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Abstract

Let A be a 3-prime near-ring and «,f: N — N are endomorphisms. In this paper,
we generalize a few results concerning generalized derivations and two sided « -generalized
derivations of 3-prime near rings to generalized («, ) -derivations. Cases demonstrating
the need of the 3-primeness speculation is given. When B =id,, (resp. a = f=id, ), onecan
easily obtain the main results of [1] (resp. [4]).
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1. Introduction

In the present paper, N is a zero symmetric right near-
ring and Z(N) is the multiplication center of N, that is,
Z(N)={x eNlxy=yxfor ally e N'}. It is clear that Z(N')# because
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0 € Z(N). Werecall N will be 3-prime near-ring, if for x,y € N/, we have
the following implication xNVy ={0} = x=0 or y =0.

A nonempty set U of N is called a semigroup right ideal (resp.
a semigroup left ideal) if UN cU (resp. MU cU). U is said to be a
semigroup ideal if it is both a semigroup right ideal and a semigroup
left ideal. An additive subgroup | of A is called a right Jordan ideal of
N (resp. left Jordan ideal of N), if iene] forall ie], neN (resp.
noie] forall ie], neN).Jis called a Jordan ideal of N if it is both
right and left Jordan ideal of A. Recalling that A is 2-torsion free if
for x e N, we have 2x=0= x=0. An additive mapping d: N > N is
a derivation if d(xy)=xd(y)+d(x)y for all x,y e N. From [9], we also
have the equivalence with the following formula: d(xy) = d(x)y +xd(y) for
all x,y e N. Asin [9], an additive mapping F: N — N is a right or left
generalized derivation with associated derivation d if F(xy) = F(x)y + xd(y)
or F(xy)=d(x)y+xF(y) holds for all x,y e N respectively.

Let a,f:N >N be endomorphisms, an additive mapping
d:N — N is called («,f)-derivation, if d(xy)=a(x)d(y)+d(x)p(y) for
all x,y e N/, and or equivalently from [2] that d(xy) = d(x)B(y)+a(x)d(y),
forall x,y e V.

Let a,f:N >N be endomorphisms, an additive mapping
F:N > N is called a right generalized (a,f)-derivation (resp. left
generalized («, f3) -derivation) if there exists a (a, ) -derivation d such
that F(y) = F()B(y) + a(x)d(y) (resp. F(xy)=d(x)B(y)+a(x)F(y)) holds
for all x,y e N. An additive mapping F: N — N is called a generalized
(ar, p) -derivation if F is both right generalized (e, f) -derivation and left
generalized (a, f)-derivation.

The structure of rings is directly linked to additive mappings. In
[13] Posner proved the initial pioneer result. He discovered a relationship
between the commutativity of the ring and derivation on the same ring.
The structure of prime near-rings, as well as other near-rings admitting
derivations, generalized derivations, automorphisms, orthogonal
generalized higher derivations, and many other maps satisfying certain
algebraic conditions on appropriate subsets of the rings, has been studied
in the literature. For such results, we refer the reader to Bell [3], O. Golbasi
[9], S. Huang et al. [11], E. M. Khazil [12], where further references can be
found.

Example 1 : Let S be a zero-symmetric near-ring. Let us define ' and
d,F,a,p:N —> N by:
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Clearly, N is a zero symmetric near-ring, d is a («,f8) -derivation
of N, which not is a derivation and F is a generalized («, ) -derivation
associated with d, but F is not a («, ) -derivation of V.

We will write, for all x,y e N, [x,y]l=xy—yx and xoy=xy+yx
for the Lie and Jordan products, respectively. Usually we denote for all
xyeN, [xyl, ,=e@y-ypkx), and (xoy), , =a(x)y+ypx). In
particular [x,y], ity =[x,y] and (XOy)m, a, = XY, for all x,yeN,
where id,. be the 1dent1ty map on N.

In thls paper, we generalized Theorems 3.1 and 3.5 of [1] and some
Theorems which are existing in [4].

2. Preliminaries

We'll start with the following lemmas, which will be valuable in the
next sections.

Lemma1:[3, Lemma1.3 (). Let N bea 3 -prime near-ring and I is a nonzero
semigroup left ideal (or semigroup right ideal) of N'. If x e N' and xI ={0}, (or
Ix ={0},) then x=0.

Lemma 2: [3, Lemma 1.5]. Let N bea 3 -prime near-ring, and U is a non-zero
semigroup right ideal or a semigroup left ideal of N. If U < Z(N'), then N isa
commutative ring.

Lemma 3 : [3, Lemmas 1.2 (i), 1.2 (iii) & 1.3 (iii)]. Let N bea 3 -prime near-
ring.

(i) If z e Z(N)\{0}, then z is not a zero divisor.

(ii) If z e Z(N)\{O} and uz e Z(N'), then u € Z(N).

(iii) If z centralizes a non zero semigroup left ideal, then z € Z(N').
Lemma 4 : [10, Theorem 2]. Let N be a 3 -prime near-ring, U is a nonzero

semigroup left ideal of N. If d is a non-trivial (a, B)-derivation on N such
that dU) < Z(N), then N is a commutative ring.
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Lemma 5: Let N be a 3 -prime near-ring and o, f maps of N suchas a
is additive. If N admits an additive mapping F, then the following assertions are
equivalent:

(i) F(xy)=F(x)B(y)+a(x)d(y) forall x,y e N,
(i) F(xy)= a(x)d(y)+F(x)B(y) forall x,y e N.

Proof : (i)= (if). Assume that F(xy)=F(x)p(y)+a(x)d(y), for all
x,yeN, so
F((x+x)y) = F(x +x)B(y) + a(x +x)d(y)
= F(x)B(y) + F(x) (y) + a(x)d(y) + a(x)d(y) for all x,y e N,

and

F((x+x)y) = F(xy)+ F(xy)
=F(x)B(y)+a(x)d(y)+F(x)f(y)+ a(x)d(y) for all x,y e N.

Comparing the two equations, then we get
F(x)B(y)+a(x)d(y) = a(x)d(y)+ F(x) B(y) for all x,y e V.

(if) = (i). Similarly, we can prove the other implication. O

Lemma 6 : [11, Lemma 2.2]. Let F be a generalized («, ) -derivation of near-
ring N associated with d. Then

zZ(F(x) B(y) + a(x)d(y)) = zF(x) (y) + za(x)d(y) for all x,y,z e N.

Lemma 7 : Let N be a 3 -prime near-ring and I is a nonzero semigroup ideal
of N. If F is a generalized («, ) -derivation of N associated with a nonzero
(a, B) -derivation d such that F(I)c Z(N'), then N is a commutative ring.

Proof : We have zF(xy)=F(xy)z for all x €I, y,ze N, using Lemma 6
we obtain

zF(x) B(y) +za(x)d(y) = F(x)f(y)z+a(x)d(y)z forall xel,y,zeN.

This expression can be simplified under the following form
za(x)d(y)=a(x)d(y)z forall xel,y,zeN.
Replacing x by nmxt, where m,n,t e N in last expression, we arrive

at
[z, a(n)INa(x)Nd(y) ={0} forall xel,ny,zeN.
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Since N is 3-prime, a #0 and d =0, we get a(N)c Z(N). Using
the fact that « is an automorphism of N, we conclude that A is a
commutative ring. O

The following lemmas are very interesting in the next sections:

Lemma 8 : Let N be a 3 -prime near-ring, I is a nonzero semigroup left ideal
and a, f automorphismson N. If a e N and [a,x]a,ﬂ =0 forall x €1, then
aeZ(N).

Proof : Let a e N such that [a,x]a,ﬁ =0 for all x €I, then a(a)x =x/5(a)
for all x el. Replace x by tx, where t e N, we get

a(a)tx =txp(a)
=ta(a)x for all xel,t eN.

Then [a(a),t]x=0 for all xel, teN. By Lemma 1, we obtain
a(a) eZ(N), but a is an automorphism, so a € Z(N). O

Lemma 9 : Let N be a 2-torsion free 3 -prime near-ring, o, 3 : N — N are
automorphisms and | a nonzero Jordan right ideal or a nonzero Jordan left ideal
of N. If N admits a («, B) -derivation d such that d(J)={0}, then d=0 or]
is commutative.

Proof : Suppose that d is a nonzero (g, b) derivation such that d(J) = {0}
and | a nonzero Jordan right ideal of N. Then d(jon)=0 for all je],
neN which implies that d(n)a(j)=-p(j)d(n) for all je], neN.
Replacing n by kn, where k €] in the last expression and using it again,
we obtain (£(j)B(k)— B(k)B(j)d(n)=0 for all j,k e], neN. Taking mn
in place of n, where m e N in the last expression and using it, we arrive at
(B()B(k)— Bk)B(j)B(m)d(n)=0 for all j,ke], m,neN. Since B isan
automorphism of N, we conclude that (B(j)B(k)— p(k)B(j))Nd(n)= {0}
for all j,ke], neN. Using 3-primeness of N, we obtain d=0 or
B(jk) = B(kj) for all j,k e]. Since B is an automorphism of N, we get
jk=kj for all j,ke]. Using a method similar to that employed in the
proofs of [8, Lemma 2.4, and Lemma 2.7], we obtain the needed result. O

3. Commutativity conditions and generalized (¢, f) -derivations

In this section, A is assumed to be a zero symmetric near-ring and
a,f: N — N are automorphisms.
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Our next theorem is a generalization of Theorem 3.1 in [1] and
Theorem 2.9 in [4].

Theorem 1: Let N be a 3-prime near-ring, I is a nonzero semigroup ideal of N
and F is a generalized (a, ) -derivation of N associated with a nonzero («, B)
-derivation d. Then the following expressions are equivalent:

(i) [F(x),yl, , €Z(N) forall x,y el;

(i) N is a commutative ring.

Proof : (ii) = (i) is obvious.
(i) = (ii) Assume that

[F(x),y], , €Z(N) forall x,yel. 1)

Replacing y by ypg(F(x)) in (1) and using the fact that
[F(x), y B(F()], , =[F(x),y], , B(F(x)), we get
[F(x),y], , B(F(x)) €Z(N) forall x,y el. (2)

By Lemma 3 (ii), we conclude that for each x €I, we have

[F(x),y],, =0 or A(F(x)) eZ(N) forall x,yel. (3)

But g is an automorphism, so (3) implies that
[F(x),y], , =0 or F(x)eZ(N) forall x,y el. (4)

By Lemma 8, we get F(x) e Z(N) forall x €1, i.e F(I) < Z(N'). Hence
N is a commutative ring by Lemma 7. O

Corollary 1: Let N be a 3-prime near-ring, I is a nonzero semigroup ideal of
N and d is a nonzero (a, B) -derivation of N'. Then the following expressions
are equivalent:

(i) [d(u),0], , €eZ(N) forall u,0€l;

(ii) N is a commutative ring.

Itisworthy tonote here that the results of Theorem 1isa generalizations
of [1, Theorem 3.1] if we put g =id, and [4, Theorem 2.9] if we put F = d
and o) f=idN

If N is 2-torsion free, Theorem 1 stays legitimate if we replace
[x,yl, P by (xoy), 5o In fact, we obtain the following result:

The next theorem is a generalization of Theorem 3.5 in [1] and
Theorem 2.10 in [4].
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Theorem 2 : Let N be a 2-torsion free 3-prime near-ring, I is a nonzero
semigroup ideal of N' and F is a generalized (a,a) -derivation associated with a
nonzero (a,a) -derivation d on N, then the following statements are equivalent:

(i) (F(x)oy),, €Z(N) forall x,y €l;
(i) N is a commutative ring.

Proof : (ii) = (i) is obvious.
(i) = (ii) Assume that

(F(x)oy),, €Z(N) forall x,y el. (5)
As above replacing y by ya(F(x)) in (5), we get
(F(x)oy), , a(F(x)) eZ(N) forall x,yel. (6)
By Lemma 3(ii), we conclude that
(F(x)oy), , =0o0ra(F(x)) e Z(N) forall x,y el (7)
Again (7) implies that
(F(x)°y),, =00r F(x)eZ(N) forall x,yel. (8)

Assume there exists x, el such that F(x;)eZ(N). Since
a is an automorphism of N, a(F(x,))€Z(N). Then (5) implies
(y+y)a(F(x,)) €Z(N) for all yel. By Lemma 3 (ii), we obtain
a(F(x,))=0 or y+y eZ(N) for all y eI which implies that F(x,)=0
or (+y)y=y>+y* eZ(N) for all y el. Using again Lemma 3 (ii) with
2-torsion freeness of N, we get F(x,)=0 or yeZ(N) for all yel
which means that F(x,)=0 or I < Z(N). By Lemma 2, we conclude that
F(x,)=0 or N isacommutative ring. In this case (8) becomes

(F(x)ey),, =0 forall x,y el or N is a commutative ring.

If (F(x)oy),, =0 forall x,y el. We get a(F(x))y =-ya(F(x)) for all
x,y €l. Putting yt in place of y, we obtain
a(F(=x))yt = yta(F(x))
= y(ta(F(x))
=ya(F(-x))t forall x,y,tel,

which implies that a(F(-x))y—ya(F(—x))I={0} for all x,yel. So,
a(F(=x))y = ya(F(-x)) for all x,y el. Replacing y by ny, where n e N/
in the last expression and using it again, we arrive at a(F(-x)) e Z(N) for
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all x el. Since « is an automorphism of A/, we obtain F(-x) € Z(N') for
all x el. i.e. F(-I)c Z(N') and N is a commutative ring by Lemma 7. O

Corollary 2 : Let N be a 2-torsion free 3-prime near-ring, I is a nonzero
semigroup ideal of N and d is a nonzero (a,a) -derivation d on N'. Then, the

following expressions are equivalent:
(i) (du)ov), , €Z(N) forall u,v el;

(i) N is a commutative ring.

Note that we can obtained Theorem 3.5 in [1] and Theorem 2.10 in [4]
from Theorem 2 by taking F=dand a =id,,.
The following example shows that the 3-primeness hypothesis in

Theorems 1 and 2 can’t be discarded.

Example 2 : Let S be a 2-torsion free zero-symmetric near-ring, which is
not abelian. Let us defined N,I and F,d,a,8: N — N by:

(0 0 0) (0 0 0)
N=[x0yJ|x,yeS,I=00y|yeS,
000 00 0

(00 0 (OO0 O (00 0) (0 0 0)
Filx 0 y|=/0 0 y|,a|lx 0 y|=|y 0 x|, and
000 00O 000 00O

F=d,p=id,.

It is clear that A is a 2-torsion free non 3-prime near-ring and I is
a nonzero semigroup ideal of A. Moreover, F is a generalized (a, )
-derivation associated with a nonzero («, f)-derivation d satisfying the

conditions:

(i) [F(A),Bl, , €Z(N),
(ii) (F(A)eB), , €Z(N)

forall A,Bel, but N is nota commutative ring.
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4. (a,p)-derivations acts as homomorphisms and anti-homomor-
phisms

Spurred by the results in [7] our primary goal in this section is to
establish similar results in the setting of Jordan right ideals or Jordan left
ideals on right 3-prime near-rings admitting a nonzero (&, ) -derivation
d, where a,f: N = N are automorphisms, which satisfy the conditions:
d(ny) = d(y)d(n) and d(yn)=d(n)d(y) forally e],n e N.

The next theorem is a generalization of Theorem 2 in [7].

Theorem 3 : Let N be a 2-torsion free 3-prime near-ring, o, : N — N
automorphisms and | a nonzero Jordan right ideal or a nonzero Jordan left ideal
of N. If N admits a nonzero (a, ) -derivation d that satisfies any one of the
following conditions:

(i) d(ny)=d(y)d(n) forall ye],neN,
(ii) d(yn)=d(n)d(y) forall ye],neN,

Then ] is commutative.

Proof : (i) Suppose that

d(ny)=d(y)d(n) forall ye],neN. 9)
Substituting n by ny in (9) and using the definition of d, we get
d(ny)e(y)+ B(ny)d(y) = d(y)d(ny) forall ye],neN. (10)
From definition of d and Lemma 4 it follows that
d(y)d(ma(y)+ p(ny)d(y) = d(y)d(n)a(y) +d(y) f(n)d(y). (11)
So,
By)d(y)=d(y)p(n)d(y) forall ye],neN. (12)

Putting mn in place of n in (12) and use it again with the fact that g
is an automorphism of N, we get

[d(y), Bm)INd(y) = {0} for all y ], meN. (13)

3-primeness of N implies that d(J) = Z(N'), and hence (12) becomes
d(y)N (B(y)-d(y))={0} forall y €] and 3-primeness of N again gives

dly)=0ord(y)=p(y) forall ye]. (14)

Suppose there y, €] such that d(y,) = B(y,), using our hypothesis
we have
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By, )d(n) = d(ny,)
=d(n)d(y,)+ p(n)d(y,)
=d(n)a(y,)+ B(n)p(y,) for alln e NV,

which can be rewritten in the following form

d(N(B(Y,)—ay,)) = B()B(y,) forall je]. (15)

Putting 2j* in place of j in the last expression and using 2-torsion
freenessof N, weobtain d(j*)(B(y,)—a(y,)) = B())By,) forall j € ]. From
the last expression, we can easily arrive at B(y,)N (d(j)B(j)- B(j*)) = {0}
for je]. Since N is 3-prime, we get B(y,)=0 or d(j)B(j)= B(j*) for
all je]. Since f is an automorphism of A, we obtain either y, =0
or d(j)p(j)= B(j*) for all je]. In this case (14) becomes d(]J)={0} or
d(j)p(j) = B(?) forall je].

Now suppose d(j)B(j)= B(j*) for all je]. By our hypothesis, we
have

d(pd(j*) =d(j*)
= d(j")a(j)+ A(*)d()
=d(j")a(j)+ B(j B(j) for all j .

This can be further written as d(j)NA(j)N (d(j) - a(j) - B(})) = {0} for
all j e]. By 3-primeness of N, we obtain d(j)=0 or d(j) = a(j)+ p(j) for
all je].

Suppose there exists j, €] such that d(j,)=a(j,)+ B(j,) and right-
multiplyingitby f(j,), wecaneasilyarriveat a(j,)£(j,) = 0. By hypothesis,
we have d(n)a(j,)+p(n)d(j,)=d(j,)d(n) for all neN and right-
multiplying it again by A(j,), we obtain A(n)d(j,)£(j,) = d(j,)d(n)B(j,)
for all n e N which implies that B(n)B(j;)=d(n)p(j;) for all neN.
Replacing n by mn in the last equation and developing it, we find that
d(m)Np(j;)={0} for all m e N. Since d#0, by 3-primeness of A/, we
get ,B(jg) =0 which implies that d(j,)NB(j,)=1{0}, 3-primeness of N
with f is an automorphism force that d(j,)=0. In all cases, we obtain
d(J)={0}. By Lemma 9, we conclude that ] is commutative.

(i) We consider

d(yn) = d(n)d(y) forall ye],neN. (16)

Replacing n with nm in (16) and expanding this, we get
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d(yn)a(m)+ S(yn)d(m) = d(nm)d(y) forall yeJ,mneN.

This, by our assumption, implies that
d(n)d(y)a(m)+ p(yn)d(m) = d(nm)d(y) forall yeJ,mmneN. 17)

Equivalently,
Byn)d(m) = —d(n)d(y)er(m) +d(n)a(m)d(y)
+B(n)d(m)d(y) forall y e]J,m,neN.

Taking « '(d(y)) instead of m, we can reformulate the above
expression in the following form

Blymyd(a(d(y))) = f(m)d(a ' (d(y))d(y) forall ye],neN. (18)

Now putting mn in place of n where m e N in Eq. (18) and use it to
obtain

[B(y), Bm)IB(m)d(a " (d(y)))=0 forall ye],neN
ie.
[B(y), Bm)INd(a " (d(y))) = {0} forall ye]meN. (19)
By 3-primeness of N and since f is an automorphism of N, we
can write the last equation in the following way
By) eZ(N)ord(a(d(y)=0 forall ye]. (20)
If there is an element y, €] such that f(y,) e Z(N), then (16) leads
to d(y,n)=d(n)d(y,) for all n e N. Which means that
d(y,)a(n) = (d(y,) - By, )d(n) for all neN. (21)

Putting mn instead of n in the pervious equation and use it we get

(d(y,)— B(y,))Nd(n)= {0} forall neN. (22)

By 3-primeness of A and d#0, we have d(y,)= B(y,). Returning
to (21) we get d(y,)a(n)=0 for all n e N so that d(y,)Nea(n)={0}. Since
a is an automorphism of N and N is 3-prime we get d(y,) =0. So, (20)
leads to d(a~'(d(y)))=0 for all y €]. Replacing n with o' (d(x)) in (16)
where x €] we get d(y)d(x)=0 forall x,y €], ie.

d(xy) =d(x)a(y)+ f(x)d(y)=0 forall x,y €]. (23)

Substituting x with 2x* in (23), we get 28(x*)d(y)=0 for all
x,y €]. Then B(x*)d(y)=0 for all x,y €. Now, taking xonx in place
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of x where n e N in (23), we get S(xonx)d(y)=0 for all x,y e],neN
which becomes B(xnx)d(y)=0 forall x,y €], n e N and 3-primeness of
N forces that S(x)d(y)=0 for all x,y €]. Since S is an automorphism
and | is a nonzero right Jordan ideal, we arrive at d(J)={0}, by another
applications of Lemma 9, we conclude that | is commutative.

For a nonzero Jordan left ideal | of N, utilizing the equivalent
previous demonstration with minor changes, we can undoubtedly find
the required outcome. O

As an immediate consequence of Theorem 3 we have the following:

Corollary 3 : [7, Theorem 2] Let N be a 2-torsion free 3-prime near-ring and |
a nonzero Jordan right ideal or a nonzero Jordan left ideal of N'. If d is a nonzero
derivation of N which any of the following expressions are satisfied:

(i) d(nu)=d(u)d(n) forall ue],neN,

(ii) d(un)=d(n)d(u) forall ue],neN,

then [ is commutative.
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