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1. Introduction  
Put M is a module over a non-zero ring associating with an identity that is 

left. Recall that a  T_pure sub-module N, when for each J in R, such that  J2M ∩ 
N = J2N [1]. Following [2 - 4], put 𝑅𝑅,   is abelian groups.  Recall that 𝑅𝑅 is a   –
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ring; if there is a function Ω∶ 𝑅𝑅 ×   × 𝑅𝑅 → 𝑅𝑅 , Ω (𝑥𝑥, 𝛾𝛾, 𝑦𝑦) =  𝑥𝑥 𝛾𝛾 𝑦𝑦 which 
satisfies (𝑥𝑥 + 𝑦𝑦) 𝛾𝛾 𝑧𝑧 = 𝑥𝑥 𝛾𝛾 𝑧𝑧 + 𝑦𝑦 𝛾𝛾 𝑧𝑧; 𝑥𝑥 ( 𝛾𝛾 + 𝛽𝛽 ) 𝑦𝑦 = 𝑥𝑥 𝛾𝛾 𝑦𝑦 + 𝑥𝑥 𝛽𝛽 𝑦𝑦 ; 𝑥𝑥 𝛾𝛾 ( 𝑦𝑦 + 𝑧𝑧 ) = 
𝑥𝑥 𝛾𝛾 𝑦𝑦 + 𝑥𝑥 𝛾𝛾 𝑧𝑧 ;  ( 𝑥𝑥 𝛾𝛾 𝑦𝑦 ) 𝛽𝛽 𝑧𝑧 = 𝑥𝑥 𝛾𝛾 ( 𝑦𝑦 𝛽𝛽 𝑧𝑧) for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑅𝑅 and 𝛾𝛾, 𝛽𝛽 ∈  . In 
[5,6]   –modules are introduced as a generalization of modules. Put 𝑅𝑅 is a   
−ring. An abelian group 𝑀𝑀 with a function Ω ∶ 𝑅𝑅 ×   × 𝑀𝑀 → 𝑀𝑀 , Ω (𝑟𝑟, 𝛾𝛾, 𝑚𝑚) = 𝑟𝑟 
𝛾𝛾 𝑚𝑚, such that 𝑟𝑟 𝛾𝛾 ( 𝑚𝑚1 + 𝑚𝑚2 ) = 𝑟𝑟 𝛾𝛾 𝑚𝑚1 + 𝑟𝑟𝛾𝛾𝑚𝑚2; ( 𝑟𝑟1 + 𝑟𝑟2 ) 𝛾𝛾 𝑚𝑚 = 𝑟𝑟1 𝛾𝛾 𝑚𝑚 + 𝑟𝑟2 𝛾𝛾 𝑚𝑚 
; 𝑟𝑟 (𝛾𝛾1 + 𝛾𝛾2 ) 𝑚𝑚 = 𝑟𝑟 𝛾𝛾1 𝑚𝑚 + 𝑟𝑟 𝛾𝛾2 𝑚𝑚 and 𝑟𝑟1 𝛾𝛾1 ( 𝑟𝑟2  𝛾𝛾2  𝑚𝑚 ) = (𝑟𝑟1  𝛾𝛾1  𝑟𝑟2 ) 𝛾𝛾2 𝑚𝑚 for all 
𝑚𝑚, 𝑚𝑚1, 𝑚𝑚2 ∈ 𝑀𝑀and 𝛾𝛾, 𝛾𝛾1, 𝛾𝛾2 ∈  , 𝑟𝑟, 𝑟𝑟1 , 𝑟𝑟2 ∈ 𝑅𝑅 is said to be  ( left ) 𝑅𝑅 −module. 
Prove that N is TΓ_pure sub-module if and only if for each finite set { 𝛽𝛽 mi } ∈ 
MΓ, { 𝛽𝛽 ni } ∈ NΓ with {rij} ∈ RΓ and 𝛽𝛽 nj = ∑ 

   𝑟𝑟  𝛽𝛽 𝑚𝑚   , j = 1, 2, . . . , l, 
there is a{ xi 𝛽𝛽 } ∈ N, which is a finite set, when  nj  ∑ 

   𝑟𝑟  𝛽𝛽 𝑥𝑥  ∈N ∩ L. 

2.  Gamma T_Pure Sub-Modules (TΓ_PURE). 
This segment introduces the connotation of the gamma T_pure 

(resp.TΓ_pure) sub-module.  

Definition 2.1:  Put Z is a Γ-module, and also K is a Γ-sub-module of Z, we 
have to say K  is  TΓ_pure if K ∩ J2ΓZ = J2ΓK for each Γ-ideal J in RΓ.  

Remark 2.2:  Put  Z is Γ- module also Q is  TΓ_pure : 
1.  P is TΓ_pure in Z , if P is TΓ_pure in Q,.  
2.  Q is a TΓ_pure in F if F  in Z contains Q.  
3.  

  is TΓ_pure sub-module in     , if P in Q.  

4. Put  Q and P are Γ-sub-modules in Z; if P is TΓ_pure in Z and    is TΓ_pure 

in    , then Q is TΓ_pure in Z. 

Proof:  
1. Put  J is a Γ-ideal in Γ-ring R, we have  Q is TΓ_pure sub-module in Z and 

P is TΓ_pure in Q, hence Q∩ J2ΓZ = J2Q and P∩ J2Q = J2ΓP,  but P is sub-
module of  Q, therefore P ∩ J2ΓZ    Q ∩ J2ΓZ = J2ΓQ and hence P∩J2ΓZ 
   J2ΓQ ∩ P =J2ΓP. Since J2 ΓP   P ∩ J2 Z, therefore P ∩ J2 ΓZ = J2ΓP. 

 2.  Assume that  J is an Γ-ideal in RΓ, since we have Q is TΓ_pure  in Z, 
therefore Q ∩ J2ΓZ = J2ΓQ. Since F is a Γ-sub-module in Z, therefore Q ∩ 
J2 ΓF   Q ∩ J2 ΓZ = J2ΓQ. Since J2 ΓQ     Q ∩ J2 ΓF , thus Q ∩ J2 ΓF = J2 
ΓQ.   

3. Put J is a Γ-ideal in R, we have Q is TΓ_pure sub-module in Z, then Q ∩ J2 
ΓZ = J2 ΓQ. So  

     
  (  )   

 
    

      
      (  )    

  (  )  
   (  )    

  (  ).       

Proposition 2.3: Assume that M is Γ-module. Then N is TΓ_pure sub-module if 
and only if for each finite sets { 𝛽𝛽 mi } ∈ MΓ, { 𝛽𝛽 ni } ∈ NΓ with {rij} ∈ RΓ and 
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𝛽𝛽 nj = ∑ 
   𝑟𝑟  𝛽𝛽 𝑚𝑚   , j = 1, 2, . . . , l, there is a{ xi 𝛽𝛽 } ∈ N, which is a finite 

set, when  nj  ∑ 
   𝑟𝑟  𝛽𝛽 𝑥𝑥  ∈N ∩ L. 

Proof: Put J is a Γ-ideal which is left, such that  rij (1 ≤ j ≤  l , 1 ≤ i ≤ k) is a 
generator of J . Therefore 𝛽𝛽  nj ∈ J2 ΓM ∩ N. There is 𝛽𝛽 xi ∈ NΓ when nj = 
∑ 
   𝑟𝑟  𝛽𝛽 𝑥𝑥  + wJ al so 𝛽𝛽  nj - ∑ 

   𝑟𝑟  𝛽𝛽 𝑥𝑥  ∈ N ∩ L. The converse, take J is 
a Γ-ideal and also b’ ∈ J2ΓM ∩ N. Thus b’ = ∑ 

     𝛽𝛽 𝑚𝑚   when ai ∈ J and 𝛽𝛽  
mi ∈ ΓM.  Exists a finite set { 𝛽𝛽  xi}   NΓ, so that b’ - ∑ 

     𝛽𝛽 𝑚𝑚  ∈ N ∩ L,  
since b’ - ∑ 

     𝛽𝛽 𝑚𝑚  ∈ J2 ΓM, thus b’ ∈ J2 ΓN. By looking carefully at the 
proof of the above proposition, we have, L is an  Γ-sub-module of module M, 
then N is TΓ_pure, if and only if N ∩J2 ΓM  = J2ΓN  for each Γ- ideal J. 

Definition 2.4: Put M is a Γ-module,  MΓ is called have the TΓ_pure sub-module 
intersection property, if we have the intersection of two TΓ_pure sub-modules is 
again TΓ_pure sub-module. 

Proposition 2.5: Put M is a Γ-module.1-If M owns the TΓ_pure sub-module 
intersection property, then each TΓ_pure sub-module in MΓ has the TΓ_pure sub-
module sub-module intersection property. 2-Put N is TΓ_pure sub-module in M.  
M has TΓ_pure sub-module intersection property, if and only if,     has TΓ_pure  
sub-module intersection property. 

Proof: 1- It is obvious. 2- Assume that      
 
   are two TΓ_pure sub-modules in 

   , put  J is a Γ-ideal, we want to show that (     
 
 )   

  (  )    (      
 
   ) 

. We claim that each one is a TΓ_pure sub-module. To prove this matter, suppose 
that J is Γ- ideal also, let y ∈        𝑀𝑀. Since     is TΓ_pure sub-module in    , 

hence  
     

   
     

   
     therefore  

    
      

        
 , then 

   (        )
        

   (        )   
        

  , thus (      𝑀𝑀)    
       , and therefore  (       𝑀𝑀 )        . Since 𝑦𝑦 ∈        𝑀𝑀  
(      𝑀𝑀)   , thus 𝑦𝑦 ∈        . Let z + w = y, 𝑧𝑧 ∈       and   ∈    . 
Now consider w = y – z  ∈           𝑀𝑀                 and therefore K is 
TΓ_pure sub-module. But M Γ has the TΓ_pure intersection property; therefore, 
F∩K is the TΓ_pure sub-module in M. Thus (      )       𝑀𝑀  
    (      ). Now, let 𝑦𝑦 ∈ (     

 
  )     

   
 , therfore  x + N = y , x ∈    𝑀𝑀 

and y = k + N = f + N, when   ∈      ∈  . Therefore 𝑦𝑦    ∈      𝑦𝑦  
 ∈        and therefore 𝑥𝑥 ∈     . Thus 𝑥𝑥 ∈ (      )       𝑀𝑀  
    (      ). Thus  𝑦𝑦  𝑥𝑥    ∈     (     )     (     

 
  )     (      

 
  ). 

On another side, put  E, F is  TΓ_pure, suppose that N is a Γsub-module of E and 
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N be a Γ-sub-module in F, thus     ,     are TΓ_pure sub-modules of     . But     

owns  the TΓ_pure intersection property, then        
 
  

   
    is TΓ_pure . Thus, 

F ∩E is TΓ_pure Γsub-module in Γ-module M. 

Theorem 2.6: A Γ-module Z owns the TΓ_pure intersection property if and only 
if (            )      (     ) for each Γ-ideal J and for all TΓ_pure K , F 
in Z. 

Proof: Put Z owns the TΓ_pure sub-module intersection property then      is 
TΓ_pure sub-modules. Put J is a Γ-ideal, therefore (   )         
    (      ). Clearly that    (      )   (             ). But (       
       )      (          )   (       )            (      ). Then  
                    (      ). On the other side, put  J is an Γ-ideal of R, 
and put A, B are TΓ_pure in Z, thus  A ∩B ∩ J2ΓZ = A ∩ ( B  ∩ J2ΓZ) = A ∩ J2 
ΓB. Similarly, A ∩ B ∩ J2ΓZ = B ∩ J2 ΓA. But A, B are TΓ_pure sub-modules  
in an Γ-module Z. Then A ∩ B  ∩ J2 ΓZ = J2 ΓA ∩  J2ΓB= J2 Γ(A ∩ B) 

Conclusion 
In this work have been introduced the concept of TΓ_pure and it is proving 

the following relations 
1. N is TΓ_pure sub-module if and only if for each finite sets { 𝛽𝛽 mi } ∈ MΓ,  

{𝛽𝛽 ni } ∈ NΓ with {rij} ∈ RΓ and 𝛽𝛽 nj = ∑    𝑟𝑟  𝛽𝛽 𝑚𝑚 , j = 1, 2, . . . , l, 
there is a{ xi 𝛽𝛽 } ∈ N, which is a finite set, when  nj  ∑    𝑟𝑟  𝛽𝛽 𝑥𝑥  ∈N ∩ 
L. 

2. A Γ-module Z owns the TΓ_pure intersection property if and only if 
(            )      (     ) for each Γ-ideal J and for all TΓ_pure K, 
F in Z. 
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