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Abstract

In this paper, by using the g-integer, we introduce a new generalization of Fibonacci
and Lucas type sedenions called g-Fibonacci and g-Lucas sedenions. We state that the special
cases of these types of sedenions give the various sedenions whose components are defined
by second order integer sequences. We also present some fundamental properties of these
types of sedenions.
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1. Introduction

The set of sedenions, denoted by §,are 16-dimensional algebra.
Sedenions are noncommutative and nonassociative algebra over the set of
real numbers, obtained by applying the Cayley--Dickson construction to
the octonions. A sedenion is defined by

15
p=24e,
i=0

where q,,q,,..,9,; €R and e e,.. e, are called unit sedenion such

that e, is the unit element and e ,e,,...,e ; are imaginaries satisfying, for
i,j,k=1,2,...,15 the following multiplication rules:
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ee,=ee, =e, (e) =—e, (1.1)
ee =—ee, i#], (1.2)
ei(ej.ek) = —(eiej)ek, i#], ee #te. (1.3)

The addition of sedenions is defined as componentwise and for
P, P, €S, the multiplication is defined as follows:

(S $1e)

—Zab(ee

i,j=0

where ee, satisfies the identities (1.1), (1.2) and (1.3).
For a,b,p,q €R, the Horadam numbers h =h (a,b;p,q) are defined
by the following recurrence relation

h,=ph_ +qh,_,,  h
Some special cases of the Horadam sequence &, (a,b;p,q) are as follows:
(1) h,(0,1;1,1)=F, the Fibonacci sequence;
) h (2,1;1,1)=L , the Lucas sequence;
) h,(0,1;2,1)=P,, the Pell sequence;
) h,(2,2;2,1)=PL , the Pell-Lucas sequence;
(5) h,(0,1;k,1)= E ., the k-Fibonacci sequence;
) h,(2,1k,1)= L., the k-Fibonacci sequence;
) h (0,1;1,2)=] , the Jacobsthal sequence;
) h (2,1;1,2)=j , the Jacobsthal-Lucas sequence;
9) h,(0,1;2,k)= P . the k-Pell sequence;
(10) h,(2,2;2,k)=PL, ,, the k-Pell-Lucas sequence;

The Binet formula of the Horadam number is given by, for n >0,

L _Aa"—Bﬁ”
n C{-ﬂ

7
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where A=b—afs, B=b—aa, a and f arethe roots of the x* — px—q =0.
We note that the above numbers have been studied in the literature widely
and extensively (see, for example, [4, 5, 11-15, 20]). Many researchers have
given important properties for special type numbers and polynomials
using the generating functions. For example, in [23] Shablya, Kruchinin
and Shelupanov examined the properties of coefficients of a composition
of ordinary generating functions. Using the notion of a composita,
they obtained some new properties for this composition. Finally as an
application, they showed how to get primality criteria for the Mersenne
numbers, the Lucas numbers, the Pell-Lucas numbers, the Jacobsthal-Lucas
numbers, and other. Ozdemir and Simsek [21] defined the two variables of
Fibonacci-type polynomials by the following generating function

1

H(t;x,y;k,m,n)= zg].(x,y;k,m,n)tj =T o (1.4)
n=0 —]/

—x't

where k,m,n eN,. They obtained some important properties of these
polynomials. Moreover, they gave relationships between the Fibonacci,
Jacobsthal, Chebyshev polynomials and the other well known polynomials.
For more information related to special numbers and polynomials, we
refer to [19, 21, 22].

Now, we talk about some notations related to g-calculus. For x e N o
the g-integer [x]q is defined as follows:

[x], = 11__2 =1+g+q" +..+q"". (1.5)

From (1.5), for all x,y €Z, we get
[x+yl, =[xl +4"[v],.

Many of the papers on quantum (g-) calculus which has been provided
by the mathematicians in the past for the purpose of application to the
branches of mathematics such as combinatorics, differential equations as
well as in other areas in physics, probability theory and so on. For further
information, we specially refer to books in [2, 16].

Several generalizations of the well-known sedenions such as Fibonacci
sedenions, Lucas sedenions, k-Pell and k-Pell-Lucas sedenions, Jacobshtal
and Jacobshtal-Lucas sedenions, and so on have been studied by several
researchers. For example, in [3], the authors defined the Fibonaccci and
Lucas sedenions
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and

5=

Then they also obtained the generating functions, Binet-Like formulas
and some interesting identities related to Fibonacci and Lucas sedenions.
For more detailed information, please refer to the closely related to the
paper [3, 6, 8. 10, 17].

Akkus and Kizilaslan [17], defined a more general quaternion
sequence by receiving components from complex sequences. Then, they
gave some properties and identities related to these quaternions. In [18]
Kizilates defined the another generalization of hybrid numbers which
called the g-Fibonacci hybrid numbers and g-Lucas hybrid numbers.
Moreover, the author gave some important algebraic properties of these
numbers.

In this paper, by the help of the g-integers, we define here a new
family of sedenions called g-Fibonacci sedenions and g-Lucas sedenions.
We will obtain some algebraic properties of g-Fibonacci sedenions and
g-Lucas sedenions.

2. Main Results

In this part of the our paper, we will introduce the g-Fibonacci
sedenions and the g-Lucas sedenions. Then we also give some algebraic
properties of these sedenions. Throughout the paper, we take n €N and
1-g#0 is a real number.

Definition 2.1 : The g-Fibonacci sedenions and the g-Lucas sedenions are
defined by the following:

15
SF,(a;q) =D a" [n+s] e, (2.1)

5=0
and

15 [2(n+59)],

SL (a;q)= Za"” .- (2.2)
s=0

[n+ s]q
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Table 1
Special cases for g-Fibonacci Sedenions and g-Fibonacci sedenions

a q g-Fibonacci Sedenions g-Lucas sedenions
“f ;% Fibonacci sedenion; SF, | Lucas sedenion; SL,
1442 ;% Pell sedenion; SP, Pell-Lucas sedenion; SPL,
kked —% k-Fibonacci sedenion; k-Lucas sedenion; SL

2 a SF,, ko
2 0—% Jacobsthal sedenion; S, ]Sz;'ncobsthal-Lucas sedenion;
1+ 14k % k-Pell sedenion; SP, , I;—IELekli—Lucas sedenion;

Some special cases of g-Fibonacci sedenions SF («;q) or shortly SF,

and g-Lucas sedenions SL (a;q) or shortly SL are given as in Table 1.

Theorem 2.2 : The Binet formulas for the g-Fibonacci sedenions SF,and the
g-Lucas sedenions S, are

and

_a"a—(aq)'pB

" a(l-g)

SL, =a"a +(aq)" 5,

where ¢ =Y a’e, and =37 p’e..

Proof : Owing to (2.1) and (1.5), we find that

15
SF, =>a"* '(n+ 5),e,

s=0

=

1-g a (l—q"”\

,Ta e1+...+oz"”4(1
Ll qJ L I-q ) L

(2.3)

(2.4)

”’1(71) e, +a"(n+1)e, fota" M+ 15) e,

_ qn+15\

—q JeIS
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S— (@" —(aq)")e, + (@™ —(ag)" e, +..+(a"™ —(ag)" P )e,;)

a(l-q)
_ 1
“a(l-g)
_05"0?—(0{11)”ﬂ~
Ca(l-g)

Similarly, equality (2.4) can be obtained. O

(a"(e, +ae, +..+ae,)—(ag)" (e, +(ag)e, +..+(aq) e,

Theorem 2.3 : The exponential generating functions for the g-Fibonacci
sedenions and g-Lucas sedenions are

© n ~oax _ poagx
ZSan_:M, (2.5)

n=0 n! 0.’(1 - q)

and

ZSIL = Ge™ + e, (2.6)
n=0

Proof : From the Binet formula for the g-Fibonacci sedenions, we obtain

n

il x [a a—(aq) /5’\ x
;S ! L a(l-gq) nt
(ax)" (aqx)"
a(l q); n! a(l q)z !
_ae” = pe
a(l-q)

Equality (2.6) can be similarly derived. O

Theorem 2.4 : For n,k >0, we have

n

o (1) o A?SF if n is even,
ZU ) (-a’q)"'SE,., =1 ,, " (2.7)
- A?SL, , if nisodd,

k

(n) » AESL if nis even,
2| ) Sy = (2.8)
- AZSF,, ifnisodd,

k
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Z@ (-1)'(-a’q)"'SF,,,, = (—a[Z]q)" SF, ., (2.9)
Y (7’1\ i 2 _\n-i n
> (1) e’ ISLy,, = (al2] ySL, . (2.10)

where A =(a -aq)’.

Proof : Let’s first prove the equality (2.7). Similarly (2.8), (2.9) and (2.10)
can be obtained. From Binet formula (2.5), we find that

aZHk& _(aq)ZHkB

- (7’1\ 2 _\n—i _ - (Tl\ 2 _\n—i
D 3 (i,

= - a) @t - (o ) @)
a-aq

_(aVa)'ata-(-agla)(@q) B

a-aq

(2.11)

If nis even in (2.11), we have

(0, (@A) a'@ —(aqJA) (aq) B
;LJ (~a ‘7) SFZH—k = a—aq

_ \/Z" an+ka~ _(aq)n+kﬁ~
a(1-9)

=A’SF,,.
If nis odd in (2.12), we obtain
n () (aNA) a* G +(aqJA) (aq) B
3| ;e SE,, = T
VA" @+ ) )

n-1

=A2SL

a-aq

L
Thus the proof is finished. O

Theorem 2.5: For n >0, we get
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Z@ (a+aq) (-a’q)"'SF, = SF,,, (2.12)
- (n\ i 2 _\n—i
ZL ;| (@ +aa) (-a’a)'SL, =SL,,. (2.13)

Proof : Using the Binet formula for the the g-Fibonacci sedenions (2.3), we

have

Z@ (a +aq) (—a’q)"'SF,

a'a—(aq) p
a(l-q)
< (1) (a+aq)(-aq) " a'a (1) (a+aq) (-a’q) " (aq) B
20 i 2l a(l—g)

_(@1+p-a’9'a (@*q+q-a’))'p
a(l-q) a(l-q)
=SF

2n*

= Z@ (@ +aq) (-a’p)"

Equality (2.13) can be similarly derived. O

Theorem 2.6 : (Catalan’s Identity). For positive integers n and v, with n>r,
then the following identities are true:

2n-2 _n A 27 P 2
n+r n—-r n (1 _ q)z
SL,_SL _ —SI? =a*q""(1-q")af - q' fi). (2.15)

Proof : From the Binet formula of the g-Fibonacci sedenions, we have the
LHS of the equality (2.14),

SF  SF,_ —SF?

B (a”:’d —(aq)"”,é\ (a""a - (aq)”"ﬁ\ _(a”d —(ag)" ﬁ'\z
et T e )T ean )

After some calculations, we get
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o g (1-g )pa-q " ah)
(1-9)

The result (2.15) can be similarly obtained.

SF  SF,_ —SF? =

n-r

Theorem 2.7 : (Cassini’s Identity). For n>1, the following equalities hold:
a”q" (P —q'ap)

S]]:Tn-ﬁ—lS]Fn—l _S}Fnz =
(1-4)

, (2.16)
SL . SL,_, -SI? =a*q" " (1-q)ap - qpd). (2.17)

Proof : If we take r =1, in (2.14) and (2.15), we obtain the assertions of the
theorem. O

Theorem 2.8 : (d’'Ocagne’s Identity). Suppose that n is a non-negative integer

number and m natural number. If m>n+1, then the expression of the d’Ocagne’s

identities are given by the following:

am+n—l(qna~ﬁ~ _qmﬁd)
(1-9)

SF SF,, -SF, SF, = , (2.18)

SL SL,,,-SL, ,SL, =a"™""(q-1)(q"aB - q" fa). (2.19)

1

Proof : Using the Binet formula of the g-Fibonacci sedenions, we obtain

aé _(aq)mB an+ld~ _(aq)nﬂ’g

S]FmS]FnJrl - SFm+1SFn =

a(l-q) a(l-q)
_am+1a~_(aq)m+lﬁ~ a!na:'*_(c‘(q)nﬂ~
a(l-q) a(l-q)
Thus
m+n-1,_n ~~_ mp s
SF SF, ,~SF, SF, =% 4P -9"fa)
m n+ m+ n (1 _ q)

Equality (2.19) can be similarly derived. O

Remark 2.9 : This paper is a slightly corrected and revised version of the
electronic preprint [24].
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3. Conclusion and Discussion

In our recent study, we have introduced and dealt with g-Fibonacci
sedenions and g-Lucas sedenions which are defined by means of the
g-integer. Utilizing the Binet-like formulas and some properties of
g-Fibonacci sedenions and g-Lucas sedenions, we have derived exponential
generating functions, summation formulas, Cassini’s identities, Catalan’s
identities, and d’Ocagne’s identities. Depending on the special values of
a and g, all the results given in Section 2 are true for all Fibonacci-type
sedenions and Lucas-type sedenions stated in Table 1. On the other hand,
a trigintaduonion is defined by

31
t=a,+ Zal‘ei’
=0

where {a,}, i=0,1,...,31 are real numbers and {e,}, i=0,1,...,31 are
imaginary units. Detailed information about the trigintaduonion have been
presented in the literature (for example, see [7]). Indeed, for the interested
readers of this work, results presented here have the potential to motivate
further researches of the subject of the g-Fibonacci Trigintaduonions and
g-Lucas Trigintaduonions.
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