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Abstract

This work studies some properties of P — field, which is a generalization of o-algebra,
0 field and A — algebra. The relationship between each of an o - field, o — o —field,  — field,
B — o —field, r—system and monotone class with P - field have been studied where it is shown
that P - field is a stronger form of these concepts.
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1. Introduction

Algebra is a significant topic in algebraic and real analysis [1]. Wang [2]
and Ahmed et al. [3-5] have studied many notions of classes of sets that are
generalizations of g-field like g-ring, ring, field, a — field, a — o — field,
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B — field, B — o — field and explained some significant findings of these
notions, where a non-empty class M is named a ring if and only if M,N eM,
then we have M\N and MUNeM'. Endou [6] has studied the g-ring concept as a
family M such that it is closed under countable union and the difference
between any two sets. In 2021 Ahmed et al. [7] have been studied the ¢- field
concept to define an outer measure. The idea of ¢- field and field are studied
by [8] and as a family of sets M which satisfied the following statements: The
universal set belong to M. If DeM, then DeM. If My, M,,... e M. So
U2, M; e M.

If statement 3 holds only finite sets in M, then we say that M field.

In this work, the universal set is denoted by U and the power set of U by
P(U). J € P(U) means that J is a subcollection of P(U).

2. The main results

We will investigate the definition of P —field and prove many
propositions and give important examples.

Definition 2.1: Let M be a non—empty collection for subsets of U . Then M is
called P — field of a set U if the following conditions hold:

@, U eM and if My, M,, ... e M. Thus Ug_; My € M and N, My e M.

Definition 2.2: A universal set U and let M be a non—empty collection for
subsets of the universal set U . So M is named P* — field of U iff ® e M. If
N, MeM, Hence NNM e M. If My, My, ... e M. Thus Ug_; My e M.

Proposition 2.3: If M isa o — field, then M isa P — field.

Proof: Clearly U e M, but U =D, implies that de M. Let M, M,, ... e M. So
U2, M; e M since M isaoc — field.

Let My, My, ... e M. Then M{, M5, ... e M & UL, My € M because M is
a o — field, hence (Ugp-;M;)°e M. By Law of De-Morgan, we will have
Np=1 My = (Up=; M§)€ and thus Ny=; My € M.

Thus, M is P — field of a set U.
Example 2.4: Let U={m;,m,,mz} and M ={ d,{m,},{m3},{m, m3},U}.

Then M is P — field but not o — field, since {m,, mg}€ M but {m,, ms}¢ =
{m,} & M.

Proposition 2.5: Let P(J) be the smallest P — field that includes J and o(7)
be the smallest 0 — field that includes 7 and let 7 € P(U). Then P(J) < o(7).

Proof: Let 7 € P(U). So 6(J) is a 0 — field of a set the universal set U that
contains J. Since every o- field is P- field, then ¢(J) is a P- field that
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contains J. But, P(J) is the smallest P- field of a set U which holds J this
leads to P () € o(J).

Definition 2.6 [3]: Assume U is a nonempty set. A nonempty class M is called
8- field on U, iff @eM. If M is a nonempty set in M’ and M c N € U, then
NeM. If M;, M, ... eM, then N, My eM.

Proposition 2.7: If M isa 8§ — field,So M isaP — field.

Proof: Assume that M is a § — field of universal set U. So ® e M, but <
U, implies that Ue M. Suppose that M;,M,,... e M. Then N, My e M.
Now, NgZ; My € UgL; My and N2, M; e M, then we have, Up_, MeM.
Therefore M is P — field of U.

Example 2.8: Let U ={m;,m,,m3} and M ={d,{m,},{m,},{m;,m,}, U }.
So M be a P-field of a universal set U, but it is not § — field, since
{m,}€ M and{m,}c{m,,ms}, but {m,,m;}& M.

Proposition 2.9: Let §(7) be the smallest § — field that includes J and let
J < P(U) . Then P(J) < 6(J).

Proof: Let 7 € P(U). So 8(J) is a 6 — field of U that contain J. Since
every § — field is P — field, then §(J7) is a P — field that contains J. But,
P(7J) be the smallest P — field of a universal set U which holds 7 this leads to
P@3) <€ 8(9).

Definition 2.10 [9]: A class M # {U}is a A-algebra of a nonempty set U iff
UeM and If B eM and AcBc U, then AeM. If By, B,, ... eM, then
Up=1 B eM.

Proposition 2.11: Every A — algebraisa P — field.

Proof: Suppose that M is a A — algebra on U, then U € M, but & c U, implies
that de M. Assume that M, M,,.. e M. Then U, My e M. Now,
Uke1 My € N2y My and UZ; My € M, then we have Ny_; My € M. Hence M
is P — field onU.

Example 2.12: Let U ={m,m,,m3, m,} and M ={ &,{ m,},{m;},{m;,ms},
{m;, mg,m,}, U }. Then M is a P-field but not A-algebra, since {m;,ms,
myt€ M, {my}c{my,mz,m,}, but {m,}¢& M.

Proposition 2.13: Let A(J) be the smallest A-algebra that holds J and let
J € P(U). Then P(7) € A(9).
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Proof: Let 7 € P(U). So A(J) is a A~ algebra of a universal set U that contains
J. Since every A-algebra is P- field, then A(J) is a P~ field that contains J.
But, P(J) is the smallest P- field of a set U which holds 7 this leads to
PI) € A(9).

Definition 2.14 [4]: A class M is called a — field on a nonempty set U iff
UeMand if My, My, ..., My €M, then UX_, M, e M.

Remark 2.15: If M isa P — field,then M isan a — field.

Example 2.16: Let U={m,,m,,m3, my} and M ={®,{ m;,ms},{ms,m,},
{my,mg,my}, U}, then M is o-field, but it is not P-field, since
{my,ms},{ms.my} € M but { my,mz}N{mzmy}={ms}& M.

Definition 2.17 [3]: A class M is called q- o- field on a non—empty universal
set U iff &, UeM and if My, M,, ... eM, then Uy, M, e M.

Proposition 2.18: If M isa P — field,then M is a a- o- field.
Proof: By the definition of P — field directly, we prove this proposition.

Example 2.19: Let U ={m,,m,,m3, m,, mg} and
M ={ Cb,{ mla m2am3}a{m13 m23m4}3{m13 m23m3sm4}’u }
Then M o — o — field, but not P — field, since { m;, my,;m3}N{m,,
My, My§ = {my, my}& M.

Definition 2.20 [4]: A class M is called § — fieldof a nonempty set U, iff
®eM and NK_, M, eM whenever My, M,, ..., My eM

Proposition 2.21: If M isa P — field,then M isa 3 — field.

Proof: Clearly that ®,U e M. Let My, M,, ..., M, e M. Put, My = UVk >n,
So NZ;M;eM, but N2, M; =M NM, N ..NMNUNUN..=NL M
and N2, M; e M thus N{L; M; € M. Therefore, M is § — field on U.

Example 2.22: Let U={m,;,m,,m;,m,} and M ={d,{m,},{ m;,m,},{m,,
my}, U }, then M B — field, but not P — field,

Definition 2.23 [3]: A class M is called B — 0 — fieldof a nonempty set U, iff
@, U eM and N3y My eM for My, My, ... eM.

Proposition 2.24: If M isa P — field,then M isa 3 — o — field.

Proof: The result immediately by definition of P- field.
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While in general, the converse need not be true, as shown in the example
below.

Example 2.25: Let U ={m,,m,,m3, m,, ms} and
M ={d,{ my, m,,m3},{my, my,m,},{m;, m,}, U }.
Then M is B — o — field, butitisnota P — field,

Definition 2.26 [10]: A class M is rt- system, if M; NM,eM for M;, M, eM.
Proposition 2.27 [10]: Every P — field is a m-system.

Proof: Assume that M is a P — field , then U e M. Let M;, M, e M. put,
M, =UVk>2, then N2,M; €M, but N2, M;=MNM,NUN...=
M; NM,, thus M; M, € M. So, M is nt-system.

Example 2.28: Let U={m;,m,,ms;,m,} and M ={d,{ ms},{ m;,m3},{m,,
ms}, U }. Then M is a m-system, but it is not P-field, since {m,,m5}U
{my.mzi={my,my,ms} € M.

Definition 2.29 [2]: A nonempty collection M of s of a nonempty that subset of
U is named monotone class iff whenever My, M,, ...e M like M; T M, then
MeM Also if M; | M, then MeM .

Proposition 2.30: If M isa P — field, then it is a monotone class.

Proof: Assume M is a P — field on universal set U and M;, M,, ... e M such
that M; T M. Then U2, M; =M Since M is a — field , So by using the
definition of M, we will have U{2Z;M;eMwhich leads to MeM. Let
M;, M, ...eM such that M; ! M. Then N2, M; = M, but M is a P — field ,
hence N{2; M;eM and M eM. Thus M is a monotone class.

The next example shows that the converse of proposition(2.30) generally is
untrue.

Example 2.31: If U={m;,m,,m3} and K ={d,{m,},{m;, m,} }, then M
is a monotone class, but not P — field , becauseU & M.

Definition 2.32 [2]: Let 7 € P(U). Then the intersection of all monotone
classes of U that contain J is called the monotone class created by J and it is
denoted by M (7).

Lemma 2.33 [2]: Let {M;};c,;be a collection of monotone classes on U. Then
Nie; M; is a monotone class on ‘U.

Proposition 2.34 [2]: Let 7 < P(U) . Then M(7) is the smallest monotone class
of U that contains J.
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Proposition 2.35: Let 7 € P(U) . Then M(7) < P (7).

Proof: Let 7 € P(U). Then P(J) is a P-field of U which hold J. Since every
P-field is a monotone class; it leads to P(J) is a monotone class which

contains J. But M(J) is the smallest monotone class which includes J, then
M(T) € P(I).

Proposition 2.36: If M isa P — field, thenitis a P* — field.

Proof: Suppose a M is a P-field on universal set U, So ®,Ue M. Let
M, M, e M. put, M=UVk>2, then M;,M,,.., M, .. e M, hence
N2, M; e M, but N2, M; = M;NM,NU NUN ... = M;NM,, thus M; M, € M.
Assume My, M,, ... e M, hence U2, M; € M.Therefore, M is P* — field on
Uu.

Example 2.37: Let U={m,,m,,m3,m,} and M ={ D,{ m,},{ m;,m,},{m,,
ms},{m;,;my,;ms} }. So M is a P* — field, but it is not P — field, since
UegM.

The following examples show that the relation among P — field and
field are independent.

Example 2.38: Suppose that U ={ m;,m,,m3} and M ={ ®,{ m,},{m3},{m,,
mg}, U }. So M is a P-field of a set U. On the other hand, M is not a field
since {m,, mg}eM but {m,,m3}° = {m,} ¢ M.

Example 2.39: Let U =R and M consist of all finite unions of disjoint right —
semi-closed intervals. Then M is a field, but M is not a P-field. Because if we
take M, =(0, 1- (1/n)] ,n=1,2,... then M,e M, but U;_; M, =(0,1) ¢ M.

The example below indicates that the relation between P-field and g- ring
are independent.

Example 2.40: Let U={m,;,m, my} and M ={d,{m,},{m3},{m;, ms}}.
Then it is clear that M is g-ring but not P — field, because U ¢ M.

Example 2.41: Let U ={m,,m,,m3} and M ={®,{ m,},{ms},{m, ms}, U }.
Then it is clear that M is P — field, but M is not a g-ring because
U, {ms} eM,but U\{ms} ={m,m,}& M.

Proposition 2.42: Every o-ring containing U is a P — field, while the
converse need not be true, as shown in the above example.

Proof: Assume M is a g-ring containing U and MeM, then M\MeM . Hence
®, Ue M. Let M;,M,,.. eM. From the definition of g-ring, we have
Ui, M;eM. Let M;,M,,... eM. Then Uj2; M;eM. Consider M =Uj2; M;.
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Since N2, M;=M\ U2;(M\ M;) and M\ U;2;(M\ M;) eM. Then, N2, M; eM.
Therefore, M isa P — field on U.

The examples below indicate that the relation between P-field and ring
are independent.

Example 2.43: Let U={m;m,m3} and M ={d,{m,},{m,},{m,;, m,}}.
Then it is clear that M is a ring but not P — field , because U & M.

Example 2.44: Let U ={m;,m,m3} and M ={®d,{ m,},{m,},{m;, m,}, U }.
Then it is clear that M is P — field but not ring because U, {m,} eM, but
U\ m,} ={my, m3} & M.

Definition 2.45 [11]: Let M be a non-empty family of subsets of a set U. Then
M isnamed a T —algebra if,

I. O,UeM.
2. If DeM and there exist ® # E; ¢ D c U, then at least one of E;'seM.
3. IfA. A, .. eM,then U2, AjeM.

The relation between P — field and I'-algebra are independent, as shown
below.

Example 2.46: If U = {a,b, c,d} and
M= {{a}. {b},{a, b}, {a, c},{a,d},{b,d}, {b, c},
{b,c,d},{a,c,d},{ab,d},{ab,c},P,U
not P-field, since {a, d}, {b, d}eM, but {a, d}N{b,d} = {d} & M.

}, then M is a ['-algebra but

Example 2.47: If U = {a,b,c,d} and M = {{a, b, c}, (D,’LL}, then M is P-field
but not ['-algebra because any subsets of {a, b, c} does not belong to M.

Conclusion

The main results obtained are every o — field is P — field and if
J € P(U), then P(J) € 6(J) and P(J) < 8(J). Moreover, every P — field is a
monotone class and a relation between P — field and o-thering is
independent.
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