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Abstract

This article introduces the soft P—field. Characterization, examples, and different
properties of the proposed concept are presented. The idea of the smallest soft P—field
studies.

Subject Classification: 00A05, 00A06.
Keywords: Algebra, Soft set, P"—algebra, Cryptography and o—algebra.

1. Introduction

Algebra is a significant topic in the field of algebraic and real analysis [1].
Wang [2] and Ahmed et al.[3-7] have studied many types of classes of sets
which are generalizations of g-algebra such as g-ring, ring, algebra, a — o —
algebra, B —o — algebra and explained some important results of these
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notions. Endou [8] has been studied the g-ring concept as a family M such that
it is closed under countable union and difference between any two sets. In 2021
Ahmed et al [9] has been studied the - algebra concept to define an outer
measure. The idea of 6- algebra and algebra are studied by [10]. The notion of
soft set was studied by [11] where a universal set U and the set of parameters €
with respect to U. Let A be a nonempty subset of €. Then the set of ordered
pairs F, = {(x, fcﬂ(x)):xee,fcﬂ(x)eP(‘u)} is called a soft set on U, where
fq4: € — P(U) suchthatf4(x) = @ ifx & A. The soft set F, is called null
soft set and denoted by Fy, or @, iff4(x) = ® VxeA. A soft set F, over U
is named A —universal soft set and denoted by F; or A, if f(x) =
U VxeA.

If A = &, then the A —universal soft set is called a universal soft set and
is denoted by F¢ or £. The soft union of F,4, Fy is symbolized by F,UF5 and
defined by the approximate function f 4 (x)Ufz(x) Vxe€. The soft intersection
of F4, Fg is symbolized by F,NFp and defined by the approximate function
fa(x)Nfz(x) Vxel.

2. The main results

We will involve the definition of soft set in the field, so we introduced the
definition of soft P* — field and proof many propositions and give important
examples

Definition 2.1: A universal set U and the set of parameters € with respect to U
and let M be a class of soft subsets of Fg (M S P(F¢)). Then M is called
soft P*-field on U relative to Fg for short (soft P*-field on Fg) if the
following statement holds:

- FeoeM.

2- If Fy,, Fu, € M, then Fy, N Fy, € M.

3- If Py, Frys o €M, . then U, Fiy.e M.

Proposition 2.2: Let {M_,}, be a collection of soft P*-field on Fg. Then
Nea M, also is soft P*- field.

Proof: If N, M, = {Fo}, we are done. So, assume 1, M, # {Fo}. Since
M, is a soft P*- field on Fg Vael, then FyeM, Vael. Hence Foe Ny My
Let Fu,, Fu,€Ngaq Mo. Then Fy,, Fy,eM, Vael, since M, is a
soft P*-field on F¢ Vael, then TMlﬁ TMzeﬁaVael. But the soft intersection
of Fy,, Fu, is defined by using an approximate function fy, () Ny, (x)Vxe€.
That is,
TMlﬁ Fm, = {(x, fm, (%) Nim, (x)): xe€}.So0,{(x, fm, (%) Nim, (x)):
x€E} M, Vael. Thus {(#, fy, () N, (%)) : xe€} € Ny M, that is,
Fu, Fr, € Nag M. Let Far, Fuys oo € Ny Mo
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Then Fy,, Fy,, ... M, Vael, since M is a soft P*~field on Fg Vael,
then U2, Fy,eM Vael. But the soft union of Fy,, Fy, is defined by using an
approximate function Uj2; fu, (x) Vxe€. U=, Fu; = {(x, Uiy fu, ()): e}

Hence {(x,UiZ;fm, (%)) :xe€} eM Vael. So {(x, U2, fm,(®)): xe€}
€N My that is, U2, Fy, €Ngq My Therefore Mo M, is a soft
P*-field on Fg.

Definition 2.3: A universal set U and the set of parameters £ with respect to U.
If 7 € P(F¢). Then the soft intersection of all soft P*- field on F¢, that contains
J is named the soft P*- field generated by 7 and denoted by P+(7), that is,

P(7) =N {M,: M,is a soft P*-field on Fz and € M, Va € I}.
Proposition 2.4: p*(7) is the smallest soft P*- field on Fg that contains g.

Proof: P=(7) = N {M: M,is a soft P*~field on F¢ and 7 € M, Va € I}, then
from  Proposition 2.2 =>g;7(7) is  softP*-field on Fg Let
M, be a soft P*-field on Fz and 7 € M, Va € I. Then § € N M. Therefore,
jcP*(). Assume M* is a soft P*-field on Fs where < M*. So
N {M,: M,is a soft P*~field on Fz and § S M, Vael} < M*#, hence
7;?(7) c M *#. Therefore, 357(7) is smallest soft P*- field on Fg¢ that contain 7.

Example 2.5: Let U = {uy,u,} and € = {eq, e, }.
If 7={ {(es, fus 1)}, {(er, (w3}

Then *(7) = { Fo, {(e1, ()} {(er, (o))}, (e, WY} is the smallest
soft P*- field on F that contain 7.

Proposition 2.6: If 7 € P(F;), then 7 is a soft P*- field on F¢ if and only if
i= Q).

Proof: Assume J is a soft P*-field on F¢ and J < J. Since p+(7) is the
smallest soft P*-field on Fg, then P*(9) € j.Butj c P*(9) from definition
of (7). Thus 7 = P+(7).

Conversely: Let = p*(7). From Proposition 4.1.8, we have P*(J) is a
soft P*-field on Fpg, hence 7 is a soft P*- field on Fe.

Theorem 2.7: IfJ € P(Fz) and F; € Fg. Then P*NDNF; = P<GNF,)

Proof: First, we show that jp*(j)ﬁ}"c is a soft P*-field on Fz that contain
INFc. We know that, P+(H)NF. = {Fy = FyNF:Fye P*(9)}. Since P=(7) is
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soft P*~field on Fgz then FoeP:(7). Now, Fg=Fe1Fc then
Foe P (DNFc. Let Fy , Fy, eP* (DAFc. Then Fyy, = Fy, N F and

Fum, = TNZﬁ Fc where Fy , Fy, € j;a:). So, we have

Fu, N TE FEnNFONEFEGNFO = EnNFAONFe

Since  P*(7) is softP*-field on Fg and Fy ,Fy eP:(d), then
TNlﬁ Fn,€P*(J), hence by the definition of j};ff]:)ﬁjfc, we get
TMlﬁ Fum,€P 7.71:) Fe. Let Fy,, Fu,, ...ef};??:)ﬁ?'c- Then TM]- = :FN]-ﬁ Fc
Vi=12,..

Where Fy, e P*(7). So, Uz, Fu; = Uz, (TNjﬁ Fo) = (UZ, TN]-)ﬁ Fe

Since P* (g) is soft P*-field on Fg and Fnyp Fuy € ﬁ) then
U] 1 T € P* (.7) and hence U] 21 Fu € P* (7)ﬂTC Therefore, P+ (g)ngi'c is a
soft P*-field on Fg. To show JNF.c P+ (f])ﬂch Let fFDefIﬂch , then
Fp=Fy ﬁTC where Tzej but 7 c ﬂﬁ:) thus  F,e P* (j]) and hence
FyNFce P (:l)mfc, 50 FpeP*(DNFc- Therefore, IAF, € P*(T)AFc.

Now, since p* (j NFc) is smallest soft P*- field on Fg that contain INFe,
then P+(I0F.) € P*(DNF.. To prove P+(DF. € P*(FNF.). Define a
class R as follows: i = {TH;THQTCE;D*@:FTTC) and g:'HEﬁT(?)} and we claim
that R is a soft P*- field on Fz and R contain 7. Since ?*(g:ﬁfc),ﬂ?) are
soft P*~ field on Fg, then F e P*(FNF.) and FpeP*(F)-

Now, Fg = Fe1Fc, then FyeR. Let Fy ,Fy,eR. Then Fy N Fc
e:P*(Tfﬁj—"d ,:}—“Hlej;“(j]f) and THzﬁ Fe e?*ﬁ?c) ,THzeﬂ?). So, we have

(THlﬁ THZ)ﬁ Fc = (.‘F'Hlﬁ .‘Fc)ﬁ(THZﬁ Fc). Since ?*(pjﬁ/jrc),j;zjf) are
soft P*~field, then (Fy A Fy ) Fe = (Fuy, N FON(Fy, N F)eP* (TNFe)
and (Fy, N Fy,)eP*(7), hence by the definition of R, we get (Fu, N Fiy,)eR .

Let Fiy,, Py, . €R. Then Fy N FeeP* (TNF), FyeP @) Vi=12,..
now, (U2, .’FH].)ﬁ Fe=U2, (THjﬁ Fc). Since P+(TAFL), P (7) are
soft P*- field on Fg,then (J]"E: TH].)ﬁ Fe= ‘]"E; (TH]ﬁ Tc)e?*(ﬂj\ﬁif'c) and

(U‘]‘E: TH].)Ej;\(Z-i), hence by the definition of &, we get (J]‘E: TH].)E‘,T% .

Therefore, R is a soft P*- field on Fg. Let Fyel. Then FyN Fee INFe.
Since P+(I1F.), P*(7) are soft P*-field on Fz that contains J1F, and 7
respectively, then j:Nﬁ Fce j:*(jﬁj:c) and Fye P*(7). Hence f}—"NeiT%, thus
J € R. Consequentially, 4R is a soft P*- field on F¢ and R contain 7.

But p+(7) is a smallest soft P*- field that contains 7, so we get j};E]:) c
R.
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Let 7y eP* ()N F.» then Fy = F,NF where F,eP+(7).hence F,eR, thus
FzNFee P*(GNF), that is, Fye P*(INFe)- 50, P*(DNFe € P*INFC):

Therefore, P*(NNF; = P*(INFL).

Proposition 2.8: If M is a softP*-field on Fz and F. € Fgand
M ={Fy € Fe: Fyy 3 FNFy, FyeM }. Then M, is a soft P*- field on Fe.

Proof: Since M is a soft P*- field on Fgz, then FoeM, now Fq € Fg and
F:NFgy € Fyp, hence Fye,. Let TMl,?MzeJV[*. Then there is TNl,TNze]V[
such that Fy, 3 FcNFy, and Fy, S FcNFy,, which implies

Fu NP, 5 (FcNFy) NEFNFY,) = FN(Fy,NFy,). But
Fny Fn, €M and M is a soft P*- field on Fg. Then TNlﬁ .‘FNzeJV[. Therefore
Fum, N Fru, €eM.. Let Fyy,, Fy,, - €M, Then there is Fy,, Fy,, ... €M such that
Fu, 3 FeNFy, ¥ i=1.2,... hence UZ, Fy, 3 FN(UZ, Fy,). Since, M is a
soft P*-field on F¢ and Fy,, Fy,, - €M, then Then U‘i: .‘FNieJV[. Therefore
fz TMieﬂ*. So, we conclude that M, is a soft P*— field on Fe.
Proposition 2.9: If M is a softP*-field on Fs and Fc & Fg and
M=MNFc ={Fy € Fe: Fyy = FyNF,, FyeM }. Then M, is a soft P*- field
on Fg.

Proof: Since M is a soft P*-field on Fgz, then FeueM, now Fq & Fg and
Fo = FoNF¢, hence FyeM,. Let Fy,, Fp,eM.. Then Fy, = Fy NF¢ and
Fm, = Fn,NF¢ where Fy,, Fn, €M, this implies that Fy, N Fy, = (Fn, NF¢)
N(Fy,NFe)= (Fn,NFy,)NFe. But Fy,, Fy,eM and M is a soft P*- field on
Fg. Then Fy N Fy,eM. Therefore Fiy, N Fy, M.

Let TMl,fFMz, ... EM,. Then there are TNl,TNZ, ... €M such that

Py, = Fy,Fe ¥ i=12,... which means UZ; Fy, = (U2, Fy)NFc

Since, M is a soft P*-field on Fg and Fy,,Fy,, ..eM, Then
UZ, Fn,eM. Therefore UZ, Fy,eM.. This completes the proof.

Proposition 2.10: If 7,7, < P(F;) suchthatJ; c 7,, then P*(7,) < P*(7,).

Proof: To prove ?T(Ei) c PTGE) We must show that ?T@) is a
soft P*-field on F¢ that contain j~1 Let ]\7[63;*(:7:2). Then M is a soft P*- field
on Fg that contain 7, but 7, c 7, by hypothesis, thus M is a soft P*- field on
F¢ which include j: which implies that PT@) is a soft P*-field on Fyz that
contain 7,. But jP*(j:) is the smallest soft P*-field on Fg that contain 7,.
Therefore, j?*(j:) c j?*(jNZ)
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Proposition 2.11: If 7,7, € P(F)&T, c 7, P*(7), then P+(7)) = P*(7,)-

Proof: From Proposition 2.10, we have y;(hji) c j;(hj";)

To prove P*(7,) € P*(7;) . Let AreP*(7,). Then M is a soft P*- field
on Fg that contain 7, but 7, c 7,, thus M is a soft P*- field on Fg that contain
T, = Me ?7(‘7"1) S0, y;(hg";) c j;(hj";) Therefore, ?T(?i) = PT@)

Proposition 2.12: Let U be an uncountable set and a set of parameters £ with
respect to U such that £ is uncountable.

Define a class M as follows :

M ={Fy € Fs: Fy is a countable soft set or Fg is countable soft set}.
Then M is a soft P*- field on Fgs.

Proof: Clearly, FoeM. Let fFMl,TMze]V[. Then either  Fy,, Fu, or T&l,?ﬁz
are countable soft sets. If each of Fy, ,Fu, is a countable soft set, then
Fum, ﬁTMZ is a countable soft set. If T,Sll, Tﬁz are countable soft set, then

Tﬁlofﬁz is a countable soft set. Since Tf;ll UTISIZ = (Fum, ﬁfFMZ)E.

Consequentially, either Fy, NFy, or (Fy,NFy,)" are a countable soft
sets. Thus Fyy, NFy,€M. Let Fy,, Fyy, ... M. Then Vk=1,2,... either Fy, or
Tf,[k is countable set. If Fy,,Vk=12,... is a countable soft set, then
UF];“T:: Fu, is a countable soft set. If Tﬁk is countable soft set Vk=1,2,..., then

f\Tf’:: Tﬁk is a countable soft set. From De - Morgan Laws, we get:
N, Fit, = Uz, Fw )’ So Up, FueM. Therefore, M is a
soft P*-field on Fg.

Proposition 2.13: Let U be an uncountable set and a set of parameters £ with
respect to U such that € is uncountable. Define a class

jjj{ﬂiﬂ = {(x,f4(x) = {u}): xe€ ,f4(x)eP(U)}}. Then
P*(7) c [FoU{Fu € Fg: Fyy or F is countable soft set}].

Proof: Assume M = [Fo,U{Fy C Fs: F), or Ff is countable soft set}]. To
prove 757(7) = M, we must prove that M is a soft P*- field on Fz and § € M.

From Proposition 4.21, we have M is a soft P*- field on Feg.

Let F,; = {(x,f4(x) = {u}): xe€ T4 (x)eP(U)}eT. Thenf,(x) = {u}isa
singleton set; hence it is a countable set. So, we get F, is a countable soft set.
Thus F,eM. Therefore J € M.From Proposition 4.8: we get 73?(7) is the
smallest soft P*- field on Fg that contains 7. So, we have 55?(7) c M.
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Conclusion

The main results obtained are P*(7) is the smallest soft P*-field on Fg

that contains 7. and If 7 € P(F;) and F¢ € Fz. Then P+(DAF. = P*(INFe)-
Moreover, If 7,7, € P(Fe) & 7, c 7, ?*(ﬂ), then ?*(7’1) = jp*(j;)
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