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Abstract

For positive number d, an L(1,d) -labeling f of G is an assignment of numbers to vertices
of G such that | f(u)— f(v)| 21 if d(u,v)=1, and | f(u)— f(v)|=d if d(u,v)=2. Then the
span of f is the difference between the maximum and the minimum numbers assigned
by f. The L(1,d) -labeling number of G, denoted by 4, ,(G), is the minimum span over all
L(1,d) -labelings of G. In this paper, the authors give the L(1,d) -labeling numbers of the
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direct product of two cycles C, and C, for d>2 for some values of m and n. Some cases for
1<d <2 are also discussed.
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1. Introduction

In recent years, the L(1,d) -labeling problem for d >1 has been paid
attention to study since it can be applied in computer network to solve
the problem of the scarcity of available codes for communication with
minimum interference. For example, the Packet Radio Network (PRN) is a
computer network that used radio frequencies to transmit data among
computers [1]. It is formed by the computer stations which consist of
computers and transceivers. If two stations can transmit to each other
directly, they are called adjacent. Two stations are called at distance two
if they are nonadjacent but they are adjacent to the same one station. A
PRN using CDMA has two types of interference: Direct interference and
Secondary interference. If direct interference is so weak that we can ignore
it, Bertossi and Bonuccelli [2] introduced the code assignment for the
network that two distance-two apart stations transmit on different codes.
In 2005, Jin and Yeh [5] generalized the code assignment problem to
L(1,d) -labeling problem, that is, a vertex and its label will correspond to
a station and its code, respectively. If two stations are adjacent, its vertices
are linked by an edge. In order to avoid two types of interferences, labels
are assigned to all vertices of a graph so that adjacent vertices receive
labels whose difference is at least 1, and vertices at distance two receive
labels whose difference is at least d, where d > 1.

For positive number d, an L(1,d) -labeling f of G is a mapping of
numbers to vertices of G such that | f(u)— f(v)|>1 if u, v are adjacent,
and | f(u)- f(v)| 2d if u, v are distance two apart. The span of f is the
maximum difference of all pairs of numbers assigned by f. The L(1,d)
-labeling number of G, denoted by 4, ,(G), is the minimum span over all
L(1,d) -labeling of G. All notation not defined in this article can be found
in the book [3].

L(1,d) numbers of graphs for d>1 have been studied in some
literatures. Interested readers are referred to the articles [2,4,5,6,7,8,9,
10,11, 12].

The following result is not difficult to see.
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Lemma 1.1: Let d be a positive number with d > 1. Suppose G is a graph and H
is an induced subgraph of G. Then 4, ,(G) 2 4, ,(H).

Note that Lemma 1.1 is not true if H is not an induced subgraph.

Given two graphs G and H, the direct product of G and H is the graph
GxH with vertex set V(G)xV(H) in which two vertices (x,y) and
(x',y') are adjacent if and only if xx' €E(G) and yy' € E(H). Product of
graphs have been extensively studied and used as models for many real-
world networks of computer. In this paper, we only study on the L(1,d)
-labeling number of direct product of two cycles for d > 1.

Letthecycle C, = xx, ---x,_,x,. For convenience, we denote the vertex
(x.,x,)eV(C xC ) by v 0<s<n-1 and 0<t<m-1, throughout
this paper. Also, since C xC_=C xC , we always assume that n <m.

s,t’

Let f be a labeling of graph C xC and its corresponding labeling
matrix be denoted by M (C, xC, )= (fo)yxmr Where f = f(v, ).
, €V(C, xC,), it is adjacent to four vertices v_,, ., and at
distance two from eight (when m >4) vertices Uinpsnr Vg @nd 0,
where s+1, s+2 should be taken under modulon and t+1, t++2 should
be taken under modulo m.

For m 2 n >3, according to the labeling matrix M, = M (C, xC,), for

For any v,

easy to check, we let an augmented matrix A ;= A y (C, xC,) by inserting
the first two rows of M f at the bottom of M Y after that inserting the first
two columns of the resulting matrix at the right most of it, and inserting
the last two columns of the resulting matrix at the left most of it. Hence
A s isan (n+2) x (m+4) matrix. That is,

| f;),m—z fO,m—l Mf f0,0 fO,l |

Af = fn—l,m—z fn—l,m—l fn—l,O fn—l,l .
fO,m—Z fO/m—l fo,o "'fo,m-l fo/o f0/1
L fl,m—Z fl,m—l fl,O.“fl,m—l fl,O f1,1 i

By the symmetry of distance, it suffices to check the labels fS "

forrar fopar fony and f, ., such that they satisfy the conditions of
L(1,d) -labeling.

A set of labels is said to be d-separated if the distance of any two labels
from this set is greater than or equal to d.
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2. L(,d) -labeling number of C, xC,

When n=3 and m2>4. In this case, the vertex v_, is at distance

(Y

t

wpe2r Uspinr Uy, and adjacent to four vertices

Note that the first indices are taken under modulo 3 and the

two from eight vertices v
vsil,fil :
second indices are taken under modulo m. By the symmetry of distance, it
suffices to check the labels f, o f. oy f. "y f. ., and f. 112 Such that
they satisfy the conditions of L(1,d) -labeling. Since the related entries are
involved at the same row and the next row, the augmented matrix may be
revised by deleting the last row.

Let m be a positive integer. We let Z =1{0,1,...,m—1}.

Lemma 2.1: Let M be a labeling matrix corresponding toa A - L(1,d) -labeling of
C, xC,, where d>1, m > 3. Let | be a subinterval of [0, A] such that ((])<d.

For afixed t €Z,, ] contains at most 1 entries come from the t-th and (t +2)-nd
columns of M, where t+2 is taken under modulo m.

Proof : The lemma follows from v,,, v,,, v,,, © () being

o7 Yier Uapr Ugriar Uipior Uppin
of distance 2 pairwise. O

Corollary 2.2: Let I, =[id, (i +1)d) for 0<i <k, where k = La/dl. Keeping
the assumption of Lemma 2.1, we have k > 5.

Theorem 2.3: For d>1, 4, ,(C, x C4p) =b5d.

Proof : From Corollary 2.2, we have 4, ,(C, xC, )>5d. LetA=d

N — O
N = O
U = W
g o W

Define the labeling matrix of a labeling f for C; xC, / by
M, (C, xC, )=M=[A---A], whichis a 1xp block matrix with each
4
block being A.
As an example, let us provide the corresponding augmented matrix

3300330033+« 00323©0°0
4 411441144 114411
A(C,xC, )=
f 4 5522552255 ..225522
3300330033+« 00232300

Since the columns of the matrix is periodic with period 4, we only
need to check one block. That is, we only need to check the related entries
of the each entry in the main block (the 4 x4 block)
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33003300
d 4 4114411
55225522
33003300

It is easy to check that f is a 5d-L(1,d) -labeling of C, xC . Then,
A, ,(C;xC, )< 5d.
Hence, 4, ,(C, xC,)=>5d. O

Lemma 2.4 : For d>1, 4 ,(C,xC )2 6d, where m>5 and m = 0(mod 4).

Proof : Suppose 2,,(C;xC, )=A<6d. Let M=(M,) be the labeling
matrix corresponding to a A-L(1,d) -labeling of C, xC, . Let [0,A]=U_],

i=0"i’
where I, =[id,(i+1)d) for 0<i<4 and I, =[5d,A]. By Lemma 2.1, without
loss of generality, we may assume that M,,, M, M, €l VI VI  and

Mo,erLz/M el VI, VI, where {x,y,z,a,b,c}=1{0,1,2,3,4,5}. Applying

2,2

Lemma 2.1 repeatedly, we shall obtain the general results as follows.
My, M, My, e IOl UL,

el VI VI, (2.1)

0,417

M

1,417

M

2,41+2

M

0,41+27 1,41+27

where [ >0 and 41, 4]+2 are taken under modulo m. When m =2l+1 or
m=4l+2 for some [ >1, we always get that 4/+2 = 0(mod m). According
to (2.1), we have MO/O,MLO,MZ’0 el VI, VI, which contradicts our

assumption. Thus, 4, ,(C, xC, )2 6d for m = 0(mod4) and d>1. O

Theorem 2.5 : For d>1, 4 ,(C,xC )=6d if m=0(mod4) and
m £13,5,6,9,10}.

Proof : From Lemma 2.4, we know that 4, ,(C, xC,)26d for d>1 and
m = 0(mod 4).

On the other hand, we are going to provide a 6d - L(1,d) -labeling f
each case.

Case 1: Suppose m=4p+9, where p>1. Let M be the labeling matrix of
C, xC,, defined in Theorem 2.3.

Let A=d - Let M,(C, xC,)=[M Al

N = O
N = O
N B @
U1l o W
u N O
N = O
N = W
Ul o W
gl o= O
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Case 2 : Suppose m=4p+10, where p>1.

6 6 2255114 4
Let B=djo 0 3 366 225 5. Let M (C,xC,)=[M B], where
1144003366
M is the same matrix as Case 1.

Case 3 : Suppose m =4p+3, where p=1.

4400 330
Let C=d|s 3 1 6| and D=d|4 2 6]. We define Mf(Cstm)=
5225 51 1
LG
[C---CD]. O

It is not difficult to verify that each f defined above is a
6d - L(1,d) -labeling. Thus, 4, ,(C, xC,)<6d, for each of the above cases.
This completes the proof.

Now, we are going to consider the remaining cases, i.e.,
m €1{3,5,6,9,10}.

Theorem 2.6: For d>1, 4 ,(C, xC,)=28d.

Proof : Since nine vertices Vyor Vior Uaor Ugar Uiar Uanr Uy Uiys 0y,

are of distance two apart each other, their labels form a d-separated set.
This implies that 4, ,(C, xC,) = 84.

On the other hand, define a labeling f for graph C, xC, by the
following labeling matrix.

It is easy to check that f is an 8d-L(1,d) -labeling of C, xC,. Then,
Ay (C, xC,) < 8d. Hence we have the theorem. O

M, (C,xC,)=d {

AN W O

1
4
7

@ U1 N
N W o

1
4
7

® U1 N

Theorem 2.7 : For d>2, 4, ,(C, xC;)=6d.

Proof : Given a labeling function f for graph C, x C, and its corresponding
labeling matrix as follows.
0 3d 3d 6d 6d 2d 2d 5d+1 0

M, (C,xCy)=|d d 4d 44 0 0 3d 3d 5d|
2d 24 5d 54 d d 4d 4d 6d
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It is obviously that fis a 6d - L(1,d) -labeling. Then 4, ,(C, xC,) < 6d.

On the other hand, from Lemma 2.4, we have 4, ,(C; xC,)2 6d for
d > 1. Hence, we have the theorem. O

Let fbe a A-L(1,d) labeling of C, xC,, where A<7d and m>5.
Similar to the proof of Lemma 2.4, we let sub-interval I, =[id,(i+1)d),
where 0<i<6. Clearly [0,4]c U I,. Let M be the labeling matrix of f,
where i €Z, and jeZ, . Let M, be the set of entries of the j-th column of
M. Note that, each M, is d-separated. Under these notation and conditions
we have

Claim 1: For each j €Z , there are two sub-intervals such that each sub-
interval contains an element from M, and an element from M].+ .

Proof : Since the statement is cyclically under modulo m, it suffices to
consider the case j = 0. Since 6 vertices Vg,37U12:052:00 4,01 4 and v, , are
at distance two from each other, the set M, UM, is d-separated. It means
that members in M, UM, lie in 6 different sub-intervals, respectively.
Similarly, the set M, UM, has the same property as M, UM,. Since
elements of M, are occupied 3 sub-intervals, elements of M, UM, must
lie into the remaining 4 sub-intervals. Note that, each of such sub-interval
contains at most two elements of M, UM,. By pigeonhole principle,
at least two pigeonholes (sub-intervals) contain exactly 2 elements of
M, v M,. Moreover, these two elements lying in the same sub-interval
must come from difference M]., j=0,4. Hence, the claim is proved. O

Theorem 2.8: 4 (C,xC;)=7d for d>2 and A, ,(C,xC,))=7d for d > 1.

Proof : Suppose d>2. We define a labeling f by an augmented matrix
A (C, xC;) as follows.

6d+1 0 |0 3d 3d 6d+1 0 |0 3d
4d 7d|d d 4d 4d 7d|d d
5d 6d|2d 2d 54 5d 6d|2d 2d|

6d+1 0 [0 3d 3d 6d+1 0 [0 3d

It is directly to check that f is a 7d —L(1,d)—labelings for C, xC..
Then 4, ,(C, xC,)<7d.

On the other hand, suppose 4 ,(C,xC,)=A<7d. Let f be a
A—L(1,d) -labeling of C, xC, with labeling matrix M, where i €Z, and
j€ZLs.
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Keep the notation defined before Claim 1. Since M, =M, , and
M, =M, ,, by Claim 1, at least one sub-interval contains 3 labels which
come from 3 different set M,, M, and M,. It yields a contradiction since the
length of each sub-interval is less than 4.

Hence, 4, ,(C, xC,)=7d.

Suppose d2=1. We define a labeling ¢ by an augmented matrix
Ag(C3 xC,,) as follows.

O Ol W
WG s~ W
WG = W
O N
O N O
=W N =
W N -
=[O U1 W
SlIN = O

0
1
2
0

SN = O
O U1 W

0
1
2
0

=] O U1 W

It is directly to check that gis a 7d — L(1,d) -labeling for C, xC, . Then
A, 4,(Cy xC ) <7d.

Similarly, suppose A4, ,(C,xC)=4<7d. Let g be a A-L(1d)
-labeling of C, xC,, with labeling matrix M, where i €Z, and jeZ,,.
By considering the sets M,, M, and M, and applying Claim 1, similar to
the C, xC, case, at least one sub-interval contains 3 labels which come
from 3 different set M,, M, and M,, which yields a contradiction. Hence,
A, ,(Cy xCy)=7d. O

Theorem 2.9: For 1<d <2, 2 ,(C, xC;)=8.

Proof : Note that, v_, is adjacent to v_,, ., and is of distance 2 with v_,,
and v_,,,, where indices are taken modulo 3. Let f be a labeling of C, xC,

so that its labeling matrix M ; (C, xC,) is defined below:

M,(C, xC,)=

g N o
@ = W
N = O

It is easy to check directly that fis an 8- L(1,d) -labeling of C, xC,.
Then 4, ,(C, xC,)<8.

On the other hand, since the diameter of C, xC, is 2, the difference
of each pair of vertex-labels is at least 1. Here 4, ,(C, xC,)2>8. Hence
2,4,(C, xC,)=8. O

Theorem 2.10: For d>2, 2, (C, xC,)=2d+4.

Proof : Let



LABELING NUMBER OF DIRECT PRODUCT OF TWO CYCLES 2105

M=|24+3 1 d+2 |.

d+3 2d+4 2

0 d+l 2d+2]

Clearly, M corresponds a (2d +4)-L(1,d) -labeling of C, xC,.

Supposefisa 4 -L(1,d) -labeling of C, x C,. Withoutloss of generality,
let fo’0 =0. Note that, since the diameter of C, xC, is 2, the difference
between any pair of labels is at least 1. So, f, 21 for (s,t) = (0,0).

By symmetry we may assume that f,, <f  and f  is less than
both f , and f,,. Hence, f  €ld,A-d-1], f e[l+d,A-d] and
foar frp €124, 4] Since f,  is d-separated from f, ,, f,, €[1+2d, 1]

Consider f,,. There are three cases: f,, <f,<f ., fi,<f,,<f, or
for < fro<fir-

1. Suppose f, < f,, < f,- Since f, isd-separated from f,, and f,,
we have (4 —d)—d > 2d. Hence A >4d.

2. Suppose f,<f, <f,- Thus, we have f €[l+d A-d-1],
f1 o €[2+d,A—d]. Furthermore, we have fL1 e[1,4-2d-1],
fo, €l1+2d,2] and f, €[2+2d, ].

Since {f,,, f,,, f,,} is d-separated, then f <f, <f, or
fi1 < for < f,;- The former case implies (1-d-1)-122d. Hence,
A23d+2.

Now we assume f, | < f,, < f,,. Wehave f, e[l+2d,1]

If f,,>f,,22+2d, then we have 1>3d+2. So the remaining case
is f, < fo1 < fo1 < f,o- Hence f, €[l+2d,A-d], f,, e[l+d,1-2d]
and f,, €[1+3d, 1]

Consider fm. Note that { fm, f1,1' fl,O} is d-separated. If

fi, €[1,4A-2d-1], then we have A2>3d+2. So we only need

to consider that f ,>f . Since f 5 <f ,, there are two cases:

fin<fio<haor fii<ha<ho

2a: Suppose f,<f,<f,  We have f,e[2+2d,1] Since
vertices v,,, U,,, Uy,, Uy, induce a C,, by the result in [6],
we have 4, ,(C,)=1+d for d>2. Hence A-(1+2d)>1+d, ie,
A>3d+2.

2b: Suppose f, < f,<f, We have f,e[l+d,1-2d] Since
fq1 e[l+d,A-2d], we have A>3d+2.
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3. Suppose for < fio < firr Then fi, €l1+2d, 2] and
fio <min{f ,f, }. Since f , is d-separated from f  and f,

<min{f, , f,,}—d<A-1-d. Thatis,

1,0 —
fio €ll+d,A-d-1]. Thus f, €[d, A-d-2]
If f,,>max{f ,f,,}, then A>f >2+2d)+d=3d+2. So we
assume f, <min{f, , f, }. Hence, f, €[l,A-d-1].

3a:

3b:

Suppose fy, < f,,, then we obtain that d < f | <1-2d-2. That
is, A23d+2.

Suppose f,, < f,,- We have f,, €[1,4-2d-2]. This implies
that fO,1 e[l+d,A-d-2]. If fL0 e[l+d,A-d-2], then
(1-d-2)-(1+d)=1 implies that A>2d+4. So, it suffices to
dealwith fL0 e(A-d-2,1-d-1]. Since fL0 < min{fo,z,fl/l,fz’o 1,
fo, €(A-d=1,2] and f, ,f,, €(A—-2, 1] Since (((1-2,1]) <2,
fo, €(A-d-1,A-2].  Consider f ,f, and f,,. Since
((A-d-2,1-2])<d, f,, €ll,A-d-2]u(41-2,4].  Since
((A-2,A)<2<d and ¢(1,d])<d, fz/2 e[l+d,A-d-2].
Combining with fon €ll+d, A-d-2], we get
(A-d-2)—(1+d)=1. Hence A >2d+4.

Thus, for each case, we have 1 >2d4+4. O

3. L(1,d) -number of C,xC

In this section, we shall determine L(1,d)-numbers for all C, xC ,
where m>4 and d>1. Note that, we have determined the case when
m =13 at the last section.

Theorem 3.1: For d>1, 4, ,(C,xC, )=5d.

Proof : Define a labeling f for C,xC,  and its corresponding labeling
matrix as follows.

—
(¢}
@
BN
I
x
-
N W R N o

and let M (C;xC,) be a 1xp block matrix

= Ul O Bk Ul W
= U1l O e U1 W

4 4

whose blocks are A.
It is not difficult to verify that fisa 5d - L(1,d) -labeling of C, xC, , for
d>1. Thatis, 4, ,(C x C,,)< 5d for d>1.
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On the other hand, six vertices Vyor Uoar Uagr Uapr Uyor and Uy,
are at distance two from each other. Hence their labels are d-separated
pairwise. This implies that 4, ,(C, xC, ) = 5d.

Hence, 4, ,(C, x C4p) =5d. O

Lemma 3.2 : For d>1 and m=4, 2 ,(C,xC,)=6d if m =0(mod4). In
addition, 2, ,(C, xC,)2>7d if m=5,10.

Proof:Suppose 4, ,(C, xC, )= 1 <6d, where m = 0(mod 4). Let M = (Mw,)
be the labeling matrix corresponding to a A-L(1,d) -labeling of C, xC, .
Let [0,4]=U" 1., where I =[id,(i+1)d) for 0<i<4 and I, =[5d, A]. For
each t €eZ , since {MO,t’MZ,t’M4,t’MO,t+2’M2,t+2’M4,t+2} form a d-separated
set, without loss of generality, let MO,O, MZ,O, M4’0 el, VI, Ul , then
M,, M,, M,, el uIy ul_, where {a,b,c,x,y,2}={0,1,2,3,4,5}. Bya
similar proof as that of Lemma 2.4 we obtain a contradiction.

Thus, we have 4, ,(C, xC, )= 6d when m = 0(mod 4).

When m=5,10.Suppose 4, ,(C,xC )=A<7d. Let f be A-I(1,d)
-labeling of C, xC, . Let sub-interval |, =[id,(i+1)d) for 0 <i<6. Hence
[0,A] < U?:o /-

By a similar argument as above, without loss of generality, let MO,O,

M,, €], VJ,v] and M M M,, €], u]yu]z, where

MZ,O 4 0,27 2,27 4,2
{a,b,c,w,x,y,z}=1{0,1,2,3,4,5,6}. Similarly, since six vertices v, ,v,,,?
0,07 M2,0 4

0,07

VymorVsmor and o, are of distance 2 pairwise and M

M, €], V,V], My, ,, My, ., M, ,€], Y], u]y U J,. Similar to
the above discussion, we have MO,Z, Mz,z/ M4,2' Mo,4r M2,4' M4,4 are
d-separated pairwise. Since MO’Z, Mz/z, M4,2 SN u]yu]z, M0,4/ MM,
M,, €], v],v] U],. Moreover, since three d-separated numbers M
M,, and M, are d-separated from the numbers M ,, M,,, M,,,
M, M,, ,, and M, ., they lie in three different sub-intervals from
M0,4’ M2,4' M4,4’ Mo,mfz’ Mz,mfz' and M4,m—2 do. Since M0,4’ M2,4'
M,,, M, , M, ,, and M,  have lied in at least five different sub-
intervals, at most two sub-intervals are left for Mo,e' Mz,@/ M 467 here 6
is taken under modulo m, which is impossible. Thus 4, ,(C, xC,)>7d,
where m=15,10.

407

0,67

Lemma3.3:For d21 and p=0, 4, ,(C xC, ,,)<6d.

Proof : Define a labeling f for graph C, xC
labeling matrix as follows.

4p+o and its corresponding
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Let A=d and B=d

=N W= N O
B U WO N W
S U1 O = U1 W
O = O © Ul O
Wk, NO = o
QD oEREN W=,
B O W RN
O G & = G
N © —m O © U
N W = N O =
T W RN W
U1 O = U1 W
= oy © U1 O
= N O = O O
= N W = N O
= 01 WO = N W
=01 O e U1 W
= N O = U O

Let M,(C, xC,,.,,) = [A B - le(m) bea 1x(p+1) block matrix,
where p is the number of entry B. It is easy to check that fis a 6d- L(1,d)
-labeling of C, xC

4p+14°

Lemma3.4:For d>21 and 120, 4 ,(C; xC,, ,)<6d.

2147

Proof : Define a labeling f for graph C, xC,, , as follows.

7

03 31 0 4 2

a1

3

o
U1 W N
U1 W N
B O W N
N U= e O
S W o N U
U= O W o
W N U=
— ok O W o

N G U = B W
N &= = W o DN
= o O O O Gl
= O W O N
W NN = = O
N = U1 O =
U= = W W N
= W O N =

1. Suppose I=2p. Let Mf(C6><C4p+7)=[A A B]1><(p+1)'
2. Suppose [=2p+1. Let M (C xC, )=[A - A (]

1x(p+1)*

It is easy to verify that each labeling above is a 6d- L(1,d) -labeling of
C, xC,,,, for I >0. Hence, we have the lemma. O

According to Lemmas 3.2, 3.3 and 3.4, we have the following result.
Theorem 3.5: For d > 1, /11,11(C6 xC )=6d if m = 0(mod4) and m = 5,6,10.
Theorem 3.6: For d>1, A, ,(C; xC,)=28d.

Proof : Define the labeling matrix of a labeling f for graph C, xC, by
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00336 6
22558 8
11 4 47 7

M.(C. xC)=d

f(66) 336600
22558 8
447711

It is easy to verify that fbe an 8d- L(1,d) -labeling of C, xC, for d >1.
Thatis, 4, ,(C, xC,)<8d.

On the other hand, since nine vertices in set {Us,t |s,t=0,2,4} are at
distance two from each other, the set of their labels is d-separated. This
implies that 4, ,(C, xC,)>8d. Hence, 4, ,(C, xC,)=8d. O

Theorem 3.7 : For d>1, 4 ,(C,xC,)=7d if m=5,10.

Proof : Define the labeling matrices of labelings f and g for C, xC, and
C6 x ClO by

0323 2 6
2 2
1 7 5 B
2 2 2
1 g 4 % 7
M, (C,xCy)=d| . , and
53 2 6 0
2 2
2 7 5 1B 1
2 2 2
°4 7
L2 2 i
003 36611414
6 225500336
114 477 2 255 .
M (C xCy)=d 033661 144 o respectively.
225500336 6
1 4477 22551

It is easy to verify that f and g are 7d-L(1,d) -labelings of C, xC,_
for m=>5,10, respectively. Combining with Lemma 3.2, we have the

theorem. O
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4. L(1,d) -numbers of C,xC, and C, xC,

Lemma 4.1: Let M =(M, ) be a labeling matrix corresponding toa A-L(1,d)
-labeling of C, xC, , where d >1, m > 3. Let | be a subinterval of [0, A] such
that ((])<d. For a fixed t €Z,, ] contains at most 2 entries come from the t-th
and (t+2)-nd columns of M, where t+2 is taken under modulo m.

Proof : By symmetric of the graph, without loss of generality, we may
assume that =0 and M, €]. Consider the 0-th and 2-nd columns of
M. Since /(])<d, only M,;, M,,, M,, and M,, may lie in J. It is easy
to see that when one of the above entries lie in ], there is no other entry
may lie in J.

Now, suppose M is a labeling matrix of a A-L(1,d)-labeling of
C,xC, with m>3. Let I, =[id, (i +1)d), where i > 0. In order to cover all
entries of M, by Lemma 4.1, we need at least 5 I, ’s. So, in the following we
always assume that:

2

M is alabeling matrix of a 1 —L(1,d)-labeling of C; xC, and [0, 4] < O I,
i=0

The first and the second subscripts of M, are taken under modulo 5 and m, respectively.

(4.1)

Lemma 4.2 : Under the condition (4.1), the following statements hold.

(1) Forfixed t €Z,, and s €Z,, thereis exactlyoneof M_, and M, , liesin
the same subinterval as one of M_ ., and M

s+1,t s+1,t+2°
(2) Fora fixed t €Z,, each subinterval contains exactly two entries from the
t-th and (t +2)-nd columns of M.

Proof : By symmetric we may assume that s=0. Since v,, v,,.,, 0,,
and v, , are of distance two pairwise, we may assume that M , €I,
M., l,, M,, el and M,,.,el, where a,b,c,d are distinct and
{a,b,c,d} ={0,1,2,3,4}. Let e<{0,1,2,3,4}\{a,b,c,d}. Since Vorr Vgpiar
v,, and v,,, are are of distance two pairwise, Mlt,MZ,H2 el VI, UI.

Similarly, M, ,,M,,, eI, UI, UL

1,674 142
Suppose M,,,M,,, €l Ul,. By the same argument above,
M, ., M, M

1,t7 1,t+2
MM,MM+2 el vl, vl .Thisisacontradictionsince let, o My My,
are i-separated pairwise and the length of each I, is less than d. Thus,
M, M,,, el vl or M ,,M,,, €I, UI, . Hence we have (1).

Since there are only 5 subintervals and the total considered entries is

20, by Lemma 4.1 we have (2). O
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Lemma 4.3 : Under the condition (4.1), if there are two adjacent vertices liein I,
for some i €{0,1,2,3,4}, then A 24d+1.

Proof : Suppose M ,,M_, ., €I, where 0<i<4. Without loss of
generality, let M_, >M_,, .,. Hence M, >id+1. Applying Lemma 4.2

repeatedly if necessary, we have A 2>id+1+(4—i)d=4d+1. O

Lemma 4.4 : Under the condition (4.1) and A <4d+1, all 5 entries of each
column of M lie in 5 difference I’s.

Proof : Suppose two entries of the t-th column of M lie in the same
subinterval, say I . These two entries must be M , and M,,,, for some

s € Z,. Without loss of generality, we assume that s = 0. Look at the (t-1)
-st and (t+1)-st columns of M, by the contrapositive of Lemma 4.3, only

MM_1 and MM+1 may lie in I . Since Uiy and Uy, are of distance 2, at
most one of M,, , and M, , , may liein I . This contradicts (2) of Lemma
4.2. O

Under the condition (4.1), we introduce a new 5 x m matrix N defined
by N, , =xif M, el.
Lemma 4.5 : Under the condition (4.1) and A <4d+1, the matrix N defined
above is column periodic matrix of period 5, i.e., the k-th column of N is the same
as the (k +5)-th column of N for all k. Here k+5 is taken under modulo m.

Proof : Consider the 0-th and the 2-nd column of M. Without loss
of generality, Lemma 4.4, we may assume that Mo/0 el, MLO el,
Mz,o el, M3,0 el, and M4,0 el,, where {a,b,c,d,e}=1{0,1,2,3,4}. Then
only M, €l, or M,, €l,. By symmetric, we may assume M, , €I . By
the contrapositive of Lemma 4.3 M,, €I . Now let introduce a new 5xm
matrix N defined by N, =x if M, el . Applying (1) of Lemma 4.2,
the contrapositive of Lemma 4.3 and Lemma 4.4, we get that the first 3

columns of N is
(

By the contrapositive of Lemma 4.3 repeatedly, we get that the first 5
columns of N is

e)

L )
= [ 8 o
SR TS S
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(a d)

e

IS S

c
d
e
a
b

QU O S« 82 "

b
c a
d b
e c

When m > 6, by the contrapositive of Lemma 4.3, we shall see that
the 5-th column is the same as the 0-th of N, the 6-th column is the same as
the 1-st of N, and so on. O

Lemmad4.6:Let d>1, m>3 and m = 0(mod5), 4 ,(C;xC,)=4d+1.

Proof : Suppose A= 4 ,(C;xC, )<4d+1. Since the m-th and the 0-th
columns of N is the same, by Lemma 4.5, only when m = 0(mod5) may
agree. O

Theorem 4.7 : For d22, 1 ,(C,xC )=4d+1 if m=4, m=#6 and
m Z 0(mod b5).

Proof : By Lemma 4.6, we know that 4, ,(C; xC,)>4d+1.
On the other hand, we shall define a (4d+1)-L(1,d) -labeling f for
each following case, where m >4, m#6 and m = 0(mod5).

Case 1: Suppose m =4p, where p2>1.

0 1 d 1+
d 1+d 2d 1+2d
Let A=|2d 1424 34 1+43d|. Wedefine M (C; xC, )=[A-- A], =M,.
3d 1+3d 4d 1+4d
|4d 1+4d 0 1
Case 2 : Suppose m =5+4p, where p>1.
[0 d 24 3d11 0 d 24 3d 4d
3d 4d 0 1+ 3d 44 0 d 2d
Let B=|d 2d 34 1+4d| and C=|d 2d 3d 4d 0 |
4d 0 d 1+2d 4d 0 d 24 3d
|2d 3d 4d 1 2d 34 4d 0 d
Let M (C;xC, ;)=[CB---B] .,
Case 3 : Suppose m=7+4p, where p 0.
0 3d+1 2d 1 4d 24+1 d 0 3d+1 24 1
3d d+1 0 3d+1 2d 1 4d 3d d+1 0 3d+l
Let D=|d 4d+1 3d d+1 0 3d+1 2d| and E=|d 4d+1 3d d+1|.
4d 2d4+1 d 4d+1 3d d+1 0 4d 24+1 d  4d+1

2d 1 4d 2d+1 d 4d+1 3d 2d 1  4d 2d+1
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Let M,(C,xC,,, )=[DE-E]

1x(1+p)*

Case 4 : Suppose m =14+4p, where p > 0.
Let M (C;xC =[DDE---E]
defined above.
It is not difficult to check that each f defined above is a
(4d+1)-L(1,d) -labeling. Hence, we have the theorem. O

=M,, where D and E are

14+4p) 1x(2+p)

Since C,) xC, =C, xC
for d>1.

from Theorem 3.7, wehave 4, ,(Cy, xC,)=7d

107

Theorem 48 : For d=2, 1 ,(C xC)=2 ,C, xC )=4d+1 if
m Z 0(mod5) and m>7.

Proof : For odd m, one may check that C; xC =C,xC, =C, xC,. By
Theorems 4.7 and 3.7, we have 4, ,(C,, xC, )= 4d+1 for m>7.

For even m#6, let S= {Us,t |t €, ands+t=0(mod2)} be a set of
vertices in C; xC . Let H(5,m) be the subgraph induced by S. One may
check that H(5,m)=C, xC . By Theorem 4.7 and Lemma 1.1, we have
A,(Cy xC,) 2 4 ,(H(5,m))=4d +1.

On the other hand, we define a (4d+1)-L(1,d) -labeling f for each
case, where m = 0(mod 5).

Case 1: Suppose m =4p, where p2>1.

M

Let Mf(C10 ><C4p) = [Ml

}, where M, is defined in Case 1 of Theorem

4.7.
Case 2 : Suppose m =14+4p, where p20.

Let M,(C, xC

14+4p)

=[M 2}, where M, is defined in Case 4 of

M,
Theorem 4.7.
It is not difficult to check that each fis a (4d +1) - L(1, d) -labeling. This
completes the proof. O

When m = 0(mod5), we have the following upper bound for d > 1.

Lemma4.9:For d21 and p,q21, 4 ,(C;,xC; )<4d.
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01234
340012
Proof:Let A=d|1 2 3 4 0|. Let Mbea pxq block matrix whose blocks
40123
23401
are A. Clearly M defines a 4d- L(1,d) -labeling for C,, xC, . Hence, we have
the lemma. O

5. L(@,d) -number of C4p xC

Before studying the L(1,d)-number of C, xC, for m=>4, we
consider the following three graphs first.

VO
Vl
v3
V4
V()
Vs
(a) The graph Hj. (b) The graph Hs. (¢) The graph Hs.

Figure 1
Lemma 5.1: For d>1, 4, ,(H,)>3d+1, where i=1,2,3.

Proof : In each graph, there are two sets of vertices, namely
A, ={v,,v,,v,,0;} and A, ={v,,v,,v,,0,}. Any two vertices in the same
set are of distance 2. Moreover, v, is adjacent to each vertex of A, and
v, is adjacent to each vertex of A,. Let fbe a A-L(1,d)-labeling of H,,
1<i<3. {f(v,), f(v,), f(v,), f(©v,)} is d-separated. Hence A > 3.

Since the proofs for H,, H, and H , are same as each other, here we
only show the proof for H,.

Note that, either a vertex in A; or a vertex in A, is labeled by 0.
By the symmetry property stated above, we may assume that 0 €{f(v,),
f(@,), f(v,), f(vs)}. Then, each of the sets {0}, [d,d+1), [2d,2d+1) and
[3d, ] contains exactly one label f(vj ), j€10,1,4,5}.

Let I, =[(i—-1)d+1,id), where i=1,2,3. Since v, is adjacent to each
vertex of A, and the lengths of intervals [d,d +1) are [2d,2d +1) are less
than1, f(v,) €l, for some i €{1,2,3} or f(v,) €[3d, A].
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* Suppose f(v,)€[3d, 4] Since f(v,)€[3d,A] for some v, €A,,
A-3d>1,ie, A23d+1.

e If f(v,) el =[1,d), then f(v,), f(v,), f(v,)> f(v,). This implies that
Azmax{f(v,), f(v,), f(v,)}=3d+1.

e If f(v,) el, =[1+d,2d), then at most one label of {f(v,), f(v,), f(v,)}
is less than f(v,) since the length of [0,d) is less than d. That is, at
least two labels of {f(v,), f(v,), f(v,)} are larger than f(v,). This
implies that 4 > max{f(v,), f(v,), f(v,)} 2 3d +1.

e If f(v,) €l, =[1+2d,3d), thenatmosttwolabelsof {f(v,), f(v,), f(v,)}
are less than f(v,) since the length of [0,2d) is less than 2d. That s,
at least one of {f(v,), f(v,), f(v,)} is larger than f(v,). This implies
that A >max{f(v,), f(v,), f(v,)} = 3d +1.

Hence, the lemma is proved. O

Theorem 5.2 : For d > 2, ’11,d(c4p ><C4q) =3d+1.

Proof: Define a labeling f for C, xC, and its corresponding labeling
matrix as follows.

0 0 24 2d
1 1 24+ 2d+1
d d 34 3d
d+1 d+1 3d+1 3d+1

Let A= and let M (C, xC, ) be a pxq block

matrix, whose blocks are A.
It is easy to check that f isa (3d+1)-L(1,d) -labeling of C 4 X C 4 for
d>2. Thatis, A,(C,, xC, )< 3d+1.

On the other hand, we have following three cases.

* Suppose p=q=1. The graph H, (See Figure 1(b)) is an induced
subgraph of C, xC,. According to Lemmas 1.1 and 5.1, we have
A,,(C,xC) =24 (H,)23d+1 for d > 1.

* Suppose p=1 and g>2. The graph H, (See Figure 1(a)) is an
induced subgraph of C, xC, . By Lemmas 1.1 and 5.1, we obtain
that 4, ,(C, xC, )24, ,(H,)23d+1 for d>1.

e Suppose p,q=2. The graph H, (See Figure 1(c)) is an induced

subgraph of C, xC,. By Lemmas 1.1 and 5.1, we obtain that
4,4C,,xC, )24 ,(H)23d+1 for d>1.
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Hence llld(C4p><C4q)=3d+1 for d>2. O

Based on the definition of L(j, k) -labeling [7] and L(1,d) -labeling, it
. . k . 1 .
is easy to obtain that d = 5 Thatis, 4,,(G)= /11,§(G) = 7/1j/k (G). According

to the proof of the lower bound on /1].’)((P3 xC ) in [7, Theorem 2.4], we
have the following result directly.

Lemma 5.3 : ([7]) For d 21, 4 ,(P,xC,)24d if m = 0(mod 4).
Since graph P, xC, isaninduced subgraphof C xC, if m,n>4, by
Lemmas 1.1 and 5.3, we have the following result.

Lemma 54 : For d>1 and mn>4, 4 ,(C xC )=4 ,(C, xC)=4d if
m Z 0(mod 4).
Combining Lemmas 5.4 and 4.9 we have

Corollary 5.5 : For dx21, 4 ,C, xC, )= 4d if p=0(mod4) or
g Z 0(mod 4).

Now we have known the L(1,d) -labeling numbers of C 4 X C 4+ From
the previous sections we have also known the L(1,d) -labeling numbers
of C, ><C C, ><C C, ><C and C, ><C4,when d > 2. Following we
con51der the graph C X C when m > 7 m =10 and m = 0(mod 4).

Lemma 5.6 : Suppose d>2, m = 0(mod4), m=>7 and m=10. Then
4,4(C,, xC,)<4d.

Proof : Following we will define a labeling f for each graph C xC by
providing its corresponding labeling matrix M (C,, xC,).
1  Suppose m=4q+5=09.

0o L2 2 337 4
2 T2 2 72
0o L2 2237 4
Let A=d é 5andB=d 2123.
2 23 2 40 212
2 72 2 2
» 237 40 L3
L 2 2] L 2 2]

Define Mf(Cn xC )=

A - A T
A A Bl
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It is directly to verify that f is a 4d-L(1,d) -labeling of C, xC

when g2>1.
2. Suppose m=4q+7 >7.
0412 0
2
0412 0
Let C=d 2l and D=d
3 .1 2
2 23 -
2 2
2 35t 2
L 2 2]
C C D
Define Mf(Cnme)= : :
c - CD

It is directly to verify that f is a 4d-L(1,d) -labeling of C, xC

Iy

NIW R W W

px(q+1)

= NN NN -

N|—= N~ w

2117

4q9+5

4q+7

when g 2 0. Note that, when g=0, only the last column of the block

matrix M f(C‘l;1 xC 4q+7)
cases in this paper.

3. Suppose m =14.

00 1
3 4 4

W NG =
= Nla N
NI N

[u—y
NjWw N
Njw W

M,(C,, xC,)=

E]
E px1

. Define

It is obviously that fis a 4d- L(1,d) -labeling of C, xC,,.

4. Suppose m=4qg+14>18.

Nl N

Let G=d

= NN

o~

N W

appears. This convention also applies other
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and F=d

N N N= o
N NN~ O
NN W Nw =
NN W N =

Let M,(C, xC,)=

F - F G]
Froo B G

It is directly to verify that fis a 4d-L(1,d) -labeling of C, xC
when g2 1.

4q9+14

Hence, we have the lemma. O
Combining Corollary 5.5, Lemmas 5.4 and 5.6 we have

Theorem 5.7 : Suppose m = 0(mod4), m=7, m=10. For d=2,
ll/d(qp xC )=4d.

Lemma 5.8 : Let M be a labeling matrix corresponding to a A-L(1,d)
-labeling of C, xC,, where d>1. Let I be a subinterval of [0,4] such
that ¢(I) <d. I contains at most 4 entries of M. Moreover, if /(J) <1, then I
contains at most 3 entries of M.

Proof : The first part follows from Lemma 4.1. For the last case, it is easy to
check that I contains at most 3 entries of M. O

Corollary 5.9: 4, ,(C, xC,)=6.

Proof : Let I, =[jd,(j+1)d), j=0. By Lemma 5.8, L6J I, cannot cover all

j=0
entries of M. Thus 4,,(C, xC,)>6.
2 406 5
On the other hand, let M= (5), ; g 3 ? M defines a
3612 4
6-L(1,1) -labeling for C, x C,. This completes the proof. O

Theorem 5.10: For 1<d<2, 4 ,(C,xC,)=7.
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Proof : Let fbe any A -L(1,d) -labeling of C, xC, with labeling matrix M.
Let I =[i,i+1), 0<i<l[A].

By a similar argument of the proof of Lemma 4.1, we will get that
there are at most 2 entries of M lying in the same subinterval I.. Since
there are 16 entries, 4 >7.

00 4 4

On the other hand, M= ; ; 2 Z defines a 7- L(1,d) -labeling of
3377

C, xC,. This completes the proof. O

6. L(,d)-number of C xC, for other cases

Let us summarize what we have in the previous sections.
For n=4p, m23 and d>2, the /11ld(C4;1 xC, ) are:

m || 4 | 3] 5 ] 6] 10 | others |
4d+1, if pZ£0 (mod 5)
A 3d+1 | 5d | 4d+1 | 5d ‘ {4d, it p=0 (mod 5) 4d

For n=4p, m>3 and 1<d <2, the 4 ,(C, xC,) are:
n 4p 4
m 3 I 6 4 and )\1)1(04 X 05) = 6.
Mg |[Bd ]| 5d] 7]

Following we assume that n,m > 3, n = 0(mod4) and m = 0(mod 4).
For d>2, the 4 ,(C, xC,) are:

n || 3 | 6 |5p| 5,10 |
m || 3 [ 5] 6] 9 [10]others| 5] 6 [10 [ others [ 5¢ | #0 (mod 5) and >7 |
Mal[2d+4 ] 7d[8d]6d[7d| 6d [7d|8d]7d]| 6d | ad] ad+1 |

For 1<d <2, the 4 ,(C, xC,) are:

n 3 6 5p
m 3] 6] 710 >11] 5] 6 |10 ] others | 5¢
N |[S]8d]6d]7d] 6d |7d]|8d]7d]| 6d | A4d |

Lemma 6.1 : Suppose n,m = 0(mod4), n=2m=9, m,n ¢{10,14} and
n £1{11,15,19,23} if m=3(mod4). For d=2, /ll/d(Cn xC )<4d and
A ,(Cyy xCpy) < 4d.

Proof: We consider the cases when n=4p+9, 4p+11 and 4p+18
separately. We shall define a labeling f for the graph C_xC by providing
its corresponding labeling matrix M (C, xC,) for each case. The detail
labelings please see the appendix. O
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According to Lemmas 5.4 and 6.1., we have the following results.

Theorem 6.2 : Suppose n,m = O(mod4), n=2m=29, m,n «{10,14} and
n £1{11,15,19,23} if m=3(mod4). For d=2, /ll/d(Cn xC )=4d and
)plld(C23 xC,,)=4d.

7. Conclusion

In this paper, we have discussed L(1,d) -labeling number of direct
product of two cycles for d >1. There are some unsolved problems and
conjectures as follows.

Conjecture 7.1: /11,d(C4;1 X C4q) =min{7,3d+3} when 1<d<2.

Conjecture 7.2 : For d>2, 4 ,(C,xC, )=4 ,C,=xC )=4d+1 when
m Z O(mod 4) and m >7.

Conjecture 7.3 : Suppose n,m=0mod4), n=>m. For d=2,
2, ,(C,xC,)=4d if n €{11,15,19,23} and m = 3(mod 4).

Problem: What is the L(1,d)-labeling number of graph C xC
1<d<2, n,m Z 0(mod4), and n,m>9?

for

m’

8. Appendix: The proof of Lemma 6.1

Firstly, suppose n=4p+92>9.
1(a) Suppose m =4q+14 >18.

J

00 2 2
1155
2 2 2 2
113 3
00 2 2 3377
1155 22
LetT1=d2222,S]=d55 ,
113 3 22900 ~
2 2
3133237719712
212 2 2/2 2 2{3 3 2 2|22 22
002244%%21211133
P =d ZFFEP2 , and
11§§0022§34§§ZZ
2 2 2 2 44552222
1133 2 L125%9% 2244
L 2 2 2 2 ]
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Ol 0 NN < —lN = ol N
LN v NN < o =N ~ ol N
N~ ol & BN o N o
N = ON & N n NN < o
o Nl < o N ~ oldd o ;LN
o Nl < o N~ ol o 1N
— Ol o 1N o N < o —la
— Ol & 1N o N < o —la
NN < o N 4 ol BN ®n
NN o =N« oldd & 1N o0
NN N BN n NN o —lN
ON N B[N e N[N < o —la —
<t o =N 4 O & 1N oo NN
Al o N« ol & 1N o 7,2_

=
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X

3
=
X
5
=
1
SRR
AN SN
SR SN
S — |
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It is directly to verify that f is a 4d-L(1,d) -labeling of C, ,xC,

when p>0 and g>1.

4g+5=>9.

1(b) Suppose m
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and Q, =d

It is directly to verify that f is a 4d-L(1,d) -labeling of C, ,xC,

when p>0 and g>1.

4g+11>11.

1(c)Suppose m
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I, - T3 B
Let Mf(C xC :

4p+9 4q+11) T, - T, D

5 = 8% Qs (p+1)x(g+1)

It is directly to verify that f is a 4d- L(1,d) -labeling of C, ,xC,
when p,q>0.

Secondly, suppose n=4p+11=>11.

2(a) Suppose m = 4q+18 >18. By using the matrices defined in Case

1(c),

T3 - Ty S5 S

let M.(C,  xC, )y=| & 1 i =
4p+11 4g+18 4

AN 7 Ty - T Sy S

t t t t
B B Qs Qe

where X' is the transpose of the matrix X. It is directly to verify that fis a
4d-L(1,d) -labeling of C, ., xC when p,g>0.

4p+11 4q+18

2(b) Suppose m=4g+92>9. Since C xC =C xC , this case is same as
Case 1(c).

2(c) Suppose m=4q+27 >27. Let

T, - T,|T, B, T, P, T, P,
T, - T, |T, P, T, P T, P

M,.(C, , xC, . )=|2 2| B T, B T, B ,
frTape ‘7+ S 5% Q@ S5 Q@ S5 A
S 5|5 Q S5 Q@ S5 &

S2. 5% Q S Q S Qs

where S,,T,,P,,Q, are defined in Case 1(b) and p>4 and 4>0.
It is directly to verify that f is a 4d- L(1,d) -labeling of C, , xC, .,
when p>4 and 420.

For the remaining case C,, xC,,,

let M, (C,, xC,,) be
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o~ o <+ —lNolablaNnoa O — g\] (sp} <t o — o~ [So] <+ ol baNa O
Al (=} — o~ o +H —l ol biaNa O — o] (So} <+ oo Na O — o~
— o~ (Se} +H —lNoablaNa O — o o <t (=} — (o] [Se} <t oo oo NN
o <t o — (o] o <+ Sl olabaNa O — N o <+ Sl olabia N O —
(=] — (o] [sp] <+ N oldablaNa O — [a\] (a0} <t o — (o] [so] <+ N ol n|a
[a\} o <t (=) — [q\] o <+ N odauvaNna O — o~ (49} <+ ~lNoabaNa O
N © — o~ [sp} <+ —lojlabiaNa O — o] (sp} Al o — o~ [sp} <+ o enja
— o] (Se} <t (=} — o] [Se} <+ —~lN ool No O — g\] (So} <+ —laeolawa o
LN NN O — o (Se} +H N oabaNS O — o~ o <t (=} — o (Se} <+~
o — N o <t o — N o <+ Sl ol Na O — N o <+ Sl oo
ol AN O — [o\] o <+ N oldablaNna O — o~ (<o) <+ o — o\] (<o) <t
N O — o~ o <t o — o~ o <+ N oldabdaNg O — o~ o <+ —=lN o
N ol NN O — o~ [sp} <+ Sl olabiaNa O — o~ (so} <+ o — o~ o
wiaN NN O — o~ o <t [} — o~ (a9} +H NN O — [V} o <t —lu
+H —~lNolablaNa O — (o] o <+ N olabjaNna O — N o <t (=} — (o}
ol AN O — [o\] o <t o — o~ o <+ N olabaNS O — o~ (<o) <t
[So] <+ N oldablaNa O — o~ [sp} <+ N oldablaNa O — o~ o <t o —
=N oL NN O — o~ [sp] <t o — o~ o < —laN oo Nnoa O — o~ [sp]
o~ o <+ —lolabaNa O — o] [Se} <+ —~lN oo Nna O — o (<o} <t o
<+ N oabaNa O — o\ o <t (=} — o (So} <+ N oL~ O — o~
i (o] o <+ —laoabjana O — N o <+ —laoabjaNna O — [o\] o <+
o <+ N oldabaNa O — o~ o <t o — (o] [so] <+ N oldablaNa O —
o — o~ o <+ Sl olduiana O — o~ o <+ Sl ojabiana O — o~ o
=

4p+18>18.

4q+14>18. Let

4 20314 2

We may directly verify that fis a 4d- L(1,d) -labeling of C,, xC,,.

Finally, suppose n

3(a) Suppose m
where P,,Q,,S, and T, are defined in Case 1(a).



LABELING NUMBER OF DIRECT PRODUCT OF TWO CYCLES 2125

It is not difficult to verify that fis a 4d- L(1, d) -labeling of C

C

4p+18 X 4q+18

when p,g>0.

3(b) Suppose m=4q+92>9. This case is same as Case 1(a).
3(c) Suppose m =4q+11>11. This case is same as Case 2(a).
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