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Abstract

In this article, we introduce *-fuzzy ideals of a distributive demi-p-algebra and its
properties. We show that every *-fuzzy ideals of distributive demi-p-algebra L are precisely
the kernels of the fuzzy congruences © on L if and only if its quotient is a Boolean algebra.
Also we prove that the set of *-fuzzy ideals forms a complete Heyting algebra.
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1. Introduction

Analgebra (L, A,v,*,0,1) oftype(2,2,1,0,0)is a pseudocomplemented
algebra (p-algebra) if (L,A,v,0,1) is a bounded lattice, and for all
aeL,x<a" ifand only if x Aa=0.

Demi-pseudocomplemented  algebra  was  introduced by,
Sankappanavar [11] as a generalization pseudocomplemented algebra.
Blyth, Fang, and Wang [5] studied the ideals and congruences of
distributive demi-p-algebras.

The notion of fuzzy sets was introduced by Zadeh [14]. Next,
Rosenfeld [10] studied fuzzy groups. These ideas have been applied to
other algebraic structures like semigroups, rings, modules, topologies and
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so on. More recently Alaba and Alemayehu [3] introduced the concept
of fuzzy ideals in demi-pseudocomplemented MS-algebras, Abbass
and Atshan [1] studied 7-smarandache pseudo fuzzy ideal of a pseudo
BH-algebra, Baupradist, Chemat, Palanivel and Chinram [4] presented
essential ideals and essential fuzzy ideals in semigroups and Rasuli [9]
studied fuzzy congruence on product lattices under T-norms. In this
paper, we introduce the notions of fuzzy ideals and fuzzy congruence
of distributive demi-p-algebras. We prove that the set of *-fuzzy ideals
forms Heyting algebras which is isomorphic to the interval [G,, 7,] of the
congruence lattice of L, where G, is the Glivenko fuzzy congruence.

2. Preliminaries

In this topic, we recall basic definitions, theorems frequently used in

this paper.
Definition 2.1: [11] An algebra (L,v,A,”,0,1) is a demi-p-lattice (and " is a
demi-pseudocomplement) if the following conditions hold:

(1) (L,v,A,0,1) is bounded a distributive lattice,

(2) (avb)y =a" Ab" for a,bel,

(3) (anb)" =a” Ab” for a,bel,

(4) 0"=1and 1" =0,

®)

)

(6) a" Aa”™ =0 for aeL.

a™ =a foraelL,

For any set X, a function v: X —[0,1] is called a fuzzy subset of X,
7, A7, =min{y,,y,} and y, vy, =max{y,,y,} forall y,,y, €[0,1].

Let Q be a nonempty indexing set and v, is a family of fuzzy subset
of a nonempty set X. Then (vv,)(x)=v,_, (v,(x)).

Definition 2.2:[14,10] Let v be any fuzzy subset of a set Sand let t € [0, 1].
The set v, ={x eL:v(x) >t} is called a level subset of v.

Definition 2.3 : [12] Let L be a bounded distributive lattice. A mapping
v:L—[0,1] is a fuzzy ideal L if v(0)=1, v(avb)=v(a)Av(b)and
v(anb)zv(a)vv(b)foralla,bel.

Swamy and Raju [12] also show that a similar definition 2.3,
ie., a fuzzy subset v is a fuzzy ideal of L if and only if v(0)=1 and
v(avb)=v(a)av(b)foralla,bel.
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Definition 2.4 : [2, 8] A function @:XxX —[0,1] is called a fuzzy
equivalence relation, if

(1) ©(a,a)=1 for all ae X (fuzzy reflexive),

(2) ©(a,b)=0O(b,a) forall a,beL (fuzzy symmetric),

(B) ©(a,c)2O(a,b)AO(b,c) forall a,b,c e L (fuzzy transitive).

A fuzzy equivalence relation® on a lattice L is called a fuzzy
congruence relation on L if it is compatible with A and v.
Throughout the next sections, L stands for demi-p- algebras.

3. Fuzzy ideals and fuzzy congruences of distributive demi-p-algebras

Definition 3.1: A mapping @:LxL —[0,1] is called a fuzzy congruence
relation on L if it is lattice fuzzy congruence and @ (a,b)<@(a’,b") for all
a,bel.

Theorem 3.2 : A mapping ©@:LxL —[0,1] is a fuzzy congruence relation
on L if and only if @(a,b)<@anc,barc)r@(avec,bvc)a®(a’,b"), for all
a,b,celL.

Example 3.3 : A fuzzy relation G, in demi-p-algebra L is given by:
1 ifa=b
0 otherwise,

Gy (a,b) ={

for any a,b e L. Easily show that G, is a fuzzy congruence of L,
We call G, is Glievenko fuzzy congruence on L.

Theorem 3.4 : A mapping O is a fuzzy congruence relation on demi-p-algebra
L if and only if level subsets @ of L, a €[0,1] is a congruence relation on L.
(In particular y,, is a fuzzy congruence of L iff @ is a congruence relation of L).

Lemma 3.5 : The intersection of a class of fuzzy congruences of demi-p-algebra
is fuzzy congruence.
FC(L) denotes the set of all fuzzy congruences of L.

1 if@abew
0  otherwise,

Z,(a,b)= {

forall a,beL and y(a,b)=1 forall a,beL are the smallest and the largest
elements of FC(L) respectively, where @ ={(a,b)e LxL:a=>b} and 1=LxL.
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Theorem 3.6 : The set of all fuzzy congruences FC(L) of a demi-p-algebra L is a
complete lattice with set inclusion.

Proof : Clearly (FC(L),C) is a poset, with y _ is least elements and y, is
the greatest elements of FC(L). Also, its intersection is a lower bound of
any family fuzzy congruence of L. Let ¢ be any lower bound of {@, :i e I}.
Then ¢c O, forall iel. Thus ¢c ﬂid@i. So ﬂiel@i is a greatest lower
bound of {@, :i e ®}. Hence (FC(L),<) is a complete lattice.

Next, we define the fuzzy quotient demi-pseudocomplemented
algebra induced by fuzzy congruence relation.

Definition 3.7 : Let L be a demi-p-algebra, acL and © be a fuzzy
congruence on L. The fuzzy congruence determined by 2 and @, denoted
by a,, is the fuzzy subset of L defined by a,(b)=©(a,b), forall be L.

Let L/® denoted the set of all fuzzy congruence classes, that is
L/©={a,:aelL}

Remark 3.8: a, =b, < @(a,b) =1, for any fuzzy congruence @ of L and
a,bel.

Theorem 3.9: Let L be a demi-p-algebraand & € FC(L). Forany a,, b, €L/ 0,
define

a, b, =(anb),,a,vb,=(avb),, and(a,) =a,.

Then (L/O,A,v,",0,,1,) is a distributive demi-p-algebra, where 0, is
least and 1, is the greatest element of L/ ©.

L/ © is called the fuzzy quotient a demi-p-algebra L induced by ©. It easily
proved that the mapping a — L/ @ is a homomorphism from L onto L / ©.

4. »-fuzzy ideals

In this section, we study *-fuzzy ideals of distributive demi-p-algebras
and their properties.

Definition 4.1 : A fuzzy ideal v is Kernel fuzzy ideal of a distributive
demi-p-algebra L, there is a fuzzy congruence @ on L such that v =Ker 6,
where Ker®(a)=0(a,0), forall aeL.

Definition 4.2 : A fuzzy ideal v of a demi-p-algebra L is said to be a
*-fuzzy ideal if v(a)=v(a™) forall aeL.
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Example 4.3 : Consider the following demi-p-algebra:

Define a fuzzy subset v on L as follows:v(0)=v(a)=1,v(b)=v(d) =
vic)=v(@)=v(j)=u(p)=07, v(e)=v(m)=v(g)=v(s)=05, v(n)=v(r)=
v(t)=v(1)=0.3. Clearly v is a fuzzy ideal of L, but it is not *-fuzzy ideal
of L, since 0.7=v(b)=v(b™)=v(0)=1.

Example 4.4 : KerG, is a *fuzzy ideal of L.

Theorem 4.5 : Let L be demi-p-algebra. Then KerG, is the least *fuzzy ideal
of L.

Corollary 4.6 : If L be distributive demi-p-algebra, then every *-fuzzy ideal of L
is a kernel fuzzy ideal of L.

Proof : Let v is *fuzzy ideal of L. Consider the fuzzy relation v’ on L
defined by
vi(a,b)=v{v(i):(avi)ni" = (bVvi)ai',ieL}.
We prove that v° is a fuzzy congruence of L. The proof of fuzzy

reflexive and fuzzy symmetric are trivial. Next, we prove that v° is fuzzy
transitive.
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Suppose that (avi)ai"=(bvi)ai’, (bv)Aj =(cv )], for any
a,b,c,i,jeL. Put k=ivj.

After rootin verification, we have

(av kA K = (evKAK.
This implies v (a,b)A ¥ (b,c)= v{Wi):(av )i = (bvi)ri'}
AVAN)) (v AT = (ev AT}
= v{vi)A u(j):(avi)ni = (bvi)n T,

(bv A = (v n )
vi{ivk):(av k)A k™= (cv k)A k™)

% (a,c)

IA

Hence v’(a,b)Av®(b,c)<v’(a,c). Thus we conclude that v° is
transitive.

Put k=iv j. Then we have k" =i" A j".

Easily, we proved that (avc)vk)ak®™ = (bvc)vk)ak'.

Foreach celL,
v¥(a,b) = v°(a,b) AV (c,c)

viv(@):(avi)ai" =(bVvi) AT I aviv(f)ilev A = vi)nj}

=v{v@av(j):@avi)ai" =(bVvi)Ai, (cvn] =(Cvnj}
vivk):(ave)vk)ak* =(Bve)vk)ak'y=vi(ave,bvc).

IA

This implies v’(a,b)<v°(avec,bve). With a similarly way,
vi(a,b)<vi(@anc,bac). So v° is alattice fuzzy congruence of L.

Next, we show that v’(a,b) <v’(a*,b").
(avi)ai” =(vi)ai (*)
(@ Ai)vi” =" Ai")vi™
@ viYAG@ Vi) =" vi")AG vi™)
@ ViYAG@VIT)AT =" VITYAG VIT)AT

@vi*yai =" viT)Ai

L A

(@ Vi YA =" viT)Ai™as i =x".

Now, v’(a,b) = v{v(i):(avi)ai" =(bvi)ai"}
Sviv(™):@ vit)Ai™ = (b vi™ A

= Vo(a*/b*)
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Thus v’ is a fuzzy congruence of L.

Finally, we prove that Ker v =v.

Kerv®(a)=v"(a,0)=viv(i): (avi)ni" =(0vi)Ai'}2v(a). As (ava)
a=0va)aa® is true.

This implies v  Kerv’.

Conversely, if (avi)Ai"=ini", then (ani’)v(ini)=ini.

We observe that a Ani” <i" AT <.

This indicates that (a Ai")™ <(i" A1)” <i”. Now,

Kerv®(a) =v°(a,0)
= vi{v(@):(avi)ai =ini"}

v(E™):(@avi)aim =ini’}

Vi
Viv(@™)Yav(a™ Ai"):(avi)ai” =ini"}

IA

v(i™ v(a" i)
V((i** V(a** /\i*))**)
v va)as@i vi™)" =1

v(a™)=v(a)

IA

Hence v =Kenr/’.

Corollary 4.7 : If v is a *fuzzy ideal of L, then v° is the smallest fuzzy
congruence on L with fuzzy kernel v.

Proof : Let ® be any fuzzy congruence on L with Ker® =v. We prove
that v’ < ©. Now

v (a,b)

viv(@):(avi)ai® =(bvi)ai'}
v{@(i,0):(avi)ai =(bvi)ai'}.

Since @ is fuzzy congruence on L, @(i,0)< @ (i*,1). Then
O1,0)=000A03G,1)A O,a)<O(a,(avi)ai).

Similarly, @ (i,0) <O ((bvi)Ai’, b).

Thus @(i,0)<@(a,(avi)ni’) A O(bv i)Ai*,b)< & (a,b).

Thus v’ € @. So v° is the smallest fuzzy congruence on L with fuzzy
kernel v.

Theorem 4.8 : For every distributive demi-p-algebra L, the following propositions
are equivalent:



2134 T. G. ALEMAYEHU AND Z. A. AGEZE

(1) each fuzzy congruence kernel of L is *-fuzzy ideal,
(2) KerG, =z,

Proof : Suppose that (1) holds. Each fuzzy congruence kernel of L is a
+fuzzy ideal, by Theorem 4.5 , KerG, (a)=1=Kery, (a). This implies
a=0.Thus KerG, = .

Assume (2) holds. Since (L,") is a demi-p-algebra, for every a e L, we
have (ana”) =a"va™ =1=0".

This implies 1=G.(ana’,0)=KerG . (ana’)=y(ana’). This
implies ana” =0. Suppose that v is the kernel of fuzzy congruence @
of Lie, v=Kero.

Now v(a)=Ker®(a)= ©(a,0)<O(a™,0)=v(a™).

Conversely, Wa™)= @(a",0)< O@",1)= 0@, 1)AO(a,a)<O(anra’,a)=
©(0,a)=v(a).Thus v(a)=v(a™),VaeL and so v is a *-fuzzy ideal of L.

Theorem 4.9 : Let L be a distributive demi pseudo-p- algebra, for every
v e FI (L), definea fuzzy relation v’ on L by

vi(a,b)=v (@ Ab")v(a" AD™)).
Then v' is the largest fuzzy congruence on L with kernel v.

Theorem 4.10: Let A,v € FL (L). Then following propositions hold:
1) Acve Ty,
() (KerG,)" =G,
3) G, cA'.

Theorem 4.11 : *-Fuzzy ideals of a distributive demi pseudo-complemented
algebra L are precisely the kernels of the fuzzy congruences @ on L if and only if
L/ © is a Boolean algebra.

To each fuzzy ideal v of L, we consider the fuzzy subset v given by

v.(a)=vi{v(@):a™ Ai" =0}.

Now, we have the following Theorems.

Theorem 4.12: Let v be a fuzzy ideal of distributive demi-p-algebra L. Then the
following propositions are equivalent:

(1) v isa *fuzzy ideal,
2) v=v,.
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Proof: (1) = (2). Suppose that v is a *-fuzzy ideal. Then

Vi{v(a):i" na" =0}
Vi{v(@®):i" na” =0}

v(@a®)=v(a)

v.(a)

IN

Conversely v,(a)=V{v(i):a" Ai" =0} 2 u(i) as i" A i" =0.
Hence v =v,.
2)=@). va)=v,(a)=V{v(@):i" rna" =0}=V{v(@):i" Aa" =0} =v,

sk ok

@")=v(a™) as a™" =a".

Theorem 4.13 : Let 1 and A be fuzzy ideals distributive demi-p-algebra L. Then
(1) . isa*fuzzy ideal,
Q uci=ucl,
3) (N A), = . NA.

Proof : (1) First, we prove that u is a fuzzy ideal of L. Clearly 1, (0)= 1.

(@) Ap,(b) = vu@):a”™ A =0y av{u(j):b™" Aj =0}
Vip(@)Ap(j):a™ Ai"=0,b" Aj =0}

Sv{u@vi):(avb)” a(ivj) =0}
- u(avh)

Next, g, (a)v u,(b) = Viu(i):a" Ai" =0} vv(u(j): b Aj =0}
= VVu@vu@():a” Ai"=0,b" Aj =0}
< V@A) (@anb)” A@inj) =0}

#,(anb)

Finally, we prove that s, (a) = s, (a™).

Hokokok

@) =v{u@):a” Ai" =0y =v{u@):a™ Ai" =0} =y (a™). Thus p,
is a *-fuzzy ideal.

(2) Itis clear.

(3) By (2), (uNA), cu,NA,.

Conversely,
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(1. N4,)(a)

u, (@)~ 2,(a)

Vi@ :a” At =0YAViA(j): a” Aj =0}
Vi@ AA(G):a" A =0,a" A =0}
vy

IA

HAEADNAAGEA])a" AEAf) =0}
V(N EA]):a™ A Af) =0}
(1N 2).(a)

Hence (¢NA), =x NA,.

IA

Corollary 4.14 : The mapping v : FL(L) — FL(L) described by 7(u)= u, isa
closure.

Proof : Clearly ucu, =t(u) for all weFI(L). By Theorem 4.12
t*(u)=u,, = p, =7 (). Also by Theorem 4.13, 7 is an isotone. Thus 7 is
a closure on FZ(L).

Theorem 4.15 : Let L be a distributive demi-p-algebra. Then the set of all *-fuzzy
ideals FI (L) is a Heyting algebra.

Proof : Easily proved that FI(L) is bounded distributive lattice and
every subclass has the least element. 7:u — p, is a closure on FZ(L), it
follows that FZ(L)=Im7 is a complete lattice in whichA__ 4 =N__ 4

ael “a’
U, A =t(v,_A4,). Toshow that FZ (L) is a Heyting algebra, it enough
to show that for all u, A€ FZ (L) there exists the largest 7 € FZ (L) such
that 7 x < A. For this purpose, given x,1€ FI (L), consider the set
w=vineFL (L): nNucA}. Clearly, = is a *-fuzzy ideal of L. Now we
show that 7 is the largest fuzzy ideal satisfying (17 < A. Suppose that
there exists a fuzzy ideal o properly containing 7z such that uNo c 4.
This implies o < 7z by definition of z. Which is a contradiction. Hence

FI.(L) is a Heyting algebra.

Theorem 4.16 : Let L be a distributive demi-p-algebra. Then FL (L) isomorphic
to [G,, 21
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