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Abstract

The contour integral representation of the number of Goldbach partitions of an
even integer, G(n), is extended to an integral with a support function that equals a linear
combination of integers {G(m)}. A support function is found such that there is a nontrivial
integral relation relating number of Goldbach partitions of n and m < n. The proof of the
existence of a partition of any even integer greater than or equal to four into the sum of two
primes follows from a recursion relation, resulting from an integral identity, that yields a

non-zero lower bound for G(n). A partition of 1, given a partition of g , is derived from an

algorithm based on solutions to congruence relations related to the roots of unity. This result
provides a method for generating a prime partition of every even integer greater than or
equal to 6 in addition to the above demonstration of its existence.

Subject Classification: 11P32, 30E20.
Keywords: Goldbach partition, Cauchy integral.

1. Introduction

The Hardy-Littlewood method [9] has been developed to estimate
the number of partitions of an integer into sums of powers. When the
exponent is one and the addends are primes, a formula for the number of
Goldbach partitions is obtained. The number of ordered binary Goldbach
partitions is given by
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G(n) = i [ ROy e a0 (1.1)

where R(0)=Y,e". The computation of this integral for the different
partitions of an integer is based on the division of the circle into major
arcs, determining the asymptotic growth, and minor arcs, contributing
to the variation in the approximation [13]. This technique is adequate for
establishing that every large odd integer above 10" [3], and every odd
integer greater than 5 if the generalized Riemann hypothesis holds [7]
[18], is the sum of three primes [17]. The existence of ternary Goldbach
partitions of odd integers, beginning with 7, has been proven recently with
refined estimates of the contributions of the major and minor arcs [10].
This technique may be adapted to the binary Goldbach problem to show
that the density of exceptional even integers, which cannot be expressed

as the sum of two primes, is less than i 1 v [4][5][8] and even #n°™* for
og n

some ¢ <1 [12], while even integers larger than ¢’ can be partitioned
into sums of one prime and one almost prime [2].

The proof of the non-existence of exceptional even integers greater
than or equal to four cannot be developed with integrals over major and
minor arcs because of the relative magnitude of the error term and the
traditional estimate of the singular integral

J(n) = % Iiu(&)zei"gdﬁ (1.2)

u(8) = Zn: g™
m=1

Since the proof does not require an accurate estimate of the number
of partitions of an even integer into the sum of two primes, and further,
by definition, G(n) is positive, it is sufficient to establish a non-zero lower
bound. Regarding G(n) to be a contour integral %(j} V™ .dl, where
V" (r=1)=R(#)*e™, dl=(0,df), the non-vanishing of this integral
depends on inequality of V™ with a gradient of a nonsingular function
V . Elaborating on results of an earlier paper [6], the existence of anon-zero
lower bound for n >4, shall be proven by equating dual representations
of G(n), including an expansion based a generalization of the Cauchy
integral formula for nonanalytic functions. A recursion relation will be
derived from an integral identity and, based on an asymptotic estimate
of the Goldbach partitions of integers less than 7, the estimate will be
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shown in §7 to be valid for n because the leading terms are dominant and
angular limits of the coefficients of the remaining terms do not affect the
magnitude significantly. The use of recursive arithmetic for the proof of

Goldbach-type conjectures has been considered previously [14].

iP
2mi—
Given a cyclotomic number ¢ ", every other root of unity can be
P1

equated to a power of this number. Extending it to a product of e " and

2m'p—2
e ", a congruence relation is derived. The solutions to the equality of

this congruence with n modulo 21 in §8 yield prime partition of 1, given

the expressions of % as the sums of two primes.

2. Singular Gradients and the Nonvanishing Number of Goldbach
Partitions of Even Integers Greater Than or Equal to Four

Let V"2 bea vector field for G(n-2) and V™ =z2V"? as z2V"?
immediately gives a non-zero value for G(n).. Since the line integral

G(n-2)= %@V("{) -dl would vanish only if V"2 is the gradient of a

nonsingular function, the value of the integral %@V(") -de when the
vector field V™ is the product of a polynomial of degree 2 in z and
z and the gradient of a singular function or a vector field that is not a
gradient, shall be considered.

If V"2 isnot a gradient, it is clear that the line integral %@V(") dl
will not be zero. It will be supposed then that the vector field V"2 is
equal to a gradient.

It follows that

S dl = [ el

Since the @ component of the vector field in the contour integral
G(n-2) is
V0(1172) (7’ — 1) — R(g)2efi(n72)9

-y o720 _1lo=

- (2.1)
pl,pz r 80

r=1
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—_ 1 i(p,+p,—(n-2))0
E(r=1,0) = , e (2.2)
Plzlpz l(pl P, —(7’[—2))

pyt+py#En=2

+ > 0

pytp—2=n-2

A nonsingular extrapolation of this function to the entire disk [6] is

2r,0) =i Y 1 A2y ) [ =2)(y )0
E(r,0) = _—
i (1=2)=(p, +p,)
Py +p,<n-2
+ 20 2.3)
Prtpy=n-2
_i 1 pPp=2-(1-2) by #Pp ~(1=2)0

Pr+p,>n=2 Pl +p2 —(Tl _2)

The use of logarithmic terms in the method based on major and
minor arcs leads to sums of arithmetic functions which can be estimated
with an error term that is sufficiently small . In the direct complex analytic
evaluation of the contour integral, it is preferable to consider the sum
without logarithmic factors to obtain a non-zero lower bound for G(n),
nzx4.

It has been verified that the integral

2—1”.[ _f De‘z”’[4259+ r%—i— i(jz;J rdrd@
equals G(n) [6].
The expression for G(n) in (z,z) and (r,0) coordinates have been

found to be equivalent, even for a singular extrapolation of the function
(2.2) into the disk

22)=i Y 2y py) (2.4)

Pyt py<i— 2

5,23

z
Pyt py= 1= 2

. Pyt py— (n-2)
—i Y

Pyt py> 1= 2

- ) - (n=2)= (p+py)) - i(=2)= (p+p, )0
E(r,0) =i Z r S P

Pyt py<n- 2

+ZH

pl+ p2: n-2
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- z oMLY (1~ Z)ei((nf 2)= (p+pyN0
Pyt py>n- 2
Nontrivial constraints on G(n) follow if a support function is included

in the singular z,z integral. The equivalence of the dual representations
of G(n) can be used to demonstrate that it is non-zero.

Theorem 1 : There exist support functions such that, if these functions are
included in the singular integrals, it is not possible to set G(n) equal to zero.

—_1 0F(z,2)
0z 7

Ly H 7 ey (—18“27‘)] Adz (2.5)

Pyt py<i— 2

i F(z,2)
- — Z J:J‘CW&/\ dz

p1+ p2< n—

Proof : If the support function is z

i 2 i a(nf 2-(py+ pz))F(Z,E) |
zl(n=2-(p,+ p)I' Hm >kt p,)) =0

LI @2 e

(n D=py+p-2
p1+p2<n 2
n-3 (n—2—m) =
2 0 F(z,z |
- | (n—Z—(m)’ ) G(m)
an=2-m]! oz 0

can be taken in different angular directions for
—-2i6

The limits lim_
the functions with parameters {6} and { l.'}, , leading to the factors e
and ¢’ for 3 The real and imaginary parts of the equality may be
considered separately The imaginary part Vamshes as G(n) is real, and
this condition may be imposed at each power of 1 leading to relations
between the angles at which the limits z — 0 are evaluated.

The 7,6 integral would be

l it a: 82— aZ;—
“F + i—| rdrd@
”e (ra{aa "0 og)
It will be verified in §4 that the support function
N
é‘osinh(g+ et 5N71(sinh(§]) yields a truncated series, which is

required for analysis of the relation between G(n) and {G(m), m<n-1}.
It has been demonstrated that, under certain conditions, singular
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integral equations can be regularized [11], and the previously divergent
parts then can be cancelled leaving a finite remainder. The equation
Jo(x) = &(x) - o(x) + IM G(x,g)A "p(y), with x,ye A for some bundle
Apel(AM), EcT(A®A,M)and GeI'(A®A,MxM - diagonal), on a
Riemannian manifold of real dimension m is regularizable if the operator
H ] is invertible for all x € M, where

F,(u,0)

HJot) = & o)+ [ —o=2in ofo) (26)
where T, is the tangent space at x, foreach ue T _—{0}, lim,, r"G(x,y)=F,(u),
F|; =F isa C” bundle map, with § =T NS and S being the sphere
bundle, js F =0,and r""G(x,y)-r"F(x-y)e[(A®A,0x0) and
(F (u,0)(a,b)=F (u-v)(@a-u,b-0), a,beT, F (u 0)el(A®A,T xT_-diagonal)
For Eq.(3.8), M=C, dimM=2, A= (C and if G(x,y)~ s "G(x y) is
finite as x — y. Consequently, !

gz Jinite finite

fu-o|™ A a(v)—)j dz A
T lu-vlf

_  finite inite
= j dzxxdzf—+27rj dlzlf—
e/, =0 E G R E]

_ finite inite
= J dz A f ~+2 gf
e =0 lu ol £

Z = Uu-v

Since the ¢ is cancelled in the last term, it is finite in the limit £ — 0,
H ] is an invertible operator and the integral equation is regularizable.
The r,6 integral would be

2': 2=
L II e *F(r, 6’{4%+ o= — z%} rdrd 6

It will be (Verified yin  §4 that the support function
6,sinh (9 ot Oy, Lsinh [g] J yields a truncated series, which is required

for analysis of the relation between G(n) and {G(m)}, m < n — 1.

There exist values of the parameters 0ys 0y, 0y 4 which represent

a zero of the coefficient of the singular expression at each positive order

in % Since the terms proportional to im, m 21, must cancel, the resulting
z

singular expressions vanish. However, after fixing the angles and the
parameters {J,} such that the singular part of the integral expression

1
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vanishes, linear independence of the nonsingular combination follows
for an appropriate choice of the function F(z,z) and its derivatives

a(n—Z—m)F(Z,E)
az(n—z—m)

Since the vanishing of the nonsingular combination,
when the singular coefficients are zero, implies linear dependence of the
expressions, it follows also that, if the expressions are linearly independent,
the nonlinear combination must be non-zero. When the nonsingular
combination is linearly independent, then it contains parameters which
can be varied without affecting the vanishing the coefficients of %, m=1.
Since the differences between the nonsingular combinations are clearly
non-zero for variations of the unconstrained parameters, the formula

implies that G(n) must be non-zero. The property of linear independence
. (. )
again holds for the function J,sinh (9 oty Lsznh [%])
Therefore, while it is possible to equate the sum to a finite result, it
is not feasible to set G(n) equal to zero when there are negative integer

powers of zin Z(z,z). If an extrapolation of Z(r =1,6) into the disk which
contains fractional negative powers of z such as

2zD)=i ¥ ;E(l—a)«n—n— (7)) = al(1-2) = (py 7)) 2.7)
pingen-2(M=2)=(p, +p,)

e

py oy =2 Z

Y 1 PPy (1-2)

i (4 )~ (1-2)

where 0 < <1, integrals of the form

i (1= (=D (py+ py I 1_— a(n-2) (py py )1 _0F(z,2)
_ = z IIDZZ TR 1P (f(zlz)——,

0z ] (2.8)

Pyt Py< = 2
dzndz

occur. If a((n-2)—(p,+p,)) <1, the factors of O and

7 ‘)T may be absorbed into f(z,Z) and the Cauchy integral
formula can be used to obtain again a linear combination of {G(m)}.

The general formula for =(z,z) is
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1 . _p pytp=2-(n-2)
E(zz)=1 Y, —{Zamsz mZ } (2.9)

s:p1+p2<n—2 n— 2 - (p] + Pz) m

_ i Z In (meq Zyms Eigms J

p1+p2 =n-2

pytpy=(n-2)
= {Zcmsz"msfl’”s}
py+pyon=2Lm

where «a +p =1, X4 =1y +& =2, ¥b =1 75 +1 =1,
>l =L lftea <08 >1,y =¢ =1, n >1,1 <0 forallm,s, there
are no nontrivial constraints on {G(m)}, implying that G(n) can be set
equal to zero. However, since Z is a nonsingular function of z,z, G(n-2)
would vanish, which eventually leads to a contradiction after sufficient
number of iterations. Based on the relation V" =2V, if any of these
conditionson «,,8,,7,,¢,,M,,1, are not satisfied, both G(n-2)#0 and
a nontrivial relation for {G(m)} are obtained.

Given V"2, the vector field V™ =z “1Z"1V3(z,Z) is equivalent to

the gradient of a scalar field if
Vd(z,2)=z "Z""V3(z,Z) (2.10)

for some function ®(z,z). The integrability condition for this equation is

V(z "z )xV¥(z,Z) = 0. (2.11)
Since V = [g,lij in (r,0) coordinates,
or'r ol
V(z vz = V(e (2.12)

—u +v, =1 —i(u_+v )0 . - +v. =1 —i(u_+v_)0
((_#n+vn)r non o non ’_l(/“ln+vn)r nonoe non

1 1
—-u —=_v —= . —u +v. =1 —i(u +v )0
= ((—,un+vn)z "zt i, v )r e T ]

Many of the extrapolations of Z(r,d) to the interior of the disk have

gradients which are not proportional to V(z “z"). The vanishing of the
1 1
cross product, and therefore, G(n) can occurif V(z "z ") =(1,~i)-z 2z " 2
and u =0.
Consider the series expansion
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r(nf2)f(r71+p2) (n-2) 26
—i((n=2)-(p, +
e RTL Y e (213)

=(r,0) = i _r
p1+pzz<:n72 (n_z)_(pl +p2) py+py=n-2

(1-2)~(py +p,)
r L i(p ) -(-2)0

» LA
pron2 P+ P, —(n=2)

Since
0 . (1=-2)~(p; +p, )1 _—i((n-2)~( G
—E(r,0) =i Y r e (2.14)
ar p1+p2<n—2
+i z r(an)f(p]+P2)flei((p1+p2)f(n72))9
pl+p2>n—2
10 . (1-2)~(p, +p,)-1_—i((n-2~(p,+p, 00 1
——E(r0) = Y TR, SN
r o0 pytpy<n-2 r py+py=n-2
+ Ay ay) 1 iy ey ~n-2)0
pl+p2>n—2
it follows that
A . 0=(r,0
Vi(r,0) = (1,—1).% (2.15)

if G(n-2)=0.With this choice of X(z,z), u,=0 and v =2,

V(z "z )xVE(z,Z) =0, and V" =Vd(z,7).
A more general extrapolation of %(z,a) from |z|=1 to the interior

of the disk is
X @, (p1.Py) =B, (py.py) 0 216
iy z Z + (2.16)
PytPy PPy =n=2
#n—2

where a (p,,p,)-B,(p,,p,)=p, +p,—(n-2). The derivatives in the

gradient are
0}

B (pyopy) ilpy+py=(n=2))0
yin PPl g TR
E (2.17)

0.
—1i +
81’{ pl+pzz¢n—2 (”_2)_(P1 +P_2) p1+p2:n—2

B, (pyPy) i(p-1+p-2-(n-2))0

yn 172 e p=i+p

ZZZ ﬂn(pl’pZ) + Z 12
PytPy (”‘2)_(p1 +p2) py+py=n-2
#n-2
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B (rilfrf2>ei<rl1+n2—(n—2>)9

10 Liy? - + > 0
r o6 P1Pp (H—Z)—(pl +p_2) py+py=n-2

#n-2

B (pypy)-1 ilpy+p,-(n-206 1
Zr"plpz e TN L 2 G(n-2)
r

p1+p2
#n-2

The ratio of the & component to the r component of the gradient is
independent of r, € only if G(n-2)=0 and g (p,,p,) cn-2—(p, +p,).
Let

1 _ _in_z_(p1+p2):_l(ﬂ11+vn) (218)
AT B.(py,p,) —H, TV,
n—2—(p1+p2)
H,—V,
B.(v,,p,) Zm( L tp, —(n=2)).

Requiring u +v, =2,
B(pyp) = 2 (py e p, ~ (1= 1) = (1, )(p, +p, — (1)) (2.19)
Unless v, =1, it changes the sign in the sum 2 pr+py#n=2°

Let v <1. Then B (p,,p,) <0 for p,+p, <n-2 and
rﬁ%(rﬁ’rb)

iz g Y T Y (2.20)
Pi*t P, n-2- (p1+ pZ)

<n-2

(v )py py (= D) v
romre " ipypy e 2 v )0

i

P+ Py n-2- (P1+ Pz)
<n-2

which remains singular at the origin since v, >1.1f v >1, B (p,,p,) <0

for p, +p, >n—-2, and the negative exponents of the singular terms in the
third sum are unbounded.

Although G(n)=%<jﬁcb-d? vanishes if ®(z,z) is nonsingular,
the sum, singular at z=0, in X(z,z), appears to be necessary when
V(z*Z")=0. The multiplicative factor z "z in V®d(z,Z) cannot
remove this Singularity Nevertheless, G(n) can be represented by a
surface integral, Sf)V(”) = IVXV’” -dS.
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The vector field V™ also could be extrapolated into the disk with
the vector field [X, d, z "z ™IVE, u, +v, =2, ¥, d =1. Suppose that

V¥, =z “mz'mVE. Then the contour integral %(j} 6‘1’2 -dl equals

" H="m =
$-e " 2az=—if [ Opz "2" 0l iz g (221)
r oo D oz 06

r

If a negative power of z arises in the sum over p,,p, such that

p, +p, <n-2, itis necessary to consider the term

{ Tﬁ Py (n-2)
i %ns ms 222
lpgl H n- 2 (p1+ pz Zm: : Z ( )
1 n-2-s
=1 Z {|:szsz ms:I>}
n—

Pyt py=s

Setting a, =0 for m>1,

1 1 n—2-s
iy — s{{Zz I} (2.23)

Pi+Py=s
=i Z % als ﬂls " e
S— 2
1 i . _
- Z —(z 4157 Y s ———(2 %szﬁls)anst(s)
-2-5 n—2—-s

The integral over the disk is then

H z Mg {zﬁ— zij (2.24)
D oz 0z 0z
[—i (z Wzley- “G(s)ﬂdfx\ dz
n-2-s

- ZLH(ﬂls_ )G(S)-‘-J.Da—( Fon™ (zfalszﬂls )nﬁzﬁs)df/\ s

= 5 (B )+ B (n=2-5)
J'J‘ — v By (= 2—5)—12—/1 “1-ay (1-2-5) dEA dz
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With the inclusion of a support function such that integer exponents
are not obtained, a nontrivial constraint is obtained for {G(m)} when
-, —1-a, (n-2-s) is less than zero or fractional. If the summed
exponent of z positive and integer, an identity results. Nevertheless, since
it has been established through a different extrapolation, V" =Z*VZz,
that a negative power of z in = leads to a nontrivial constraint on {G(m)}
[6], it is not possible to set G(n) equal to zero in a relation derived though
the extension into the disk, z ‘"z "VZ. A similar result occurs if the
negative power of z arises in the sum over p,,p,, p, +p, >n-2 or when
the logarithmic term in the sum over p,,p,, p,+p,=n-2 is dependent
onr.

It is therefore not possible to allow G(n) immediately to be zero if
E(z,z) contains negative powers of z. A nontrivial relation, with both
singular and nonsingular parts, always results for any extrapolation of the
vector field V" into the disk.

If G(n) is directly set equal to zero, Z(z,z) must be a nonsingular
function. The vector field V"™ =VZE is a gradient of a nonsingular

. — 1 fom-2 47 1 U, AC — _
function of z,z and Z@v -dl—ﬂ.”DVxV_ dS=0 and G(n-2)

would vanish, which is contrary to the nonvanishing of G(m) for
m<4x10"™ [15]. Consequently, if G(n—2) is not zero, G(n) also does not
vanish and by induction, there exists a Goldbach partition of any even
integer greater than or equal to four. o

Although it may appear that a non-zero value can be obtained when
the even integer is 2, the result would be formalistic and the number
of Goldbach partitions of this even integer equals zero, however, as the
partition is eliminated once 1 is not counted as a prime. The non-zero
bound for G(n), therefore, would be valid when # is an even integer
greater than or equal to 4. The Goldbach conjecture then is proven, since
it must be possible to express all even integers greater than or equal to 6
as a sum of two odd primes, with the integer 2 being the only even prime.

3. The Support Function

The formula for G(n) follows from the identity
1 — . _f OF(z,2)
G(n) = E(ﬁCP(z,z)dz—”DTdEAdz 3.1)

i

76—1‘6 aq"z
r

o0
and E(r,0) generates G(n—2). The formula

where F(z,z) = where ¥, is defined by ?‘Pz(r, 0) =z*VE(r,0)
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o

f(z, Z) 27i 0%V f
.”D(Z z ) Ic (z—z ) (k—1)! T (z,)a (3.2)

will be used for integrating higher derivatives of the support function.
With the inclusion of a support function, the z,z integral equals a
linear combination of {G(m)}. A support function is required such that
F(8,,8,,..,64 1,0),  F(3,,8,,..,0y,,0) ,..., F"(5,,6,,....6,,,0) are
1ndependent and do not vanish simultaneously.
Non-zero coefficients of G(m), m<mn,occur when the support

N 1
function is equals &,sinh [g +o +(5Nflsinh (9) If %ﬁl) = zsinh EJ,

(z,2)= IEsinh [é)df = 122 sinh (éj + écosh (é} —lzzshi (éj (3.3)
Z 2 Z Z z) 2 Z

where shi(x) =_[ ) smzl(x') dx' and

= =2
” zzsinh Z\az ndz :lj. Z—sinh é dz+;cosh é —lishi é
D z 27¢| z Z Z z) 22 Z
— i {Ez sinh (éj +zZ cosh (é] —z%shi (éﬂ =27i
Z Z z)|.,

— _\\2 — _\\3
Similarly, 2| sinh(Z|| dz Adz= —7i, 2| sinhZ)| dz adz= 0,
y D z z D z z

” [smh{ J] dz Andz=0 and the integrals of E[sinhEJJ , modd,
z

m>5, vanish.
The sum over the primes p,,p, such that p +p, >n-2 includes

the integrals “ Z T 1)[ inh[éj] dz ndz, which equals zero for

m=1,3,4 and modd, m>5,, while

2
J‘J.szpl%("l)[sinh(é]} dz ndz (3.4)
Z
=J.Zp1+p2 0| Z° Z_cosh|2Z +—smh = 2 |~ 2%chi Zé —122 dz
¢ 4 z 2 z z) 4
nh

_2 —
27i"" P 2 cosh ZZ + 2 2% —z%chi 2% —122
4 z 2 Z z) 4 o
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iy 4
p,+p,—(n— 4)

The following integrals arise in the sum over the primes p,,p, such

that p, +p, <n-2

J. _[ ot Py smh[é) dzA dz (3.5)
(=1 (py+ P, Z
=2 = 2
= _[ zZz (=Dt Pz)){ Z—si“}( é} Zcosf( éj— Z—shi(é]bigg}dz
¢ 2 Z 2 Z 2 Z
2 i a((nf 2)-(p1+py)

(=2 (p, p) e )

—2 — 2
[ Z—smh( Z]+ Zcosk( Z]— Z—shi(éﬂ
2 z 2 Z 2 z/]_,

1 1
= 720 - =0 +——0 +...)

Pyt Py m-2 6 p=T+py n=6 180 Pyt Py =10
27 ey~ [z 1 [z
- o i — sinh| = |+ ...+ — sinh| = 5n75(m0d2),0
(n=2)-(p,+p,)L =z z 2z Z

1
75" COSh( Zj n-5(mod 2),1 :|

_ 2
z [z
”D —Z(”*l)f(l’l*%’z) [smh [:D dz ndz (3.6)

2
—I (= py ) Z cosh| 2= [+= smh —z°chi 2% 2 \dz
4 2 z z 4

. (=20, +P,)) [=2
27i 0 12 z z 1

h|2Z |+ Zsinh| 2
(1=2)=(p, +1,)! 0 <pl+p2>>{4c°s ( zj*zs“‘ ( j

=2
—Z%chi (ZéJ - Z—}
z 4 o

=37zi|| 1+ 2 ) 74+25 gt
3(n—4—(p,+p,) ) A9

27

+—
(n-4)-(p, +p,)

+

INTRRSS
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2 i a((iffz)f(iﬂlﬂfz)) 72 7 1 z
- —cosh| 2= |+=sinh| 2—
(n=2)—(p, +p, ) g2 | 4 z) 2 z
=2
—zzchi(éJ—z—}
Z 4
_ 3
z ) z
J‘IDW(SIH}I[EJ] df/\dz (37)
s 3 3 2
:I 7 D 2 G é —=zzZ| sinh é cosh é
c 2 z 2 z z
—Ezzshi é +gzzshi 3é dz
8 z) 8 Z
i 5D T2 e 8
(n=2)—(p, +p,)! o, "2 )| 2 z
2
32| sinn| 2| cosh| Z |- 2 22shi| Z |+ 2smif 32 ]y,
2 Z z) 8 z) 8 z )=
=ri| 40 46
=l p1+l72,n*6+§ P1+P2,"*10+"'
i 5Dy [22 e s
((n_z)_(pl +p, N! az<(n—2)—<p1+ﬁz)) 2 z

2
—EZE sinh é cosh é —Ezzshi é +gzzshi 3%
2 z z 8 z 8 z

After multiplication by —%, the imaginary part is eliminated only
when @ =0, 7. If the derivatives are evaluated at @ # 0, z, another equation
is required for the vanishing of the imaginary part, and an additional
parameter 6, _, should be introduced.

The singularities of the z,z integral are proportional to

z=0

z=0

1 1

e
given that the maximum order of the derivatives is n—4, which folzlows
if the range of the p, +p, in this sum is 2 to n—3. Since the Goldbach
partitions are defined for integers greater than or equal to four, the
range of p, +p, in this sum may be chosen to be 4 to n—3. However,
the enlargement of this range is more general and will be used in the
evaluation of the z,Z integral.
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The divergence in the sum over p,,p,, p, +p, >n—2 arising from

—4iy,

P e d) can be removed by setting 6, equal to 0.

The 7,0 integral is

2 o ~(1-2) (py+ p,))_~il(n-2) (py py )0
_I I De 2i0 Z 7 PP, P Pyt P, (3.8)
4 p]+p2<n—2
P (1=2) i(py+po—(n-2))0
D B A
p1+;k2:n—2 p]+p2>n—2

[3, sinh(e*’)+ ..+ &, (sinh(e* )] rdrd @

The singularities of the r,6 integral are proportional to rizlm’r"%("

It will be sufficient therefore to select parameters J,,0,,...,0, ;.

Equality of the 7,6 and z,z integrals gives rise to equations for the
parameters, which will be used to provide an estimate for magnitude of
the linear combination of G(m), m >4, arising in the sum over the primes.

4. Linear Independence of the Equations for Removal of the
Singularities

The equations for the removal of the singularities would be

3 =2 = 2
506— Z—sinh é +£cosh é —Z—shi é (4.1)
oz || 2 z) 2 z) 2 z
+ 0, [Z—(smh(én ——zf(sinh(éﬁ cosh(é}
2 z 2 z
- gzzshi é +gzzshi 3é +... =0
8 z) 8 Z »

(n-4) —2 — 2
i Z_sinh é +Z cosh é ~Z shi é
oz || 2 z) 2 z) 2 Z
— S 4 2
+ 0, {Z—(smh(én ——zE(sinh(éD cosh[éj
2 z 2 Z z

N
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- Ezzshi é +gzzshi 3é +...
8 z) 8 Z

= hy, 40 +hy, .0, +..th 0,

0,n-4"0 n-5,n-4"n-5

z=0

where h,  are coefficients derived from the r,6 integral.

Defining
oz (z) (z) 22 (z)

fO = 5{751nhL§J +7COShL§) —?Shl LEJ:| (42)
Pl (20N 3 _( (20N (z) 3, (z)

f, = §{7LsmhL§U _EZ LsmhL%U COShGJ_gz S}“GJ
9, A z)

+§z sh1L3§J}

the set of n—6 equations is

(zf, )(0)8, +(zf,)(0)5, +...+(zf, ;)(0)5, 5 = 0 (4.3)

2 f)0)5, + (2 £,)(0)5, +...+(z* £ )(0)5,_, = hy 6y +h, 6, +... (44)

+h, 0,5

@ fN0)8, + (2" £ T7N0)8, + ..
@IV, L =l Oy Iy Sy 4 et S

0,n-4"0 n-5n-4"n-4
the equations for the elimination of the singularities are
(zf,)0)5, +...+(zf, )0)5, ;= —(zf,)(0)J, (4.5)

[(szzl )(0) - hz,4 ]52 Tt [(szn’—S )(0) - hn—5,4 ]5n—5 = [h0,4 - (szo' )(0)]50

(" f7)0) =y, 16, +.+ [z fUT)O0) =, 5,15,
= [hy, =" f"7)(0)]6,

Then &, can be expressed as a ratio of the determinants
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(z,)0) .. —(7/,)(0)5, (#f, 5)(0)
[ho,4 - (szo, )(0)150 [(szr:—S)(O) - hn—5,4] (4‘6)

and
(zf,)(0) ... (zf,)(0)5, (zf, 5)(0)
[(szo’)(o)_h/A ]é‘o [(sz,/:_5)(0)_hn_5,4] (47)
An estimate of &, depends on (z* [(” )(0) and hi/j' At r=0=0, the
z° ((” increases approximately as max, (¢—1-2k)*? [Z;l] shi(¢ —1-2k).

The magnitude of the term is not affected by the direction of the limit
z — 0. The singular terms in the r,6 integral have the form

23 [ e s sinh(e)) drdo (4.8)

T PytPy <n-2

If n>4+2(¢/-1), this sum is bounded by

2 ~(1-3)-(p+py) 0
al r 218, (4.9)
2 p1+pzZ<n2J‘J.D "(n-4)-2(-1)]!

implying that hi,]. is a perturbation in the matrix.

Consequently, 6, will be approximately equal to the negative of the

1
. . . ~(n-6)(n-5)
ratio of two Wronskians, since the factors of z2 cancel, and the

linear relations would be independent, as the determinant (4.6) does not
vanish and (z*! f{”)(0) increases rapidly with ¢ and s.

5. The Magnitude of the Nonsingular Linear Combination

The relation for the nonsingular part of the integral has the form
8,0, + 8,0, ++8, 0, s=ho,+..h 0 ., where {g,} is derived from
the z,z integral and {h,} is obtained from the 7,6 integral.

The nonsingular part of the z,z integral is the contour integral. For
the ¢" term, the integrand is determined by the integral
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If[sinh[én dz = —ZZJ.%(sinh w)' dw (5.1)
Z w

Since

J-(sinh w)’ o - —~(p—-2)(sinh w)‘*+qw(sin}ilw)"’1 cosh w (5.2)

(p-D(p-2)w”
q(g-1) I(smh w)™? N J-(sinh w)' J
(P Dp-2)7  w? (p-D(p-2)7 w"?
and
J‘de - } " (-1)" (Zm Jshz((2m+1 2k)w) (5.3)
w 2°"

=0
(sinh w)*" 1 s
[ T —dw = zz“ko( —1) L Jchl((Zm 2k)w),

the following cancellations occur for odd powers

dw + (54)

(m2m ¢ (sinh w) <2m+1>2 mha

w w

=m(2m+1) { 221 5 g( 1)* [ jshi((Zm -1- 2k)w)}

N W{Z;I ':z: (-1) [kaJr 1} shi((2m+1- 2k)w)}

= 22m—2

2m+1)? @+ 1am_ ](2m-1
8 (k+)@2m-k) || &

{m(Zm +1)- Jshi((Zm—l—Zk))w)

and, for even powers,

. 2m-2 2 . 2m
2m(2m—1) J~ (sinh w) Joo+ (27271) J~ (sinh w) Jw
w w

_ L{m(zm ) m@m=1) }(2’” _zjchi((Zm —2-2k)w)
2 k+D2m+1-k || &

(5.5)

The term in the sum over k with the largest magnitude is determined
by the extremum of [ ]shz((Zm 1-2k)w) and [2’” zjchi((Zm —2-2k)w)

respectively. From Stirling’s approximation, this is equivalent to the
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2K
maximum value of — %, 0<x <1, where k equals (x(2m-1)) for

K (1)
odd powers and (x(2m —2)) for even powers.

The critical value of « is " ! —, which implies that the
+e

maximum value of [2"]1;1} shi((2m—-1-2k)w) increases in magnitude
approximately as e”"'(1.135322615)*"" and the maximum absolute
value of [zrr;_l]chi((Zm—Z—Zk)w) increases approximately as

¢*"%(1.135322615)*"". The summation over p,,p, introduces a factor for
each hyperbolic function shi((2m—-1-2k)w or chi((2m—2-2k)w) which
is a linear combination of the number of Goldbach partitions, G(m), for
m<n-2,which may be denoted as N, ({G(m)}). Let N, , ({G(m)} be
the factor corresponding to the critical value k. C

An expansion of the determinants (4.5) and (4.6) into minors implies
(2" f)(0)
0
decreases as [(¢—1-2k_)"e''(1.135322615) '] .

Given this estimate of | J, |, it follows that

that the ratio will depend on . The magnitude of this ratio

18,6, ~ Ny, (IGm)e'(1135322615) "

[(£-1-2k )¢/ (1.135322615) '] (5.6)
w2 Y
= N (G -2 1) (5.7)
= (1.3131035285)'N,,,, (£~1) " r>1

and the magnitude of ¢,0, will be decreasing rapidly with ¢ after the
initial terms in the sequence.
The nonsingular part of the r,6 integral is
2 1 27 .. 2 1 27 )
= dr| e’’do+= rdr|  e?"
T plﬂgnSJO J‘O T pl+§n2.|.0 J-O

[6, sinh(e*?)+...+ 5, (sinh(e*?))"1d0  (5.8)
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+ 2 z _[l rp_“pz_(n_?’)dr j:” gl me [6, sinh(e*)+...
s

0
pytp-2>n-2

+5,_(sinh(e**))"1d6

21
= ;E5OG(H — 2) 2 = 250G(I’l — 2)
and therefore, h, =0 for ¢>2.

6. A Recursion Relation for G(n)

The Hardy-Littlewood method has been used to obtain an asymptotic
formula for the number of Goldbach partitions of an even integer n given
the validity of the generalized Riemann hypothesis.

Theorem 2 : There exists a non-zero lower bound for the number of Goldbach
partitions of any even integer greater than or equal to four.

Proof : It has been verified that all even integers greater than two and less
than 4x10" can be partitioned into the sum of two primes. The estimate

(9]

1) n p-1
' log n)(iog (n-2) H p-2 .

divisors of n

G(n) ~ 2{1 -

for 1>1, where I1, = 0.660161858..., is valid also for all large even integers
less than 4x10™ when the relation is defined to be equivalence in order
[1].

Suppose that the formula is valid up to n—-2

oy oL n-2 p-1
G(n=2) 2(1 /1)“2 (log (1—2))(log (1 — 4)) Wl_,,[m b2 (62)

divisors of n—-2

Given that

(e | 22 (N 2N () L (2
J'Cz {?LsmhLEU +ZzzksthU COShLEJ-FZ Chleg)

—zzchi[élgﬂdz (6.3)

= ”i(_5pl+p2,n—8 +...)
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the recursion relation derived from §2 and Eq. (5.7) is

25,G(n—-2) + 6, (—%G(n ~6) —%G(m ~10) +%G(n ~14)+ j (6.4)

+0, (4G(n -6) +§G(n -10)+ j +0,(-G(n—8)+...)+...
=26,G(n-2)
(6.5)

implying that

1% L g+ 2 gm-
(€_4§+"'JG(H) —( 180G(n 4)+150G(n 8)+...) (6.6)

0

+%(§G(ﬂ —4)+ mj+%(—c(n -2)+.)+..

0 0

If, for example, @ is set equal to zero, _((Z;f O)zg;) =2.259440952 %107 and
2

2
RO 9380367687 x10°*.
(z°£:)0)

It can be verified that, if @=0,, subsequent terms in the series

—%G(n —4)+ %G(n —8)+... are 0.066306374G (1 — 12) +2.463623672x 10>

G(n—16)+5.864504992x10°G(1n—20) +... .

The angles {HGM}, at which the derivatives of f,,f,,...f, 5
are evaluated, must be chosen such that each term is integer. The
equations for G(m), m<n, and the asymptotic formula (6.2), will
indicate that there exist values of {6, ,} yielding an expression
3
%

(%G(n—4)+...) + %(—G(n —-2)+...)+... with a sufficiently large magnitude.
0

Since the determinant (4.6) depends on z""'f/(6, ,,) and within the

range of [(96’" &0t g], where ¢ ~ %, each entry in the matrix would

1
be multiplied by at most a factor of [11] and the determinant would be

n
26"
altered by at most a factor of (1+Zj — ¢ for n>>1. This factor is

not sufficient to change significantly the rapid decrease of §, with respect
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to (. Overlapping of the intervals for each n covers the entire angular
range since Zf;’:s % > 27 for N > 4820.
%

Provided that the initial ratios 5*,%3,... are not too large and the
0 0

angles 6. ,, (<mn;, where n; is an integer defining the dominant
contributions to G(n) in the nonsingular combination, are chosen such
that the cos(g;,,) # 0, it follows that, if the recursion relation (6.5)
holds for G(m), m<n-2,, with the asymptotic formula valid for G(m),
G(n)= O[Wj for angles {HG’M} in a neighbourhood of {6, }
for any m<n-2. The values of 6, , (<n, always can be selected
to have this property by the asymptotic formula for G(n) [9], with the
remaining terms determining the accuracy of the estimate.

Therefore, if the estimates of the number of Goldbach partitions of
even integers less than n are valid, it may be demonstrated that there is
an expression of n as the sum of two primes, and indeed, the number
of such binary partitions of # can be bounded below by a fraction of the
asymptotic estimate for n — 2. A potential problem stems from the the use
of the fraction of the asymptotic estimate of G(n—2) for the inductive
proof of the lower bound for the number of Goldbach partitions of 7+ 2.
Continuing the inductive argument indefinitely, the number of binary
partitions of n+k would be bounded below only by f f,...f,G(n-2)
which could tend to a number arbitrarily close to zero as k — . However,
it is sufficient to establish a bound of the form (6.1) with A >1+¢, ¢>0,
for G(n), given the estimate (6.2) for G(m), m <n-2, because this bound
increases with n. The possibility of factor 1— % decreasing with n is vitiated
by the coefficients in the recursion relation. o

Itis clear that G(n) will vanish for some odd integers and shall be non-
zero for other odd integers, depending on the occurrence of twin primes.
The inductive proof for even integers does not rely on this property. From
the recursion relation (6.4) and the estimates of ? and 6, ,, it follows

) m,
that the nonvanishing of {G(m)}, 4 <m <n—2,meven, is sufficient for the
derivation of the non-zero lower bound for G(n), n > 6, n even.

7. Congruence Relations for Goldbach Prime Pairs and the Generation
of Partitions of Even Integers

If n is an even integer, for any prime p,, there always exists k, such
that
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272i™ 27i(ML

7)k1 E
2 e )m<u 71

m = p,k, (mod n)

Given another prime p,, there exists an integer k, such that

(2m { ik +pyky )
2| 22 2 P22
e L"]:e e (7.2)
Suppose that the Goldbach conjecture is valid for all even integers

PP
27i(30) 627”(%)

2m <n-2. Then there exists primes p,,p, such that e It

follows that the two congruence relations are satisfied
ak +ak, = 2m(modn) (7.3)
a,(k, —1)+a,(k, -1) = 0(mod n)

for some prime pair (p,,p,). Conversely, if the two congruences are
satisfied, a Goldbach prime pair can be obtained from p, +p, = 2m (mod n)
after imposing the condition p,,p, <n.

For any two distinct primes p,, p,, there exist integers &, ¢, such that
p,&, +p,&, =1. The relation also implies that gcd(e,,s,)=1. If k k, are
integers defined by p k, +p,k, =2m for a pair of primes p,,p,, then they
must equal 2me, —on, 2me,—o6,n, where 9,0, are maximum integers
such that 2mes —o6n>0,2me, -~6n>0. Then gcd(k,,k,,n)=gcd2me, —
o,n,2me, —o,n,n) = gcd(2m,n)| 2m. The number of incongruent solutions
to ak, +a,k, =2m (mod n) would be n gcd(k,,k,,n).

Theorem 3 : There exists a prime solution less than n, to the congruence
conditions

1.1 ’ !
a k! +ayk)

a! (k! —1)+al (k. —1)

1l
=

(mod 2n) (7.4)

0 (mod 2n)

with one of the following forms:
(i) P{ =P +G, 2%
(if) p; =57+ C,
n ~
--1+p

(iii) py=2—+C,

32b
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if ﬁ is an even integer.

Proof : If k;

1772

k, are even, they can be chosen such that ged(k;

25

~1,2n)=1

and k; -1 has an inverse. More generally, if 2° ||k,’~1, from the second

congruence condition,
-1

k'
2°a) = —a;(k; -1) (mod 2n)
and
-1
, N .
a; | k| ——k o (k; =1) = = n(mod 2n)
(-
When 2 [ki—lk;(k;—l)tkz_l ) },
2° 2° .
b _r _ ' 2 k
2’a; = Z_bkl e k} (k] -1) n (mod 2n)
However,
-1 -1
, , k-1
z—bk1 o ki (k) —1)| =
-1 -1
’ ’ k ]' n
9 kl b+c Z(k -1 E
-1 -1
.1 k; - n
_k b k) (k; =1) 5 >

Congruence relations modulo ,

~ n ~ n n
plkl + pzkz E (mod n)

B, (k" =1)+p,(k! =1) = 0(mod n)

(7.5)

(7.6)

(7.7)

(7.8)

(7.9)
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can be satisfied by primes if there exists an even integer 2s such that
2s (pk! +2s k) =p, (k! =1)+p, (k) 1) or

p.((2s, —Dk! +1)+p,((2s, =1k +1)=0 (mod n) (7.10)

This equation can be solved if the primes are equal. When
p, # P,, it must be established that there exists a value of s, such that
(2s, -1k =(2s, —1)k,, (mod n) is congruent to —1 or 0. In the first instance,
k] =k, (modn), while there is a soulution to the second congruence only
if k; =k} =0 (mod n).

By Eq.(7.9), there is a prime p, which equals

-1 -1

1 ” "opn k"_l n
?k] _21’” k) (ki —1) 5 (7.11)
-1
where 2|k} —1 and 2" " ki _7k2(k1 _1)["2 1} ] Since
2¢
-1 -1
' ' (ké_l\ d 7.12
z—bk1 zm ke (k; 1)L - J (mod 1) (7.12)
-1
(.
k! -1
§k{ 2;,1+c k. (k! — 1)L ZZCJ (modn); ,
it follows that
-1 -1
' ' (kz'_ﬂ 713
—bk] 2b+c k; (k! 1)L - J (7.13)
-1
1 [kr_l\71
= ?kl' e k) (k! — 1)L ZZCJ (modn); +Cn
(mod 2n)

Then
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?k{ P 2 (ki =1) (mod n) (7.14)

1 ., Kk, -1
2C

1 ” 4 k"
K (k) -1)

R
= ?kl_

”n "
for some b',¢', k;,k, <n, and

-1 -1
kr
RNV K, (k! —1)

7k ok (7.15)

n
2

Y k” 1
z_bk - 2b +c’

k" (k" 1)

2
2ic, L (mod 2n)
2 12

2

= p, +C, +Cn (mod 2n)

for some prime p, since there exists a Goldbach partition of g From
Eq.(8.7),

2"a = 2"'p + Cn*+ 2C,n (mod2n)  (7.16)
, Cn’+2Cn
a= 2"""p % (mod 2n)

As p, is a prime, Eq (8.15) is consistent only if b'>b—1. Since b' <D,

-1
this implies that b’ equals b—1 or b. The expression {ki’lc,kg(ki'l)[kgc_,l] ]
2 2

is derived from pk; +p,k, E%(mod n), which has one factor of two

less than a'k; +a,k,. This factor of two may be contained in 4, or

' 1 70,40 k' -1
kl—zckz(kl—l)[ -

a1
J . For a prime solution a; =p,, the factor of two

must arise in the latter factor, implying that b'=b-1.
Switching the roles of a; and 4, in the congruence relations, a similar
formula for a; is obtained. By Theorem 2, consider a Goldbach prime pair

p,,p,,and let p. > p,.Then, p,—(2"" —CB)% <g and 2p, -2(2"" —Cs)zib
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equals either 2p,, p,+p, or 1+p,, the first two expressions following
from existence of Goldbach partitions of even integers less than n and the
last from the possibility of including one in the solution to the congruence
conditions.

Then, one of the three equations holds

~ _ n
py= Py +(2' 1—C3)§ (7.17)
5oem ,
pé = —pz 2P2 +(2h ! _C3)2_b
. 1+p _ n
pzz > 2+(2b]—C3)?.

Since p; +p, =n, the complementary relations are

, . n
P = P1+C3? (7.18)
. PP n
n=Tg oy
n ~
—=1+p
' 2 1 n
P = TH%Z—W

h ~ ~ _n d~! ~r _n Th t f . ~ tf

where p, +p, =~ and p, +p, = . The existence of a prime p, satisfying
one of these equations is a consequence of the congruence relation (7.15)
and the existence of a Goldbach partition of % o

For any Goldbach pair (p,,p,), it remains to be demonstrated that
there exist primes of the form given in Eq.(7.17). Clearly, there are an
infinite number of primes of the form p, +kn2" by Dirichlet’s theorem.
While the magnitudes of these primes have not been established, there
must be a prime p, and 2p,, which is required by the above theorem.

8. Conclusion

The recursion relation for G(n) derived from the integral identity is
shown to yield a lower bound for G(n), given that the asymptotic Hardy-
Littlewood estimate holds for integers less than 7 —2. Since angular limits

of lim. =2
Z—>

o, may be chosen such that the estimate is valid, the coefficients

of the leading terms will be significantly greater than the remaining terms.
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the evaluation of the limits for a different angular parameter does not alter
the positivity of the linear combination of {G(m)}. This result is confirmed
by an explicit formula for the primes in a partition of 7, given the prime
partitions of g It follows that any even integer n>6 is the sum of two
odd primes.

The support function must be selected to have no effect on the
general result regarding the lower limit for G(n). The Skolem-Mahler-
Lech theorem states that the measure of the set of zeros of an arithmetic
function satisfying a linear recurrence relation would be vanishing within
N if no periodicity can be established [16]. Since periodicity would require
vanishing of G(n) for n less than a given bound, it would be contrary
the nonvanishing of the number of Goldbach partitions of even integers
less than this upper limit. Consequently, it is evident this condition will
characterize any exceptional set of values for which G(n) equals zero
with a generic support function yielding nontrivial relations derived
from the equality of the integrals over the unit disk in the (z,z) and
(r,0) coordinates. The class of support functions yielding positive values
of G(n) would be related by a differentiable mapping that preserves
the conditions compatible with a nontrivial set of independent linear
equations with a solution for the number of Goldbach partitions.
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