (F,) and optimal

linear codes over F, induced from the Gray images are enlisted in Table 2.

5. Conclusion

The paper gives an extensive study on algebraic properties of cyclic
codes of length N satisfying ged(N,p)=1 over M,(F ). By defining a
Gray map from Ms(IFp) to ]I*T’73 +eIE"p3 +¢°F ,, we derive numerous optimal
and good linear codes over IFFS for p=2. Infuture, one may find interesting
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to study (i) self-dual cyclic codes of arbitrary length over Ms(]Fp) for a
prime p, and (ii) cyclic codes of arbitrary length over M, (F,), for odd p.
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