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Abstract

In 2021, the Sombor index was introduced by Gutman, which is a new vertex-
degree-based topological index. The Sombor index of a graph G is defined as

s0G)=Y

and U, be the set of trees and unicyclic graphs on n vertices with fixed matching number

dZ(u)+d%(v), where d,(v) is the degree of the vertex v in G. Let 7,

uveE(G) nm

" E-mail: zhouting@cumt.edu.cn
*E-mail: 1lnlinzhen@l63.com (Corresponding Author)
S E-mail: miaolianying@cumt.edu.cn

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
dx.doi.org/10.1080/09720529.2021.2015090

2206 T. ZHOU, Z. LIN AND L. MIAO

m, respectively. In this paper, the trees and the unicyclic graphs with the maximum Sombor
indexamong 7, ~and U are characterized, respectively.

n,m n,m

Subject Classification: 05C05, 05C07, 05C35.

Keywords: Tree, Unicyclic graph, Sombor index, Matching number.

1. Introduction

Let G be a simple undirected graph with vertex set V(G) and edge
set E(G). For veV(G), N_(v) denotes the set of all neighbors of v, and
d.(v)=| N (v)| denotes the degree of vertex v in G. A pendant vertex of
G is a vertex of degree 1. Let T, be the set of all pendant vertices of G.
Particularly, for v e V(G), denote F.(v) the pendant neighbors of v and
let p,(v)=|TF.,(v)|.Let P, and C, denote the path and the cycle with n
vertices, respectively. Let T, , shown in Fig. 1.1, be the tree obtained
by attaching a pendent vertex to m—1 non-central vertices of the star
S, w1, and let U, shown in Fig. 1.1, be the unicyclic graph obtained
by attaching 7 —2m+1 pendent vertices and m -2 paths P, to one vertex

of acycle C,. Itis easy to see that 2<m < L%J and bothof T, and U,

contain a matching with m edges. In particular, they have perfect matching
for n=2m.

The Sombor index of a graph G is SO(G) = X, .x e\ 46 (w)+d&(v), which
is a new vertex-degree-based topological index proposed by Gutman [9].

n—2m+1.

em —1

n—2m+1 .

UQm, m Un, m

Fig 1.1
T, W, U

m, m! - n,m/ 2m, m/ n,m*

Graphs T,
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The investigation of the Sombor index of graphs has quickly received
much attention. Cruz et al. [4] studied the Sombor index of chemical
graphs, and characterized the extremal graphs with respect to the Sombor
index over the following sets: (connected) chemical graphs, chemical trees,
and hexagonal systems. Das et al. [6] gave lower and upper bounds on the
Sombor index of graphs with given some graph parameters. Moreover,
they obtained several relations on Sombor index with the first and second
Zagreb indices of graphs. Deng et al. [7] obtained a sharp upper bound
for the Sombor index among all molecular trees with fixed numbers of
vertices, and characterized those molecular trees achieving the extremal
value. Réti et al. [22] characterized graphs with the maximum Sombor
index in the classes of all connected unicyclic, bicyclic, tricyclic, tetracyclic,
and pentacyclic graphs of a fixed order. Lin et al. [19] obtained lower
and upper bounds on the spectral radius, energy and Estrada index of
the Sombor matrix of graphs, and characterized the respective extremal
graphs. RedZepovié [21] showed that the Sombor index has good predictive
potential. For other related results, one may refer to [10, 11, 15, 16, 23] and
the references therein.

The following extremal value problem is of interest in graph theory
and mathematical chemistry.

Question 1.1 : Given a set G of graphs, find an upper bound for the
topological index over all graphs of G, and characterize the respective
extremal graphs.

Inspired by this problem, the topological index of special classes
of graphs are well studied in the literature, such as the (general) sum-
connectivity index of trees and unicyclic graphs with given matching
number[8, 14], the general Randi¢ index of trees with given matching
number [18], the hyper-Zagreb index of trees, unicyclic and bicyclic graphs
with given matching number [20], the Zagreb indices of graphs with given
clique number [24], the ABC index of trees with given degree sequence
[12], the Randi¢ index of trees with given domination number [3], etc.
Around the Question 1.1, we obtain upper bounds of the Sombor index of
trees and unicyclic graphs with given matching number, and characterize
the respective extremal graphs. The results as following:

Theorem 1.2 : If T €7, s ZSmSL%J, then

SO(T)<(n—2m+1)y n—m)’ +1+(m—1)y (n—-m)* +4 +\/E(m—1)

with equality if and only if T=T, .

1
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Theorem 1.3 : Let U € U, .. where 2<m < L%J Then

SOMU) < my (n=m+17 +4+(n-2m+1)y (n-m+17 +1+/5m-2)+,/8

with equality if and only if U=U,

m*

2. Preliminaries

The distance d_(u,v) between two vertices u, v of G is the length of
one of the shortest (u,v)-paths in G. We call M ¢ E(G) a matching in G if
its elements are edges and no two of them are adjacent in G. A matching
M of G is maximum, if G has no matching M' with |M'|>|M|. The
matching number of G is the number of edges in a maximum matching.
If M is a matching of G such that vertex v eV(G) is incident with an
edge of M, then v is said to be M -saturated, and if every vertex of G is
M -saturated, the matching M is perfect. Obviously, a perfect matching
must be maximum. We follow the notation and terminology in [2] except
otherwise stated.

Lemma 2.1: Let a and b be integers and a,b > 1.

(i) The function h,(x)= \/ X2 +a-— \/ (x=1)’ +a is increasing for x> 2.

(ii) The function h,(x)= \/ x2+b* - \/ x* +(b-1)* is decreasing for x> 2.

Proof : Calculating the derivative of functions &, (x) and h,(x), we have
the proof. 0

Lemma 2.2 ([17]) : Let U< R be an open interval and f:U—>U a
convex function. Let a,>a,>...2a, and b >b,>...2b  be such elements
in U that inequalities a +a,+...+a,2 b +b,+...+b  hold for every
ie(1,2,...,n} and equality holds for i=mn. Then, f(a)+ f(a,)+---+ f(a,)=
f(b1)+f(b2)+""+f(bn)-

Lemma 23 : Let u,€E(G), N,(u,)\N,(v,)=®, and denote by
Uys Uy, Uy, ..., U, and u,,v,,0,,...,0, the neighbors of u, and v,, respectively,
where s,t > 1. Let G be a new graph with vertex set V(G') = V(G) and edge set
E(G)=E(G)—{v, |1<i<t} +{u,v,|1<i<t}. Then SO(G')>SO(G).
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Proof : According to the given conditions, we have d_ (u,)=s+1,
d.(u,)=s+t+1, d.(v)=t+1, d.(v,)=1 and d (u)=d.(u,) for
1<i<s, d, (v],) = dG,(vj) for 1< j<t. Since f(x)=x” isa convex function,
by Lemma 2.2, f(s+t+1)+ f(1) > f(s+1)+ f(t +1). Thus we have

SO(G')-SO(G)

Z di(u)+dZ (v) - Z \ a2 (u)+d(v)

uveE(G') uveE(G)

> )+ () +Zt:\/dé,(uo)+dé,(vj) B (uy) + . (v,)

_ {ZS:\/dé(uO)+dé(ui) +Zt:\/dé(vo)+dé(vj) +\/d§(u0)+dg(vo)}

S +d () + 3 () +d (o) + (D) +1

- {Zsl\/ (s+1)* +d2(u,) + Zt:\/ (t+1)* + dé(vj) +\/(s+l)2 + (t+l)2}

> \/(s+t+1)2+1—\/(s+1)2+(t+1)2
> 0.
This completes the proof. U

3. The proof of Theorem 1.2

Lemma 3.1 ([13]) : Let T Esz, ,.» Where m>2. Then there exists u € P, such
that the neighbor of u is of degree 2.

Lemma3.2([1,13]): Let T €7, o where n > 2m. Then there exists a maximum
matching M and a vertex u € P, such that u is not M -saturated.

Lemma3.3:Let m>2 and T eT,

2m, m*

J8(n1=3)+2/5 <SOT) </ m?* +1+(m—1)\/ m* + 4 +[5(m-1).

The equality in the left hand side holds if and only if T=P, , and the
equality in the right hand side holds if and only if T =T,

Then

m,m"

Proof : First, we want to explain that the left side inequality is obvious.
Since P, €7, from [9], the path P  attains the minimum Sombor

2m 2m, m’
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index among all connected graphs of order n, so P, is also the minimum
Sombor index among 7,

m,m"*

Now, we consider the right side inequality. Let f(m)=4 m*+1

+(m=1) m* +4+ \/E (m-1). By direct calculation, we have
SO(T,,, )= f(m). Therefore, we next prove SO(T)<SO(T,, ,) by
induction on m. If m =2, it is easy to check that T = T4, , =P, the result
holds.

Suppose that m 23 and the result holds for trees in 7, , . Let

T €7, , with a perfect matching M. By Lemma 3.1, there exists u, € P,

2m, m

adjacent to a vertex u of degree 2. Then uu e M and T —{u,u} €7, , . .-
Letvbetheneighbor of u different from u,. Suppose N, (v) ={u,v,,...,v_,},
that is to say d,(v) =s. Here we have p,(v)=0 or p,(v)=1. Since T has a
perfect matching, every pendant vertex of T is M-saturated, so s <m. By

lemma 2.1 and the induction hypothesis, we have

SO(T) = SO(T —{ut,u,})++[ 5 +1d2 (v) + 4

+p;(0) [\/di(v)ﬂ ~Jd, @)1 +1}

+ [\/di(v)+d§(vi)—\/(dT(v)—l)z+d§(vi)}

i=pr(v)+1

_ SO(T—{u,uO})Jr\/gh/sz+4+pT(v)[\/52 +1-(s-1y +1}
) [\/sz+d§(vi)—\/(s—l)z+d§(vi)}
i=py (0)+1

< f(m—1)+\/g+\/m2+4+\/m2+1—\/(m—1)2+1
+(m-2) [\/m2+4—\/(m—1)2+4}
= f(m)

with equality if and only if T —{u,u}=T, ,, ., d.(v)=s=m, p.(v)=1,
d(v,) =1 and d (v,)=2 for 2<i<s-1, that is to say T=T, . This

2m,m

completes the proof. U

Proof of Theorem 1.2 : Let f(n,m)=m-2m+1) \(n—m)’+1+

(m-1)\/(n-m)>+4 +(m-1). By direct calculation, we have
SO(T, ,)= f(n,m). Therefore, we next prove SO(T)<SO(T, ) by
induction on n. If n=2m, the result follows from Lemma 3.3.

s—1

+
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Suppose that n>2m and the result holds for trees in 7 Let

n-1,m"

T €7, ,. By Lemma 3.2, there is a maximum matching M and ueP,

such that u is not M -saturated. Then T —u €7, ., If uweE(T), since
M is a maximum matching, v must be M -saturated. Note that there are
n-1-m edgesin E(T)-M, so d (v)-1<n-1-m, thatis d (v)<n-m.
Suppose N, (v)={u,v,,...,v_,}, that is to say d,.(v)=s. Here we have
1<p,(v)<s-1. Note that at least p,(v)-1 pendant neighbors of v are
not M -saturated, and there are n—2m vertices are not M -saturated in T,

then p,(v)-1<n-2m. By Lemma 2.1 and induction hypothesis, we have
SO(T) =SO(T — )+ d(0) +1 +(p, () - 1) [\/d;(v)u - J@,@)-17 +1}
Py [\/di(v)+d§(vi) - J@, -1 +d§(vi):|

i=pr(v)

=SO(T ) ++/s* +1+(p, (v) - 1) [\/sz +1-(s-17 +1J
Y [\/52+d§(vi)—\/(s—1)2+d§(vi)}
i=pr (v)

< f(n=1,m)+ (n-m)*+1

+(n—2m) [\/(n—m)2+1—\/(n—m—1)2+1}
+(m—-1) [\/(n—m)2+4—\/(n—m—1)2+4}

=(n-2m+1)y (n—m)* +1+(m—-1)y) (n—m)* +4 +(m—-1)

= f(n,m)
with equalities if and only if G-uz=T_  , d(v)=s=n-m,
pr()=n-2m+1,d (v)=1for1<i<p (v) and d (v,)=2 for p,(v)<i<
s—1, thatistosay T=T, . This completes the proof. U

4. The proof of Theorem 1.3

For a unicyclic graph U, we assume that the cycle C, =uu,...u,u, is
the unique cycle of U. Let T, =T be the tree component containing u, in
U -E(C,).

Lemma4.1([5]): Let Ue U,, ., m23. If ueV(T,)N\TF, is furthest from the
root u, such that d, (u,u,)>2, then unique neighbor of u is of degree 2.
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Lemma 4.2 ([25]) : Let U e U, . where n>2m, and U#C . Then there
exists a maximum matching M and u € B, such that u is not M -saturated.

Lemmad43:letUec U where m>2. Then

2m, m’

2,/8m<SOWU)<my(m+17 +4 -+ (m+1) +1+./5(m—2)+.,/8.

The equality in the left holds if and only if U =C, , and the equality
in the right holds if and only if U =U

2m, m"

Proof : First, we want to explain that the left side inequality is obvious.
Since C,, €l,, ., from [22], the cycle C, attains the minimum Sombor

index among all unicyclic graphs of order n, so C,, is also the minimum
Sombor index among U4,

m, m"

Now, we consider the right side inequality. Let g (m)=m,/ (m+1)* +4

+4 (m+1)7 +1 +\/g (m-2) +\/§ . By direct calculation, we have

SO(U,,, )= g(m). Therefore, we next prove SO(U)<SO(,, ,) for any
ued,, N, . If m=2, itis easy to check that U e{U, ,,C,}, and
SO(C,)<S0O(U, ,), the result holds.

Next, suppose that m >3 and U has the maximum Sombor index
among U, . Let C, =uu,...u,u, be the unique cycle of U, we consider

the following two cases:

4,27

Case 1: For 1<i<k, if ueB, NV(T), then d, (u,u,)=1. In this case,
U is a graph obtained from C, by attaching some pendant vertices to
u, for 1<i<k, where m<k<2m. Since every pendant vertex in U
is M -saturated, we have d, (1,)<3 for 1<i<k. If m<k, then there
exists at least one edge uu,,, . 4\ Of C, such that wu, .. M. Let

U'=U~-Ul, 3oy T U2 moarys Py Lemma 2.3, SO(U)<SOU"). This
contradicts to the choice of U. Therefore, m =k, that is to say, U is the

graph obtained by attaching a pendant vertex to each vertex of C . So
SOMU) =X, ceuy diw+diy () = (J18 +J10)m < g (m).

Case 2. There exists a vertex u and some i, €{l,2,...,k} such that
ueB,NV(T, ) and d,(u,u, )>2. In this case, let v be the unique neighbor
of u, by Lemma 41, d, (v)oz 2. We prove our results by induction on m.
Suppose that m 23 and the result holds for unicyclic graphs in U, , ;-
Since uwveM and U-{u,v} €Uy, 5, Let w be the neighbor of v

different from u. Suppose N, (w) = {v,w,,...,w_,}, thatistosay d,(w)=s.
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Similarly, we have p,(w)=0 or p,(w)=1. Since U has a perfect matching,
every pendant vertex of U is M -saturated, we have d,(w)=s<m+1. By
lemma 2.1 and the induction hypothesis, we have

SOU) = SOU —{ut,0})+[ 5+ & (w) + 4

+p, () [\/df,(w)+1 - J@d, @) -1y +1}
[\/ 42 (w) + 2 (w,) — (d, () - 17 +dfl(wl,)}
i=py (w)+1
= SOWU—{u,0])+[5+[s +4 +pu(w)[\/sz +1-(s-1) +1}

[\/sz +d2(w,) —f(s-1) +df,(wl,)}
)+1

s—1
+

s—1

+

i=p,(w

g(m—1)+\/g+\/(m+1)2+4+\/(m+1)2+1—\/m2+1
+(m-1) [\/(m+1)2+4—\/m2+4]
g (m)

IA

with equalities if and only if U —{u,0}=U,, , ., p,(w)=1, d,(w)=1,
dy(w,)=2 for 2<i<s-1 and d (w)=s=m+1, thatistosay U=U,,
This completes the proof.

Proof of Theorem 13 : Let g(n,m)=m\(n-m+1)°+4
+(n-2m+1) (n-m+1>+1 + \/E(m -2)+ \/g By direct calculation, we

have SO(U, )= g(n,m). Therefore, we next prove SO(U)<SOU, ,) by
induction on n. If n=2m, the result follows from Lemma 3.3.
Suppose that n>2m and the result holds for unicyclic graphs in

m*

U, .- LetUel, .ByLemmad4.2,thereisamaximum matching M and
u € P, such that u is not M -saturated. Then U-u e, . If uv e EU),

d,(v)<n-m+1. Suppose N, (v)={u,v,...,0_,}, thatis to say d,(v)=s.
Here we have 1< p, (v) <s-1. Note that at least p,(v)—1 pendant vertices
of vare not M -saturated, and there are n —2m vertices are not M -saturated
in U, then p,(v)-1<n-2m.By Lemma 2.1 and induction hypothesis, we
have

SOU)= SOU —u)+(p, () ~1) [\/dz(v)drl—\/(du(v)—l)“rl}

+ SZ_l [\/df,(v)+dfl(vi) —\/(du(v)—1)2 +d§(vi)}+\/d§(v)+1

i=py(v)
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= SO(U - u)+(p,()-1) _\/sz+1—\/(s—1)2+1}

* Si [\/52+df,(vi)—\/(5—1)2+d5(vi)J+\/sz+1

i=py (v)

< g(n—1,m)+(n—2m) _\/(n—m+1)2+1—\/(n—m)2+1]

+m [\/(n—m+1)2+4—\/(n—m)2+4}+\/(n—m+1)2+1
= g(n,m)

with equalities if and only if U-u=U, _, , p,(0)=n-2m+1,d,(v,)=2
for p,(v)<i<s-1and d,(v)=s=n-m+1, thatistosay U=U, . This
completes the proof. UJ
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