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Abstract

The goal of the study is to introduce SUP-ideals on Sheffer Stroke UP-algebras (briefly,
SUP-algebra) and its properties. We define SUP-ideals of SUP-algebras and then prove some
properties. By describing a congruence relation on a SUP-algebra by the SUP-ideal, it is
shown that the quotient set defined by the congruence relation is a SUP-algebra. Finally,
SUP-homomorphisms on SUP-algebras are determined and the relationships between SUP-
ideals of SUP-algebras are examined by means of the SUP-homomorphisms.
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1. Introduction

The Sheffer operation (or Sheffer stroke), introduced by H. M. Sheffer
[16], is a single binary operation representing all Boolean operations
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or axioms on Boolean algebra [6] which is the basis of all modern
programming languages. Thus, Sheffer operation provides some new
developments in computer science. Besides, this operation is also used in
algebraic structures such as orthoimplication algebras [1], ortholattices [2],
Sheffer stroke UP-algebras [7], Sheffer stroke Hilbert algebras [8], fuzzy
filters [9], strong Sheffer stroke non-associative MV-algebras [3] filters [10]
and (fuzzy) filters of Sheffer stroke BL-algberas [11].

On the other side, UP-algebras which are generalizations of KU-
algebras were introduced and developed by A. lampan. Also, he studied
ideals, subalgebras, a partially ordered relation, congruences, filters,
homomorphisms, some properties on this algebraic structure and the
relationship between them [4]-[5]. Then D. A. Romano deeply studied
UP-ideals, UP-filters, a congruence relation and various properties of UP-
algebras [12]-[14]. Moreover, he introduced UP-algebras with apartness
[15].

We present basic definitions and notions of Sheffer stroke UP-algebras
(in short, SUP-algebras) and Sheffer operation. Then we define a SUP-ideal
of a SUP-algebra and give some properties. It is shown that the class of all
SUP-ideals of a SUP-algebra forms a complete distributive lattice, and that
every SUP-ideal of a SUP-algebra is its SUP-subalgebra but the inverse is
generally not true. By describing a congruence relation on a SUP-algebra
by its SUP-ideal, the quotient set on the algebraic structure is constructed.
Also, we prove that the quotient set states a SUP-algebra, and build its
SUP-ideal. Indeed, we determine a SUP-homomorphism on a SUP-algebra
and indicate that the kernel of a SUP-homomorphism on a SUP-algebra is
the SUP-ideal. Finally, it is demonstrated that features of SUP-ideals are
preserved under the SUP-homomorphisms.

2. Preliminaries

In this section, basic definitions and notions about Sheffer stroke UP-
algebra are given.

Definition 2.1: [6] Let A =(A,|) be a groupoid. The operation | is said to
be a Sheffer stroke operation if it satisfies the following conditions:

SHxly=ylx,
(82) (x[x)[(x|y)= x,
S x (w12 (ylz2)= (x| (xIy)z,
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($4) (1) [y Ty [ ([ ) [y [ y) = x.

Definition 2.2 : [7] A Sheffer stroke UP-algebra (briefly, SUP-algebras) is
a structure (A,|) of type (2) such that 0 is the fixed element in A and the
following conditions are satisfied for all x,y,z€ A:

(SUP-1) (] (x [Nz LNy [T [y Ty (Y (x[x)]
@Iz G lo) |z o) (v [ xlo) [z Ty
(LD Ty =0,

(SUP-2) x|x=x|(0]0), and

(SUP-3) (x|(yly)I(x[(y1y))=0and (y[(x]x))|(y|(x|x))=0 imply
x=y.

Lemma2.1:[7]InaSUP-algebra (A,|), the followinghold forall x,y,z € A:
D (el lx)) (x| (x]x))=0.

2) Iy I(x|x))=0and (z|(yy)(z|(y|y) =0 imply
(z](x[x)[(z](x]x))=0.

B) I LNy [ xlx)) =0 imply ((y [z 2) [y [(z]2)) [ (x| (z] 2)))
(2D [y (2D (x| (z]2)))=0.

(@) 1 I) [y (x]x) =0 imply ((z] (x| )z x [Ny
(D[ x N (z](y ) =0.

G) (I IyNIC I Iy (el Ty Iy Ty)) (x| x)) = 0.
6) x|(x[(y1y)=010if and only if x|x=x|(y|y).
@) (1@ Ty ) (@ Ty G Ty (x]x)=0.
(8) x|0=0]0.

Proposition 2.1 : [7] Let (A,|) be a SUP-algebra. Then the binary relation

x< y if and only if (y|(x|x))|(y|(x|x))=0 is a partial order on A.

Lemma 2.2 : Let (A,|) be a SUP-algebra. Then

(1) x< y implies
@ yl(zlz)< x|(z]2),
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0) z|(x[x)< z[(y[y),
(2) x<y ifandonly if y|ly< x|x,

B ylx|x)<x,

@ y< I [0)(yI(x]x),

(5) x< y implies x< (y|(z|2)[(y | (z]2)),

©) z[(yly)s z|(y [ (x[x)),

@) (I EI Iy xl)< z[(y | (x]|x)) and

@) x| (w1l (yI(z[2)< x|y Iy) (x| (z]2))[(x](z]2),
forall x,y,z € A.

3. Ideals of SUP-algebras
In this section, we give some definitions and notions about SUP-

ideals of a SUP-algebra. Let A be a SUP-algebra, unless otherwise is stated.

Definition 3.1: A subset [ < A is called a SUP-ideal of A if it satisfies the
following properties:

(SUPi=1) y e ] imply (y|(x[x))[(y|(x[x)) e ],
(SUPi=2) (yl(x[x))|(y|(x[x) e ] and x e ] imply y e ],
forall x,ye A

Example 3.1 : Consider the SUP-algebra (A,|), where A{0,a,b,c} with
Cayley table as below [7]:

| 10 a b ¢
0la a a a
ala 0 ¢ b
bla c c a
cla b a b

Then it is clear that A itself and {0} are SUP-ideals of A. Also, {0,b}
and {0,c} are SUP-ideals of A.

Lemma 3.1: If ] is a SUP-ideal of A, then x< y and x € | imply y e J, for
all x,y € A.
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Proof: Let | be a SUP-ideal of A. Then we obtain from Lemma 2.1 (1) and
(SUPi—1) that O=(x|(x|x))|(x|(x|x))e ], for all xe A.Let x< y and
x e J.Since (y|(x|x))|(y|(x|x))=0¢€ ] from Proposition 2.1, it follows
from (SUPi— 2) that y € J. O

Theorem 3.1: Let | be a subset of A such that 0 € J. Then | is a SUP-ideal
of A if and only if (z|(x[x)) [(z|(x[x))¢ ] and ye ] imply ((z[(y|y)) ]
ElyIy) T &) [ (I Iy) | @Iy [ (xlx) e ], forall x,y,z e A

Proof: Let | be a SUP-ideal of A, (z|(x|x))|(z|(x|x))¢ Jand ye |.
Assume that (((z[(y ) [ Iy 1y | x]x)) [ (YD ]I @Iy) ]
(x|x)) e J.Since  (((z|(x|x) | (z|(x|[x)) [ (W 1y) | ((z](x|x) | (z|(x]|x)))
L ly) = (Glyly) | ElGly) | ) | (1@iy) | i) |
(x|x)) e J from (S1) and (S3), we get from (SUPi— 2) that (z|(x|x)) |
(z(x]x)) e ] which contradicts with the hypothesis. Thus, it has to be
(I Iy &) (I GIy) | I yIy) | (x]lx) e ]
Conversely, let | be a subset of A such that 0 J, and (z|(x]|x))
| (zl(x[x))¢ ] and ye] imply (zI(yIy)I|EIyIy)I|(xIx)]
(lylynllwly) | (xlx)e ], for all x,y,ze A. Suppose that
WIxx) [ (yl(x[x))¢ ] and ye]. Then 0=(0|0)[(0]0) = (0](x|x))
L Of(x[x) = (I I Wl | i) [ (@ Iyiy) | GIyiy) |
(x]x)) e | from (S1), (S2), Lemma 2.1 (1) and (8) which is a contradiction.
Thus, (y|(x|x)) | (y|(x|x))e ], ie, (SUPi—1) is satisfied. Assume
that (y|(x|x)) | (v|(x|x))e ] and xe | but y ¢ J. Since y=(y[(0]0))
| (y1(0]0)) ¢ J from (S2) and (SUP- 2), we have (y|(x|x)) | (y|(x]|x))
= (1l | (wlx[x))) | 010) | ((wI(x[x) | (yl(x|x)) | (0]0)e ]
which is a contradiction. So, ¥ € ] which means that (SUPi— 2) is proved.
Thereby, ] is a SUP-ideal of A. O

Theorem 3.2 : Let | be a subset of A such that 0 € |. Then | is a SUP-ideal of A if
andonlyif xe [ and y ¢ | imply (y|(x|x)) | (v|(x|x)) ¢ ], forall x,y € A.

Proof: Let | be a SUP-ideal of A. Suppose that x e | and (y|(x]|x)) |
(yl(x|x))e ] but ye]. Then it contradicts with (SUPi— 2). Thus,
W) | (1) 2 J.

Conversely, let [ be a subset of Asuchthat 0 e J, and xe [ and y ¢ |
imply (y|(x|x)) | (y|(x|x)) ¢ ], forall x,y € A. Assume that y € | and
WIxx)) [ (yIxlx)e]. So, 0= (0[0)[(0[0)=(O(x]x))|(O]x]x))
= (I ] GG | @) 1 (@I | @Iy | xlx) =
(@ IGI) T @I | @) | (@) | @lE) | Gl e
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which is a contradiction. Thus, (y|(x|x)) | (y|(x|x))e | which means
that (SUPi—1) holds. Also, (SUPi—2) is clear from the hypothesis.
Hence, | is a SUP-ideal of A. O

Theorem 3.3 : Let | be a subset of A such that 0 € J. Then | is a SUP-ideal of A
if and only if (z|(x|x)) | (z|(x|x)) & J and ((z|(y|y) | |y 1y))) | (x]x))
L (1Y) Iy | (xIx) e | imply y ¢ ], forall x,y,z e A.

Proof: Let | be a SUP-ideal of A. Assume that (z|(x|x)) | (z|(x|x)) ¢ | and
(@I I @Iy L) | (I [ EIGIy)) | (x[x)e ] but
y € J. Then it is obtained from Theorem 3.1 that (((z| (v |y)) | (z| (v |v)))
[ (x12)) | (IWlyn | (zIyly)) | (x]x))e ] which is a contradiction.
Hence, it mustbe y ¢ J.

Conversely, let | be a subset of A such that 0e J, and (z|(x|x))
| (z[(x|x)) & ] and (1Y) T | xl0)) [ (1) ]
I ly))) | (x|x))e ] imply y ¢ |, forall x,y,z € A. Suppose that x € |,
ye ] and (yl(x[x) | (y|(x[x))e . Since (y[(010))|(y1(010)=ye ]
and (v 1 Ce[x)) [ (y[Cx]x))) [ (010) [ (((y [(xx)) [ (y[(x|x)) | (0]0)) =
Wlxlx) | (yl(x|x) e ] from (SUP-2) and (S2), it follows that x ¢ |
which is a contradiction. Thus, (y|(x|x)) | (v |(x]|x)) ¢ J. Therefore, ] is a
SUP-ideal of A by Theorem 3.2. a

Corollary 3.1 : Let | be a subset of A such that 0 € J. Then ] is a SUP-ideal

of A if and only if (y](x|2)) | (v (x|x)) e | and yg ] imply x ¢ ], for all
x,ye A

Theorem 3.4 : The family 3, of all SUP-ideals of A forms a complete distributive
lattice.

Proof: Let {] },_, be a family of SUP-ideals of a SUP-algebra (A, ). Assume
that y € N,.,J,- Then y e J,, forall i e I. Since ], is a SUP-ideal of A, for
allie I, weget (y|(x|x)) | (y|(x|x)) e ], forall i e I whichimplies that
W11 | (1@ 10) € N, Also, let (y](x0) | (] (x] %) € N,.,J, and
xeNit,- So, (yl(x|x) [ (yl(x|x)) € J,and x e ], forall i e I. Since J,
isa SUP-ideal of A, forall i € I, wehave y € |, forall i e I which means
that y € N,.,J,. Thus, N,.,J, is a SUP-ideal of A. Let Q be the family of all
SUP-ideals of A containing the union U, J,. Then NQ is a SUP-ideal of A.
If Aver], =Nici ], and v, ], =NQ, then (3,4,v) isa complete lattice. Also,
it is distributive from the definitions of \v and a. O



IDEALS OF SHEFFER STROKE UP-ALGEBRA 2263

Corollary 3.2 : Let y be a subset of a SUP-algebra (A,|). Then there is the
minimal SUP-ideal { z) containing the subset y.

Proof: Let M ={]: ] isa SUP- ideal of A containing yc A}. Then (M is
the minimal SUP-ideal of A containing yc A. O

Definition 3.2 : [7] Let A=(A,|) be a SUP-algebra. A subset B of A is
called a SUP-subalgebra of A if the fixed element 0 of A is in B and (B,|)
forms a SUP-algebra. Clearly, A and {0} are SUP-subalgebras of A.

Lemma 3.2 : Any SUP-ideal of a SUP-algebra is s SUP-subalgebra of this SUP-
algebra.

Proof: Let (A,|) be a SUP-algebra and | be a SUP-ideal of A. We have

already known 0e ] since | is a SUP-ideal of A. Then | satisfies

(SUP-1)- (SUP-3) for all x,y,z€ ] because Jc A and A is a SUP-

algebra. Thus, (J,|) be a SUP-subalgebra of A. O
However, the inverse of Lemma 3.2 is not true.

Example 3.2 : Consider the SUP-algebra A in Example 3.1. A subset {0, 4}
of A is a SUP-subalgebra of A but it is not SUP-ideal of A.

Definition 3.3 : Let | be a SUP-ideal of A. Define the binary relation ~
on A as follows:

x~,y if and only if (y|(x|x)|(|(x|x)e] and (x|(y|y) |
(xl(yly) e ], forall x,y e A.

J

Example 3.3 : Consider the SUP-ideal ] ={0,c} in Example 3.1. Then
~= {(O, 0)/ (a, a)/ (b/ b)r (Cr C)r (Or C), (Cr 0)/ (Cl, b)r (br ﬂ)}

is a binary relation on A. In fact, it can be seen easily that ~, is an
equivalence relation on A.

Definition 3.4: If xRy implies x|zRy|z, for all x,y,z€ A, then an
equivalence relation R on A is called a congruence.

Example 3.4 : Consider the SUP-algebra in Example 3.1. Then the
equivalence relation 8={(0,0),(a,q),(b,)),(c,c),(0,b),(b,0),(a,c),(c,a)} is a
congruence on A.

Lemma 3.3 : An equivalence relation R on A is a congruence relation if and
only if xRy and zRt implies x|zRy|¢t, for any x,y,z,t € A.



2264 T. ONER AND T. KATICAN

Proof: Let R be a congruence on A, and let x,y,z,t be arbitrary elements
in A such that xRy and zRt. Then, it follows from (S1) that x |zRy |z and
y|zRy|t. Thus, we have x|zRy |t from transitivity of R.

Conversely, assume that xRy and zRt imply x|zRy|t,, for any
x,y,z,t € A. Let x,y,z be arbitrary elements in A such that xRy. Since
zRz, we have x|zRy|z from the assumption. Then, R is a congruence
relation on A. O

Lemma 3.4: Let | be a SUP-ideal of A and the relation ~ | is defined as Definition

3.3. Then, ~ is a congruence on A.

]

Proof : We first show that the binary relation ~ is an equivalence relation

]
on A.

* Reflexive: We have already known (x| (x|x)) | (x](x]|x))=0 from
Lemma 3.1 (1). Because | is a SUP-ideal of A, we have (x|(x]|x)) |
(x[(x|x))=0€ ], ie, x~ x forall xe A

* Symmetric: Let x,y be any elements in A such that x ~, y. Then
Y1) [ (yl(xlx) e ] and (x[(y[y) | (x[(y]y)) € J. From here,
we obtain (x|(y[y)) | (x|(yly) e ] and (y|(x|x)) | (yI(x[x) e ],
ie, y~, x

e Transitive: Let x,y,z be any elements in A such that x~, y and
y~,z Then (y[(x[x) | (yl(xlx)e ], [yl xl(yly)e]
and (z[(y|y) | zl(wly)e], (yl(z]2) | (y|(z]2) e ]. Since

([ el [z [ e [Ny [ LN Tz ] ([ ) [z e [N (v [ (x [ ))) ]

(@Y I IyDIE YTy @Iy Tz G o) [z x]0)]

(LR I((CalearENl Al EINICAICI RN (CAANDI AL

(I Ty)

= (Gl EE NG IET Ty
(1l G Ty (E T [N (Y [ (x[x))]

Iyl Iy)))) ((52) and (S3))
= Oe]. (SUP- 1)

and  (z[(y|y) [ zI(yly)e], it follows that (((z](x]|x)) |

) [ (1)) [ ([ ]x) | (z[x]x)) | (y[(x]x))) € ] from
(SUPi- 2). Since
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(1 [P [ DT T L) [ T T T L) [ T [ |

(1 [P [z T DT T L) [ T TN T [ F)) [y [ (x] x))))

= (1[N E TN Y LN (z] e[ [z [Ny (x]x) e ]
(52)

and (y|(x[x) [ (y|(x[x)) € ], we obtain (z|(x|x)) | (z[(x|x))e ]
from (SUPi— 2). Similarly, we have (x|(z]z))| (x|(z|z)) € J. Thus,
x ~, z. Therefore, ~, is an equivalence relation on A.

Finally, it is shown that the equivalence relation ~, is a congruence
onA. Let x,y,z,t be arbitrary elements in A such that x ~, y and z~ f.
Then (y | (x[0) | (y|(x[0) e I, x1(yIv) | x1(yIy)e ], and (t](z]2)) |
(tl(zlz) e ], IED) | (z[ED) e ].

(a,) By (S81)-(83), (SUP-1) and the fact that | is a SUP-ideal of A,
we have

(2 Iz T2 el 2) e T 2) [y T2 T Ty Ty Ty))) |

(T Iy TGl G Ty e L 2) [ el 2D [y [2) [(((x [ 2) [ (e [2)) [ (v [2))) ]

(((xl(yly))l(xl(yly)))l((xl(yly))l(xl(yly)))))

= ([ lx) [l [z (Celx) [ L) (Y 1y) (e [x) (x| x))]
AN AN (AR (CTENICAEINITCANCARCAR NN
(1 (e[ [ el [z (e F) [ e o) Ty Ty) (e fx) [ (x [ x))) |
EHY DTG TNy Ty () NG T Ty)))

= 0e].

Since (x|(y|y)) | (x|(y|y)) € ], we obtain from (SUPi— 2) and (S1)
that ((y[2) | (x|2) [ (x]2)) | ((y]2) | ((x[2) | (x]2))) € J. Similarly, ((x]z2)
(12 | W12 (121 (y12) | (] 2)) € J. Thus, x|z~ ]z

(a,) By substituting [x:=z], [y:=t] and [z:=y] in (a)),
simultaneously, it is obtained from (S1) that y [z ~, y|t.

From the transitivity of ~, and (S1), we obtain x|z~ y|t. a

Theorem 3.5 : Let | be a SUP-ideal of A and ~ be the congruence
relation on A described by |. Then (A/~,| ) is also a SUP-algebra where
A/J= A/ ~=|{[x]_:x e A} and the Sheffer stroke | on A/] is defined by
[x] | [yl =[xlyl_, forall x,y e A and ] =[0]_.

Proof: Assume that | is a SUP-ideal of A and ~ is the congruence relation
on A described by J. Let A/ J= A/ ~={[x]_:x e A} be a structure and a
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binary operation | on A/] be defined by [x] | [y] =[x|y]_ , for all
x,ye A

It is shown that J=[0] . Let xe[0] . Then x~0 which means
that 0=(0[(x[x))| (0l(x|x))e ] and x=(x[(0]0)) | (x[(0]0))e ] from
(52), Lemma 2.1 (8) and (SUP- 2). Thus, [0] < J. Since it is known from
(S2), Lemma 2.1 (8) and (SUP- 2) that 0=(0](x|x))| (0|(x|x))e ] and
x=(x](0]0))| (x](0]0) e J, for all xe ], it follows that x ~0 which
implies that x € [0]_, forall x e J. So, ] < [0]

It is clear from the definition of the binary operation | that |_is the
Shefferstrokeon A/ ] andsatisfies (SUP— 1)— (SUP- 2). Now, we indicate
that |_ satisfies (SUP- 3). Let ([x]_ | (Iy]. | 1) . (x]. . (. | [y].))
=[0]. and ([yl. | (xI. 1. [x1)) [ (Qylo [ ([x]. 1L [x].)) = [0]..  Then
[y [9)]

el yDL = (K1 (L L IyI) L (x11 (yl | [y].) = [0]. and
[ 1E10) | I = @yl L L) Lyl L (x| [x])
= [0] . which implies that (x|(y|y))| (x|(y|y))~0 and (y|(x]x)) |
(y1(x[x)~0. Since 0=©1(xI(y1y) | OIIWIY) e ], &lyIy)
|y = (@@l T EIGT) T O10) | (1) | (Il
1(010) e ] and O=O[y[x[x))NIOIyIxIx)) e ], (vI(x]x))]
(Wlxlx) = (((yIxlx) | (lIxlx)) | 010) [ (v ICx[x)) [ (v](x[x))) |
(010)) € J from (52), Lemma 2.1 (8) and (SUP- 2), it is obtained that
x ~y which means that [x]_=[y]_.

Therefore, A/ J= A/ ~={[x]_:x e A} is a SUP-algebra. O

Theorem 3.6 : Let | be a SUP-ideal of A. Then G is a SUP-ideal of A such
that ] = G ifand only if the set G/ ] ={[x], € A/]:x e G} is a SUP-ideal of a
SUP-algebra A/ ].

Proof: 1t is known from Theorem 3.5 that (A/],| ;) isa SUP-algebra. It
follows that ]=[0]] e G/]. Let [y]l € G/]. Then ye G. Since G is a
SUP-ideal of A, we get (v|(x|x)) | (y|(x|x))e G. Thus, ([y]] |] ([x]] |]
) | (Il | @] B1) = [y 1 GeL0) (1l o)), € G/ Tet (), |
(e, | L) 1, Iyl |, (2], |, ))& G/ and [x], & G/J. So, (y(x]x)
| (y1(x]x)) € G and x € G. Since G is a SUP-ideal of A, it follows that
y € G which implies that [y], € G/].

Conversely, it is proved from the definition of G/ J. a
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4. SUP-homomorphisms on SUP-algebras

In this section, we introduce some definitions and notions about SUP-
homomorphisms on SUP-algebras.

Definition 4.1 : [7] Let (A,|,) and (B,|;) be SUP-algebras. A mapping
f:A—>B is called a SUP-homomorphism if

Gl y)=f@ly f(y)
forall x,y € A.

Lemma 4.1: [7] Let (A,|,) and (B,|;) be SUP-algebras, and let the mapping
f A —B bea SUP-homomorphism. Then f(A) is a SUP-subalgebra of B.

Lemma 4.2 : Let (A,|,) and (B,|;) be SUP-algebras, and let the mapping
f A —B bea SUP-homomorphism. Then Kerf is a SUP-ideal of A.

Proof : Let the mapping f : A—B be a SUP-homomorphism and Kerf be
defined as {xe A: f(x)=0,}.

* Wehave 0, € Kerf since f(0,)=0,.
* Let y e Kerf. Then f(y)=0,. Since

OB (OB |B OB) |B (OB |B OB)

Oy s (F L FEN I Oy |y (fR) ] £(x)))
S S L fFN; W FR) 1 f(x))
fl, el ), (W, (1, )

from (S1)-(S2) and Lemma 2.1 (8), we get (y|, (x[, x)|, (vl,
(x1], x)) € Kerf.

e Let (v, (x|, x)I, (yl, (x], x)) € Kerf and x e Kerf. Then f((yl,
(xl, N1, l, (x|, x)) =0, and f(x)=0,. Since

0, fyl, el o)l (v, (xl, %))

(fW 1 )y fFCN 1 FW) ] (f) 5 f(x))

(fW; Oy 15 0D 1 (FW 5 Oy 1 05))

fW Iy fWD 1 FW g fW)

f)

from (SUP- 2) and (S2), it follows that y e Kerf.
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Thus, Kerf is a SUP-ideal of A. a

Theorem 4.1 : Let (A,|,) and (B,|,) be SUP-algebras, and let the mapping
f 1 A—>B be a SUP-homomorphism. Then, the followings are satisfied:

e If GisaSUP-ideal of A, then f(G) is a SUP-ideal of f(A).
e If His a SUP-ideal of B, then f '(H) is a SUP-ideal of A.

Proof:
* Suppose that G is a SUP-ideal of A. Let v € f(G)< f(A). Then there
exists y € G such that v= f(y). Since G is a SUP-ideal of A, it is
obtained from (SUPi— 1) that (y|, (x|, x)) |, (v|, (x|, x)) € G. So,

@l (uly W)y @I, (ly w) = (FW) 1 FE L SN FW; (FR) ] £(x))
= fyl, (I, ), W, (x], x)) e f(G)

where f(x)=ue f(A). Let (0|, (ul, w)l, @I, (ul, u)) € f(G) and
ue f(G). Since f((yl, (xl, )1, W, &, ) = FW)], (FD |,
FEM by FW) |y (FC) |y FO) = @1, (el w)l, @1, (el ) € £(G)
and u= f(x)e f(G), we have (y|, (x|, x))|, (v], (x|, x)) € G and
x € G such that u = f(x) and v = f(y). Since G is a SUP-ideal of A,
it follows that y € G which implies that v = f(y) € f(G). Thus, f(G)
is a SUP-ideal of f(A).

e Assume that H is a SUP-ideal of B. Let ye f '(H). Then
f(y)e ff '(H)< H. SinceHisaSUP-idealof B,wehave f((y [, (x1], x))
b Wl L) = WL F®L FE) 1 W, FEOl, )
€ H which means that (y|, (x|, x))|[, (v], (x|, x)) € f'(H).
Let (yl, (x, )|, (yl, (x],x)) e f'(H) and xe f '(H). Then
W, FO, FN |, FWl, (@, F@) = Fyl, xl, ) 1,
Wl, (x,x)) e ff'(HcH and f(x)e ff '(HcH. Since H
is a SUP-ideal of B, it follows that f(y)e H which implies that
ye f'(H). Hence, f '(H) is a SUP-ideal of A. O

Theorem 4.2 : Let G and | be SUP-ideals of A such that J< G. Then
(A/DN/(G/])= A/G.

Proof: By Theorem 3.6, G/ | = {[x]] € A/ ]:x e G} isaSUP-ideal of a SUP-
algebra A/]= {[x]] :x € A}. Moreover, the factor-set (A/])/(G/]) =
{[[x]] Ic e [x]] € A/ ]} is a SUP-algebra defined by its SUP-ideal G/ ] of
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the SUP-algebra A/] and A/G ={[x], :x € A} is a SUP-algebra defined
by its SUP-ideal G of the SUP-algebra A from Theorem 3.5.
Let a mapping w:(A/])/(G/])>A/G be defined by
[[x],1e,, P [xlg, forany [[x] 1., € (A/])/(G/]).
Since
dllx] 1o, = [ 1, <[5, ~ o, V],
SN, = Al |, @ | )L A,
(<], |, [x],) e G/]
and
[l 1)1 G L Ty, = (@1, (I, |, Tyl ),
(<1, 1, (), | [v],) e G/
Sl l(xx)e Gand (x[(y [y) | (x|(y|y) e G

Sx~. Y

& Wllx,1,,)= [xl, = [l = Wiyl 1)

it is obtained that w is well-defined and one-to-one. Since

ullx] le), o) vl 1) = W], |, [yl ]g,))
wllx 1yl 1s,,)

[x |yl

[x]; I [vls

Wllx] 1e, ) s Wiyl Ig,))

for any [[x]]]c/],[[y]]]c/] € (A/])/(G/]) and [0], = ‘/’([[O]J]G//)' it follows
that y is a SUP-homomorphism.

It is obvious from the definition of y that it is onto.
Thereby, w is a SUP-isomorphism which means that
(A/N/(G/])=A/G. a

5. Conclusion

In this paper, we give fundamental definitions and notions of Sheffer
stroke and SUP-algebras, and then define a SUP-ideal of this algebraic
structure. The necessary properties are proved so that a nonempty subset
of a SUP-algebra is its SUP-ideal. Also we show that the class of all SUP-
ideals of a SUP-algebra forms a complete distributive lattice and that there
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exists the minimal SUP-ideal containing a subset of this algebraic structure.
After presenting a SUP-subalgebra of a SUP-algebra, it is indicated that
any SUP-ideal of this algebra is its SUP-subalgebra but the inverse does
not usually hold. Also, we define a congruence relation on a SUP-algebra
by its SUP-ideal. Thus, we construct the quotient set by means of the
congruence relation on a SUP-algebra and prove that the quotient set is
a SUP-algebra. Indeed, we determine a SUP-ideal of the quotient set. By
describing a SUP-homomorphism on SUP-algebras, it is demonstrated
that the image of a SUP-algebra under the SUP-homomorphism is also
a SUP-subalgebra of the other SUP-algebra and that the kernel of a SUP-
homomorphism on a SUP-algebra is the SUP-ideal. Finally, it is shown that
the image and inverse image of a SUP-ideal of a SUP-algebra under the
SUP-homomorphism are also SUP-ideals of the other SUP-algebra.

In future work, we plan to study the neutrosophic structures on
Sheffer sroke UP-algebras.
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