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Abstract

The concepts of commutativity of two chains, and the commutativity degree of the
chains of a finite group such as G which ends in G are introduced. Then, the relation between
the commutativity degree of the chains of a finite group is examined, and eventually this
measure is calculated for some finite groups and fuzzy subgroups.
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1. Introduction

In recent years, special attention has been given to the use of
probability in the finite group theory. One of the important aspects
examined is the probability that two elements of a finite group G are
commuted. This is called the commutativity degree of group G, and
explicit formulas have been proposed for some special finite groups [1,
2, 3, 4, 5]. On the other hand, results for some finite groups describe a
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relation regarding the commutativity degrees of these groups [4, 5]. A
generalization of the concept of commutativity degree is examined in [6].
Moreover, the commutativity degree of the subgroups is also investigated,
and this measure has been studied in some finite groups such as finite
dihedral groups and finite p-groups [7]. Rasuli [8] characterized some
basic properties of T-fuzzy subgroups and normal T-fuzzy subgroups,
using a t-norm T. He also explained fuzzy and normal fuzzy subgroups
induced by t-norm T in the direct product of groups.

In this paper, the concepts of product of two chains, the commutativity
of two chains, and the commutativity degree of the chains of a finite
group G, which ends in G are introduced, and the relation between
commutativity degree of the chains of a finite group is examined. The rest
of this paper is organized as follows. Section 2 presents the results related
to the commutativity degree of the chains of groups. Section 3 includes
the definition of the commutativity degree of two fuzzy subgroups and
examples of commutativity degree of some finite fuzzy subgroups.

2. The commutativity degree of chains

In this section, we present some results on the commutativity degree
of the chains of finite groups. We will show the set of all subgroups of the
group G by L(G). We call the n-tuple (A,,A,,...,A,) of G’s subgroups, a
chain of length n, if we have A, c A, | foreach 1<i<n-1. If the last term
of the chain be G, we say that the chain ends in G. The set of all chains of
subgroups that are ending in G, are important for us, and we show these
series of chains with Ch(G).

Definition 1 : Let C (A, A,,...,A =G) and C,(B,,B,,...,B, =G) are
two members of Ch(G), the product of these two chains is defined as
C.C,(AB,AB,,...,AB =G) when r=min{i: AB, =G} . Two chains C,
and C, are commute (C,C, = C,C,), when the product of these two chains
is a member of Ch(G), and this is true only when A B ,AB,,...,A B, |
are subgroups of G.

Definition 2 : The commutativity degree of chains of group G is defined
as follows:
cd(G) L

=———|{(C,,C,) eCh(G)* :C,C, =C,C
ICh(G)le(l ») €Ch(G)":CC, =C,C I
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1

= Wu(q,cz) eCh(G)? : C,C, eCh(G)}]. (1)

Now, we will have the following lemma.

Lemma 1 : Consider the finite group G and the normal subgroup N. Both
chains of subgroups G including N suchas Nc A, c A,c A,c---c A =G
and NcB cB,cB,c---cB, =G are commute, if and only if the chains

A A A1 G B, B By
1CWCWC N SN and 1CWCNC N

group ﬁ can be commuted.

G
N from  the

Proof : Due to the one-to-one correspondence between subgroups G

including N and subgroups %, and the relation % §~%,
proved. O

So, we have the following theorem.

it is easily

Theorem 1 : There is the following relation between the commutativity degree of
a chain of finite group G and normal subgroup N:

_ 1} +(cd(N)-1)| Ch(N) |

2)

J

Proof : We define the function f as follows:

cd(G) > ;{@ Ch(N)| + cz{m

|Ch(G)I*

ofC)

+LCdL_J U

£:Ch(G)* - {0,1)

1 CC =C.C
f(CwCz) — 172 271
0 CC,=CC
It is obvious that
1
WG =——— >, f(C,C,).

|Ch(G) C,,C, €Ch(G)

Suppose N is the normal subgroup of G, we set:

={C eCh(G): all components of C containing N}.
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={C eCh(G): all components of C,
which do not contain N except G}.

Since I', T, < Ch(G), we have:
1

d(G 2— CI’CZ

©) | Ch(G) [ cl,c;lvrzf( )
__t Y. fC.CH+ Y f(C.CH+2 D f(C C>\
|Ch(G) L R ort e e V)

Considering the one-to-one correspondence between subgroups G

including N and subgroup %, we have:

() e 2 f6.C)

“N) Ch‘[Nj '

Therefore,
(a\|. (G
C,,C)=cd| —||Ch| —
I ec-algoly)
Moreover,
> f(C.,C)= > f(C,C)-2 >, f(C,C)
C.Cy el C,,Cyel,ulC) C,el,ulC)

= cd(N)| Ch(N) P —2| Ch(N)| +1.

where C'(N,G) is a chain of length 2, and

2> > f(C,C,)=2r,] |F2|=2Ch{%}‘(|Ch(N)—1|).

Cy el Gyely

By substitution, we have:

(G) .. 2
Chw J ~1)2 +(cd(N)=1)| Ch(N)|

2

v )

1 [
cd(G)= wLUCh(N)H

(G) )

ol ¥
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and this completes the proof. O

Based on the Theorem 1, we can obtain the following corollaries.

Corollary 1: If G be a finite group and N be a normal subgroup, such that N and

of3)

— 1J
ICh(G)I '

% be abelian, then:

(ICh(N)l +
cd(G) > L

Proof : It is obvious according to Theorem 1. O

Corollary 2 : If G be a finite group and N be a normal subgroup of prime index,
then

cd(G) (cd(N)|Ch(N)[® +2|Ch(N)| +1).

S
ICh(G)I?

Proof : Since N is a normal subgroup of prime index, then % has only two

subgroups, and so cd [%} =1, and

1 2 _ 2
cd(G) > CHO)T ((ICh(N)|+2-1)" +(cd(N)—1) |Ch(N)[* +0)
1
=——(cd h(N)[* h :
CHO)F (cd(N) |CH(N)I" + 2|Ch(N)[ +1)
and this completes the proof. O

Corollary 3: If G be a finite soluble groupand 1c G, <G, <G, c...c G, =G
G;
Gi

is a series of subgroup of G, so that the factors for i=1,2,...,k are cyclic of

prime order, then we have:

cd(G) > zk: ICh(G, )] +k+ 1} .

1 )
ICh(G, )P |~

Proof : Given the Corollary 2, because GG"

prime number, we have:

for i=1,2,---,k isacycle of a
i-1
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cd(G,)ICh(G,)I = cd(G, ) ICh(G, )] + 2|Ch(G, )| +1
fori=1,2,-- k.
By adding to both sides of the inequality, we have:
cd(G,)|Ch(G,) [’ = cd(G,) | Ch(G,) +22|Ch(G )|

i=1

k
+k=1+2) |Ch(G, )| +k.

i=1
Therefore

1 (& )
cd(G) > m@ ICh(G,.,)l +k+1J.

O

Corollary 4 : If G be a finite p-group of the order p* which has a maximal cyclic
subgroup, then

M4 k1

> Gior

Proof:Since Gisa finite group of order p*, ithasamaximal cyclicsubgroup,
then G is soluble and contains a series 1c G, c G, <G, c--cG, =G in
which G, | is cyclic, and so all subgroups G, (1>i>k-2) are cyclic and
[G, :G, ,]1=p for each 1<i<k. Using the Corollary 3 and considering that
|Ch(G,)|=2", we have:

cd(G) >

)
|Ch(G)|2 LZZ |Ch(G,_ 1)|+k+1J

|Ch(G)|2 LzZz‘ +k+1)
1

“ GG @1 £k —1).

3. Commutativity degree of fuzzy subgroups

We know that the concept of the numbers of fuzzy subgroups is
the same as the numbers of equivalence classes. On the other hand, the
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number of fuzzy subgroups of group G is equal to the number of chains
of group G ending in G. For more details on fuzzy subgroups, the readers
are referred to [9, 10]. We also have the following definition and theorem
on fuzzy subgroups.

Definition 3 : Suppose u and v are two fuzzy subgroups. Then, for each
x €G, the combination wov is defined as:

(eov)(x) =suplu(y) A (z):yz=x, Y,z €Gl.

Theorem 2 : (Theorem 1.2.10 [10]) Suppose p and v are two fuzzy subgroups,
then pov is fuzzy subgroup, if and only if pev="vo pu.

In the following, we first define commutativity degree of fuzzy
subgroups and then compute this measure for fuzzy subgroups.

Definition 4 : Suppose G is a group. The commutativity degree of fuzzy
subgroup of G is defined as:

H(w,0): 0 €F,, pov=voul|

cd (G) = T
G

()

where F_ is the number of all fuzzy subgroups of the group G.

The number of fuzzy subgroups F_ for some specific groups can
be found in [12]. Now, we can get the following results for the fuzzy
subgroups.

Theorem 3 : For Abelian group G, the commutativity degree of fuzzy subgroup
is equal to one.

Proof : In Abelian groups, if 4 and v are two arbitrary fuzzy subgroups,
then wov are fuzzy subgroups and so pov =vo u. Therefore
(,0): o €Ey, pov=vop)|_[wo):poeb)l |EF

cd. (G)= = = =1.
+() |F, P |E, [ |F, [

O

Dedekind groups are groups whose subgroups are normal. The non-
Abliean Dedekind groups are called Hamiltonian groups. According to
[11], group G is Dedekind, if and only if, it is Abelian or it is the direct
product of Q, (Quaternion group of order 8) and an elementary Abelian
2-group and an Abelian group whose all elements are of odd order. The
commutativity degree of fuzzy subgroups of Dedekind groups is equal
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to one. Therefore, the Hamiltonian groups are examples of non-Abelian
groups in which commutativity degree of their fuzzy subgroups is equal
to one.

Lemma 2 : Suppose u and v are two fuzzy subgroups of group G, and x €G,
then we have:

(1) (uov)(x)= pu(x)
(2) (uov)(x)20(x)
(3) (uov)(x)2 pu(x)vov(x)
(4) (uov)(x)2 p(x) Av(x)

Proof : By definition, they are obvious. O
Theorem 4 : If u be a fuzzy subgroup, then po y= p.

Proof : By using Lemma 2, we have:
(p0p)(x) 2 p(x). )

Now, we prove (uo u)(x)< u(x). Suppose that is not the case, then
there exists y and z, where x=yz and u(x)A u(z)> p(x). According
to the definition of fuzzy subgroup, we have: u(yz)2 u(y) A u(z). So,
w(x) = pu(yz) = p(y) A u(z) > p(x) thatisa contradiction. So, the assumption
is invalid and

(o m)(x) < (). 4)
Therefore, from equations (3) and (4) the theorem is proved. O
Theorem 5 : In Abelian groups, if u and v are fuzzy subgroups, then pov

is a fuzzy subgroup. In other words, the composition of fuzzy subgroups has the
commutativity property.

Proof :
(ov)(x) = sup{u(y) nv(z): yz = x}
=sup{u(y) nv(z) : zy = x}
=suplo(y) A wu(y): zy = x} = (Vo u)(x).
and this completes the proof. O

Theorem 6 : Suppose p and v are two fuzzy subgroups and pc v, in this
case pov ="0.
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Proof : By using Lemma 2, we have:
(#o0)(x) 2 v(x). (5)
On the other hand, suppose x =yz, because v is a fuzzy subgroup
and u c v, we have:
0(x) = 0(y2) 2 0(y) A 0(2) 2 p(y) A D(2).
Therefore,
0(x) 2 {u(y) Av(z) 1 yz = x} = (pev)(x) (6)

From equations (5) and (6), the theorem is proved. O

From basic algebra we know that if H and K be two subgroups of G,
then HK is a subgroup of G, if and only if, we have HK = KH.

Lemma 3 : Suppose G is a group, and H and K are two subgroups of G. The fuzzy
subgroups corresponding to chains H ¢ G and K < G are commute, if and only
if HK = KH.

Proof : Suppose u and v are fuzzy subgroups corresponding to chains
H c G and K cG, respectively. If so, ¢ and v are as follows:

1 tekK
o(t) =
0.5 teG-K

and
1 teH
)=
#) {0.5 teG-H
and so
1 t e HK
o t=
(e0)) {0.5 t €G- HK

The necessary and sufficient condition for the commutativity of u
and v is that

(pov), ={x €G:(uov)(x)2a}, Vaelm(u-v)

be a subgroup of G, and this is equivalent to that HK is a subgroup and is
equivalent to HK = KH with respect to the above lemma. O
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Remark 1 : The following example shows that for two fuzzy subgroups
such as x4 and v, we may have pov=vou, u cpu and v, co, but

My 0Ty 0,0 [y

Example 1 : For the group G =D,, the fuzzy subgroups corresponding
to the chains (a*,b)c D, and (a®,ab) c D, are commute, but the fuzzy
subgroups corresponding to the chains (b)c D, and (ab) c D, are not

commute.

Lemma 4 : Suppose G be a group, and H, K and L are subgroups of G. Then, we
have:

(1) HKUHL=H(KUL).

(2) HLUKL=(HUK)L.

Proof : By definition they are obvious. O

Theorem 7 : Suppose u is a fuzzy subgroup corresponding to chain
A cA,cA c---cA =G and v isafuzzy subgroup corresponding to chain
B,cB,cB,c---cB, =G and n<m, and let r=min{i: AB, =G). In this
case, pov =vo u isafuzzy subgroup, if and only if A B,,A,B,,---,A_ B, are

subgroups of G.

Proof : Since u is a fuzzy subgroup corresponding to chain
A cA,cA,c--cA =G and ©v is a fuzzy subgroup
corresponding to chain B, c B, c B, c---c B, =G. There are numbers

0<t , <--<t <t  <--<t, <t <1, suchthat

1 A

tl Az - Al

tz A3 - Az
u(x) =

tn—l G - An—l

and



COMMUTATIVITY DEGREE OF CHAINS 2163

1 B,
tl Bz - Bl

U(x) = n-1 Bn Bn—l
tn Bn+l - Bn
tm—l G - Bm—l

The fuzzy subgroup (uov)(x) equals 1, if and only if x € A B,. Now,
it AB, =G, foreach x €G, we have (uov)(x)=1.

According to the definition of fuzzy subgroup composition, (zv)(x)
isequalto t,, ifand onlyif x e A (B, =B,) U (A, - A,)B, (A, - A,)(B, - B,).

But, according to Lemma 4, we have:
A/(B,-B))uU(A,-A))B U(A,-A)B,-B))=A(B,-B)U(A,-A)B,v(B,-B))
A/(B,-B))U(A,-A)B,,
and
A/(B,-B))U(A,-A)B,UAB, =A(B,-B)UB,)U(A,-A,)B,
=AB,U(A,-A)B,=(A U(A,-A))B,=AB,,

and so

A(B,-B)U(A, —A)B, U(A, - A )B,~B,)= A,B, — AB,.

Now, if A,B, =G, the equivalent chain for pov is A B, < A,B, =G,

and if we continue this process, we have:
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1 AB,
t1 Asz - AlBl
tz AsBs - Asz
u(x)=
tr—l G - Ar—lBr—l

Then, uov is a fuzzy subgroups, if and only if AB,,AB,,---A_ B

12174022777 4 1P
are subgroups of G. In this case, the equivalent chain to uov is

AB cAB,c---cA_B |, <G, and this completes the proof. O

3.1 Commutativity degree of fuzzy subgroups of D,

In this subsection, we calculate the commutativity degrees of fuzzy
subgroups of dihedral group D, where p is a prime number.

Theorem 8 : The commutativity degree of two fuzzy subgroups in the group
D,, is:
>+9p+8
ed,(D,,) =L P2 @)
2p° +8p+8

where p is a prime number.

Proof : We have

G=D,, =(ab:a" = =1,a"=a").

The number of fuzzy subgroups is equal to F, =2p+4.
2p

Equivalent chains to fuzzy subgroups are:
1 D,

(2 @cbh,,

3) 1lca)c sz

(4) 1cD,,

(5) (a'b)c D,, (0<i<p-1),

(6) 1c(u’b>cD2p 0<i<p-1).
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Fuzzy subgroups equivalent to chains (1), (2), (3) and (4) are
commutate with all fuzzy subgroups. No two different chains of group
(5) can be commutated together. In other words, the combination of fuzzy
subgroups (a'b)cD,, and (a'b)c D, , i#j is not a fuzzy subgroup.
Moreover, no two different chains of group (6) can be commutated together.
In other words, the combination of two fuzzy subgroups 1c (a'b) D,,
and 1< (a'b) = D, for i # j, is nota fuzzy subgroup. Each fuzzy subgroup
equivalent to a chain of (5) and each fuzzy subgroup equivalent to a chain
of (6), can be commutated together. That is, the combination of fuzzy
subgroups equivalent to chains (a'b) < sz and 1c (a’b) c sz for each
i,j, is a fuzzy subgroup.

Therefore, the number of ordered pairs (u,v) of fuzzy subgroups of
group sz when pov=uvoy, is:

42p+4)+pQRp+4—(p-1))+pRp+4-(p-1))=2p* +18p+16.
Therefore, the commutativity degree of two fuzzy subgroups is:
[{(w,0): pov=vou}| 2(p*+9p+8) _ p*+9p+8
E, Qp+47  2p"+8p+8

D,,

od (G) =

Finally, we have the following corollary.

Corollary 5 : The commutativity degree of two fuzzy subgroups in group D,  is

1
greater than % and less than 0.88, and also lim,, ... cd, (D,,) = 5

References

[1] W. H. Gustafson, What is the probability that two group elements
commute? Amer. Math. Monthly, 80, (1973), 1031-1034.

[2] P. Lescot, Sur certains groupes finis. Rev. Math. Spciales, 8, (1987),
276-277.

[3] P. Lescot, Degr de commutativit et structure dun groupe fini (1). Rev.
Math. Spciales, 8, (1988), 276-279.

[4] P. Lescot, Central extensions and commutativity degree. Comm.
Algebra, 29, (2001), 4451-4460.

[5] D.J.Rusin, What is the probability that two elements of a finite group
commute? Pacific |. Math., 82, (1979), 237-247.



2166 H. DARABI AND M. IMANPARAST

[6] A.Erfanian, P. Lescot, R. Rezaei, On the relative commutativity degree
of a subgroup of a finite group. Comm. Algebra, 35, (2007), 4183-4197.

[7] M. Tarnauceanu, Subgroup commutativity degrees of finite groups.
J. Algebra, 321, (2009), 2508-2520.

[8] R.Rasuli, Fuzzy subgroups over a t-norm. J. Inform. Optim. Sci., 39 (8),
(2018), 1757-1765.

[9] H. Darabi, M. Imanparast, Counting number of fuzzy subgroups of
some of dihedral groups. Inter. ]. of Pure and Applied Math., 85 (3),
(2013), 563-575.

[10] J. N. Mordeson, K. R. Bhutani, A. Rosenfeld, Fuzzy group theory (Vol.
182). New York: Springer, (2005).

[11] H. Darabi, F. Saeedi, D. Farrokhi, The number of fuzzy subgroups of
some non-abelian groups. Iran J. Fuzzy Syst., 10 (6), (2013), 101-107.

[12] D. J. Robinson, A Course in the Theory of Groups (Vol. 80), Springer
Science and Business Media, pp. 173, (2012).

Received March, 2021
Revised July, 2021



