
©

Soft P *–field and some of its properties 

Hind F. Abbas *
Hassan H. Ebrahim †

Department of Mathematics
College of Computer Science and Mathematics
Tikrit University
Tikrit
Iraq

Ali Al-Fayadh §

Department of Mathematics and Computer Applications 
College of  Science 
Al-Nahrain University
Baghdad
Iraq 

Abstract
This article introduces the  soft P*–field. Characterization, examples, and different 

properties of the proposed concept are presented. The idea of the smallest soft P*–field 
studies.  

Subject Classification:  00A05, 00A06.

Keywords: Algebra, Soft set, P *–algebra, Cryptography and s–algebra.

*	E-mail:	hind.f.abbas35386@st.tu.edu.iq (Corresponding Author)
†	 E-mail:	aalfayadh@yahoo.com 
§	 E-mail:	hassan1962pl@tu.edu.iq

Journal of Discrete Mathematical Sciences & Cryptography
ISSN  0972-0529 (Print), ISSN  2169-0065 (Online)
Vol. 26 (2023), No. 7,  pp. 1875–1882
DOI : 10.47974/JDMSC-1677

  

 

 

 
 
 
 
 
Soft   –field and some of its properties  
 
Hind F. Abbas * 
Hassan H. Ebrahim § 
Department of Mathematics 
College of Computer Science and Mathematics 
Tikrit University 
Tikrit 
Iraq 
 
Ali Al-Fayadh † 
Department of Mathematics and Computer Applications  
College of  Science  
Al – Nahrain University 
Baghdad 
Iraq  
 
Abstract  
This article introduces the         –      . Characterization, examples, and different properties 

of the proposed concept are presented. The idea of the smallest        –       studies.   

Subject Classification: 00A05, 00A06 
Keywords: algebra, soft set,   –         , cryptography and  –algebra 
 
 
 
 
 
 

1. Introduction  
Algebra is a significant topic in the field of algebraic and real analysis [1]. 

Wang [2] and Ahmed et al.[3-7]  have studied many types of classes of sets 
which are g neralizations of   –algebra such as  –ring, ring,        ,     
        ,              and  explained some important results of these 
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notions. Endou [8] has been studied the  –ring concept as a family   such that 
it is closed under countable union and difference between any two sets. In 2021 
Ahmed et al [9]  has been studied the  –         concept to define an outer 
measure. The idea of  –         and algebra are studied by [10]. The notion of 
soft set was studied by [11] where a universal set   and the set of parameters   
with respect to  . Let   be a nonempty subset of  . Then the set of ordered 
pairs    *(    ( ))         ( )  ( )+ is called a soft set on  , where 
        ( ) such that   ( )      if    . The soft set     is  call d  null 
soft set and  denoted by        ̃   if   ( )            A soft set     over   
is named   universal soft set and  denoted by   ̃  or  ̃   if   ( )  
           

If    , then the   universal soft set is called a universal soft set and 
is denoted by   ̃ or  ̃. The soft union of       is symbolized by    ̃   and 
defined by the approximate function   ( )   ( )     . The  soft intersection 
of       is symbolized by    ̃   and defined by the approximate function 
  ( )   ( )     .  

2. The main results  
We will involve the definition of soft set in the field, so we introduced the 

definition of                and proof many propositions and give  important 
examples 

Definition 2.1: A universal set   and the set of parameters   with respect to   
and let  ̃ be a class of soft subsets of   ̃  ( ̃   ̃(  ̃)). Then   ̃ is called 
       –       on                 ̃  for short (       –       on   ̃) if the 
following statement holds: 
1-       ̃. 
2- If            ̃, then     ̃        ̃. 
3- If              ̃, . then    

   ̃        ̃. 

Proposition 2.2: Let * ̃ +   
 be a collection of        –       on   ̃ . Then 

    
    ̃  ̃   also is        –        

Proof: If     
    ̃  ̃  *  +, we are done. So, assume    

    ̃  ̃  *  +. Since 
 ̃  is a        –       on   ̃     , then      ̃      . Hence       

    ̃  ̃ .  
Let            

    ̃  ̃ . Then          ̃      , since  ̃  is a 
       –       on   ̃     , then      ̃      ̃     . But the  soft intersection 
of         is defined by using an approximate function    ( )    ( )    . 
That is, 

     ̃     *(     ( )    ( ))    +.So,*(     ( )    ( )) 
   +   ̃      . Thus *(     ( )    ( ))     +     

    ̃  ̃ , that is, 
      ̃         

    ̃  ̃ . Let              
    ̃  ̃   
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Then            ̃      , since  ̃  is a        –       on   ̃     , 
then    

   ̃       ̃     . But the  soft union of         is defined by using an 
approximate function     ( ) 

        .    
   ̃      *(      ( ) 

   )    +.  
Hence *(      ( ) 

   )     +   ̃     . So *(      ( ) 
   ):    + 

     
    ̃  ̃ , that is,    

   ̃          
    ̃  ̃ .Therefore    

    ̃  ̃  is a soft 
  –       on   ̃. 

Definition 2.3: A universal set   and the set of parameters   with respect to  . 
If  ̃    ̃(  ̃). Then the soft intersection of all        –       on   ̃, that contains 
 ̃  is named the        –       generated by  ̃ and denoted by    ( ̃)̃,  that is,        

   ( ̃)̃ =   ̃* ̃   ̃               –       on   ̃ and  ̃    ̃     +  

Proposition 2.4:   ( ̃)̃ is the smallest        –       on   ̃ that contains  ̃. 

Proof:   ( ̃)̃ =   ̃* ̃   ̃               –       on   ̃ and  ̃    ̃      +, then 
from Proposition 2.2 ⇒  ( ̃)̃ is        –       on   ̃. Let 
 ̃                –       on   ̃ and  ̃   ̃     . Then  ̃     ̃ ̃ . Therefore, 
  ̃    ( ̃)̃. Assume   ̃ is a        –       on   ̃ where  ̃    ̃. So 
  ̃* ̃   ̃               –       on   ̃ and  ̃    ̃      +    ̃, hence 
  ( ̃)̃    ̃. Therefore,   ( ̃)̃ is smallest        –       on   ̃ that contain  ̃. 

Example 2.5: Let   *     +  and   *     +.  
If  ̃={ *(   *  +)+ *(   *  +)++.  
Then   ( ̃)̃  *    *(   *  +)+ *(   *  +)+ *(     )++ is the smallest 

       –       on   ̃ that contain  ̃. 

Proposition 2.6: If  ̃    ̃(  ̃), then  ̃ is  a        –       on   ̃ if and only if  
 ̃     ( ̃)̃.  

Proof: Assume  ̃ is  a         –       on   ̃  and  ̃    ̃  Since   ( ̃)̃ is the 
smallest        –       on   ̃, then    ( ̃)̃    ̃. But  ̃      ( ̃)̃ from definition 
of   ( ̃)̃. Thus  ̃     ( ̃)̃. 

Conversely: Let  ̃     ( ̃)̃. From Proposition 4.1.8, we have   ( ̃)̃ is a 
       –       on   ̃, hence  ̃ is          –       on   ̃. 

Theorem 2.7: If  ̃    ̃(  ̃) and    ̃   ̃. Then    ( ̃)̃ ̃     ( ̃ ̃  )̃ .  

Proof: First, we show that   ( ̃)̃ ̃   is a        –       on   ̃ that contain 
 ̃ ̃  . We know that,   ( ̃)̃ ̃   *      ̃  :      ( ̃)̃+  Since   ( ̃)̃ is 
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       –       on   ̃, then       ( ̃)̃  Now,       ̃  , then 
      ( ̃)̃ ̃    Let           ( ̃)̃ ̃  . Then         ̃    and 

        ̃    where            ( ̃)̃. So, we have  
    ̃     (    ̃   ) ̃(    ̃   )  (    ̃    ) ̃   .  
Since   ( ̃)̃ is        –       on   ̃ and            ( ̃)̃, then 

    ̃        ( ̃)̃, hence by the definition of   ( ̃)̃ ̃  , we get 
    ̃       ( ̃)̃ ̃  . Let             ( ̃)̃ ̃  . Then         ̃    
           

Where        ( ̃)̃. So,    
   ̃         

   ̃  (    ̃   )  (   
   ̃     ) ̃    

Since   ( ̃)̃ is        –       on   ̃  and              ( ̃)̃, then   

   
   ̃         ( ̃)̃ and hence    

   ̃         ( ̃)̃ ̃  . Therefore,   ( ̃)̃ ̃   is a 

       –       on   ̃. To show  ̃ ̃      ( ̃)̃ ̃    Let     ̃ ̃   , then 
      ̃    where     ̃, but  ̃     ( ̃)̃, thus       ( ̃)̃ and hence 
   ̃      ( ̃)̃ ̃  , so      ( ̃)̃ ̃  . Therefore,  ̃ ̃      ( ̃)̃ ̃     

Now, since   ( ̃ ̃  )̃   is smallest        –       on   ̃ that contain  ̃ ̃  , 
then   ( ̃ ̃  )̃     ( ̃)̃ ̃      To prove   ( ̃)̃ ̃     ( ̃ ̃  )̃   Define a 
class  ̃ as follows: ̃  *           ( ̃ ̃  )̃           ( ̃)̃+ and we claim 
that  ̃ is a        –       on   ̃ and  ̃ contain  ̃  Since    ( ̃ ̃  )̃    ( ̃)̃ are 
       –       on   ̃, then       ( ̃ ̃  )̃           ( ̃)̃.  

Now,       ̃  , then      ̃  Let          ̃. Then     ̃    
   ( ̃ ̃  )̃         ( ̃)̃ and     ̃       ( ̃ ̃  )̃         ( ̃)̃. So, we have  

(    ̃    ) ̃    (    ̃   ) ̃(    ̃   ). Since   ( ̃ ̃  )̃    ( ̃)̃ are 
       –      , then (    ̃    ) ̃    (    ̃   ) ̃(    ̃   )   ( ̃ ̃  )̃  
and (    ̃    )   ( ̃)̃, hence by the definition of  ̃, we get (    ̃    )  ̃ . 

Let            ̃. Then     ̃      ( ̃ ̃  )
̃         ( ̃)̃             

now, (   
   ̃     ) ̃       

   ̃  (    ̃   ). Since   ( ̃ ̃  )̃    ( ̃)̃ are 

       –       on   ̃,then (   
   ̃     ) ̃       

   ̃  (    ̃   )   ( ̃ ̃  )
̃  and  

  (   
   ̃     )   ( ̃)̃, hence by the definition of  ̃, we get (   

   ̃     )  ̃ . 
Therefore,  ̃ is a        –       on   ̃  Let     ̃. Then    ̃      ̃ ̃    

Since   ( ̃ ̃  )̃    ( ̃)̃ are        –       on   ̃ that contains  ̃ ̃   and  ̃ 
respectively, then    ̃       ( ̃ ̃  )̃  and       ( ̃)̃  Hence     ̃, thus 
 ̃   ̃. Consequentially,  ̃ is a        –       on   ̃ and  ̃ contain  ̃  

But   ( ̃)̃  is a smallest        –       that contains  ̃, so we get   ( ̃)̃   
 ̃   
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Let      ( ̃)̃ ̃  , then       ̃   where      ( ̃)̃,hence     ̃, thus 
   ̃      ( ̃ ̃  )̃ , that is,       ( ̃ ̃  )̃ . so,   ( ̃)̃ ̃      ( ̃ ̃  )̃ . 
Therefore,   ( ̃)̃ ̃     ( ̃ ̃  )̃   

Proposition 2.8: If  ̃ is a        –       on   ̃ and     ̃   ̃ and  
 ̃ ={   ̃   ̃:    ̃    ̃  ,     ̃ }. Then  ̃  is a soft   –       on   ̃. 

Proof: Since  ̃ is a        –       on   ̃, then     ̃, now     ̃   ̃ and 
   ̃    ̃   , hence     ̃ . Let          ̃ . Then there is          ̃  
such that     ̃    ̃    and     ̃    ̃   , which implies  

     ̃      ̃ (   ̃   )  ̃(   ̃   )  =    ̃(    ̃   )  But 
         ̃  and  ̃ is a        –       on   ̃. Then      ̃      ̃.  Therefore 
    ̃      ̃   Let            ̃ . Then there is             ̃  such that 
    ̃    ̃      i=1,2,… hence    

   ̃       ̃    ̃(   
   ̃     ). Since,  ̃ is a 

       –       on   ̃ and            ̃ , then  Then    
   ̃       ̃.  Therefore 

   
   ̃       ̃   So, we conclude that  ̃  is a soft   –       on   ̃. 

Proposition 2.9: If  ̃ is a        –       on   ̃ and     ̃   ̃  and  
 ̃ = ̃ ̃   {   ̃   ̃:        ̃  ,     ̃ }. Then  ̃  is a soft   –       
on   ̃. 

Proof: Since  ̃ is a        –       on   ̃, then     ̃, now     ̃   ̃ and 
      ̃  , hence     ̃ . Let          ̃ . Then          ̃   and 
         ̃   where          ̃ , this implies that      ̃       (    ̃  ) 
 ̃(    ̃  )= (    ̃   ) ̃    But          ̃  and  ̃ is a        –       on 
  ̃. Then      ̃      ̃.  Therefore     ̃      ̃   

Let            ̃ . Then there are             ̃  such that 
          ̃     i=1,2,… which means     

   ̃        (   
   ̃     ) ̃  . 

Since,  ̃ is a        –       on   ̃ and            ̃ ,  Then 
   
   ̃       ̃.  Therefore    

   ̃       ̃   This completes the proof. 

Proposition 2.10: If    ̃   ̃     ̃(  ̃) such that   ̃    ̃, then    (  ̃)̃     (  ̃)̃ .  

Proof: To prove   (  ̃)̃     (  ̃)̃   We must show that   (  ̃)̃  is a 

       –       on   ̃ that contain   ̃  Let  ̃   (  ̃)̃ . Then  ̃ is a        –       
on   ̃ that contain   ̃  but   ̃    ̃ by hypothesis, thus  ̃ is a        –       on 
  ̃ which include   ̃ which implies that   (  ̃)̃  is a        –       on   ̃ that 
contain   ̃  But   (  ̃)̃  is the small st        –       on   ̃ that contain   ̃. 
Therefore,   (  ̃)̃     (  ̃)̃ .  
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Proposition 2.11: If   ̃   ̃   ̃(  ̃)&  ̃    ̃    (  ̃)̃ , then    (  ̃)̃    (  ̃)̃ .  

Proof: From Proposition 2.10, we have   (  ̃)̃     (  ̃)̃    
To prove   (  ̃)̃    (  ̃)̃    Let  ̃   (  ̃)̃ . Then  ̃ is a        –       

on   ̃ that contain   ̃  but   ̃    ̃, thus  ̃ is a        –       on   ̃ that contain 
  ̃   ̃    (  ̃)̃ . so,    (  ̃)̃    (  ̃)̃ . Therefore,   (  ̃)̃    (  ̃)̃ . 

Proposition 2.12: Let   be an uncountable set and a set of parameters   with 
respect to   such that   is uncountable.  

Define a class   ̃ as follows : 
 ̃  {   ̃   ̃ :    is a countable soft set or    ̃  is countable soft set}. 

Then  ̃ is a        –       on   ̃. 

Proof: Clearly,     ̃. Let          ̃. Then either           or     
̃      

̃  
are countable soft sets.  If each of         is a countable soft set, then 
    ̃    is a countable soft set. If     

̃      
̃  are countable soft set, then  

     
̃  ̃    

̃  is a countable soft set. Since     
̃  ̃    

̃  (    ̃   )  ̃.  
Consequentially,  either     ̃    or (    ̃   )  ̃ are a countable soft 

sets. Thus     ̃     ̃  Let            ̃. Then   =1,2,… either     or 
   
 ̃  is countable set. If       =1,2,…  is a countable soft set, then 

   
   ̃     is a countable soft set. If    

 ̃  is countable soft set   =1,2,…, then  
   
   ̃     

 ̃  is a countable soft set. From De - Morgan Laws, we get: 
   
   ̃    

 ̃  (   
   ̃     )  ̃. So    

   ̃       ̃  Therefore,  ̃ is a 
       –       on   ̃. 

Proposition 2.13: Let   be an uncountable set and a set of parameters    with 
respect to   such that   is uncountable. Define a class 

 ̃  *   *(    ( )  * +)         ( )  ( )++. Then  
  ( ̃)̃  ,   ̃{   ̃   ̃:    or    ̃  is countable soft set}]. 

Proof: Assume  ̃  ,   ̃{   ̃   ̃:    or    ̃  is countable soft set}]. To 
prove   ( ̃)̃   ̃, we must prove that  ̃ is a        –       on   ̃ and  ̃    ̃  

From Proposition 4.21, we have  ̃ is a        –       on   ̃. 
Let    *(    ( )  * +)         ( )  ( )+  ̃. Then   ( )  * + is a 

singleton set; hence it is a countable set. So, we get     is a countable soft set. 
Thus      ̃  Therefore   ̃    ̃  From Proposition 4.8: we get   ( ̃)̃ is the 
smallest        –       on   ̃ that contains  ̃. So, we have   ( ̃)̃    ̃  
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Conclusion 
The main results obtained are   ( ̃)̃ is the smallest        –       on   ̃ 

that contains  ̃. and If  ̃    ̃(  ̃) and    ̃   ̃. Then    ( ̃)̃ ̃     ( ̃ ̃  )̃ . 
Moreover, If   ̃   ̃   ̃(  ̃) &   ̃    ̃    (  ̃)̃ , then    (  ̃)̃    (  ̃)̃ . 
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