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Abstract

The aim of this paper is to provide information on new results from studies of
symmetric {"-A- Banach Algebra. A new function & character has been defined and apparent
to be symmetric t"-A- Banaich Algebra. t*- approach dual cone space is introduced, with its
symmetry properties indicated - A- Banaich algebra. Some new definitions, results and
properties are given and discussed in this field.
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1. Introduction

W. Ambrose [5] gave the first definition of the term "Banach algebra" in
1945. S. Kurepa [2] published ON ROOTS OF AN ELEMENT OF A BANACH
ALGEBRA in 1960, where he established that every Banach algebra might be
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embedded isomorphically and isometrically in another Banach algebra, making
any element in one Banach algebra an element in another Banach algebra.. In
1974, C. E. Reckart [1] introduced (General Theory of Banach Algebras) the
first book with a detailed account of the theory of Banach algebra. In 1973, a
monograph on Banach algebra was shown by F. F. Bonsall and J. Duncan [4]. In
1981, new results in the theory of real symmetric Banach--algebras were
presented by J. Vukman[10]. In 1990, J. B. Conway [7], studied Banach algebra
and spectrum theory, so he used them to study the operator on Banach space.
Two unital Banach algebras A and B were studied by M. Bresar and P. Semrl [3]
in 2008, such that B is semisimple. In 2010, some properties of the spectral
radius in complex-ordered Banach algebra were established by R. de John [8] in
his thesis.

Moreover, He explained the conditions under which the spectrum contains
the spectral radius of the positive element , he introduced the uniform continuity
of the spectrum in commutative-ordered Banach algebra. Complex unital
Banach algebra has its own Pseudospectrum and condition spectrum, the
features of which G. K. Kumar and S. H. Kulkarni [6] described in 2012. They
also established a large number of findings on linear maps that maintain the
Pseudospectrum and the condition spectrum. In 2021, B. Hussain and R.
Abbas[10] demonstrated several new findings in the normed approach space. B.
Y. Hussein and H. A. Wshayeh [11] studied a symmetric Banach algebra in
2021.

There are four sections to this work: In the first section, we provide an
overview of the study. Section 2 presents some introductory materials, including
some fundamental definitions. Section 3 presents recent findings in symmetric
t“- A- approach Banach algebra is studied, and certain fundamental assertions
are proved. In Section 4, we draw up to make connections between the study's
primary results.

2. Preliminaries

We start this work by defining of important notion, namely £ -approach
distance.

Definition 2.1 [9]: Assume Y to be a set that is not empty. A collection
() <o Of function £“ : T X T — [0, 00] has an identifier of #“-approach
distance on y if this function satisfies the following properties when g=R AND
T=2%:

(t)Vw € gt VK,WET: t°(K,W)= 0 = A=B,

(t,) Vo € gt,VK € 2%,thent® (K, @) = oo,

(t;) Vo € gt,VK,W,F € T:£° (K,WNF) = max{t®*(K,W),t*(K,C)},
(t) Vo € gt VK, W € 2X,Ve < w: t“’(A?;),W) < t*(K,W) + & where

K ={x € Y[t*({x}, W) < w — &}. A pair (Y, £*) where the function
£® is a distance and The title for this pair is ¢ - approach space and denoted by
£ ® - approach -spaces.
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Definition 2.2 [9]: Let (T, ) and (W, £“") are approach - spaces. A function
0:T - W identifies as £“— contraction if V w <o, and VE,Y €
T,£°'(e((E),e(Y)) < t“(E,Y).

Definition 2.3: A set O € W supposed to be a cluster point in a £“-approach
space (0,£®) if 3 a disjoint sequence {A,}p=; in E such that
infyenxept®(An Y) = 0,it was composed by {A,};-; = Y. We denoted the
set of all cluster points in £“- approach space I'(y) .

Definition 2.4: A sequence {A,};—; in w is said to be a Caucihy sequence in
t®-approach space (£#“—Cauchy sequence) if for every cluster point B,
limy_,ooinfy cp, xept® (A, B) = 0, a sequence {A,};-; in w is said to be £-
convergent sequence in £®-approach space if there exist x € w for all B €

I'(x),t“(An B) = 0.

Definition 2.5: Let w is a £“-approach linear space over the field F. A- norm on
x is a function|l. ll[,: w = R* for all x,y € w ,£® is an approach distance on y ,
then (w, ||. ||, £“},) is called £®-A- approich normied space if the following
conditions satisify:

1) Nlxlla,>0forx+#0,x €w;

2) llaxllx<llx s la 1 <1, x €Ew;

3) limg,o Il ax lla=0forx € y;

4) lx+yla<cmax(ll x lla, Il ylly)forallx,y Ew where ¢ is some
constant such that ¢ > 1; 5)¢ ), (4, B) = sups pe2xSuPxepinfaeallx —
ala-

Definition2.6: Let (w,£®) be £ app-space over the field, then (w, £, +,¢) is

called £ “-approach linear algebra if it satisfies the following conditions:

1)  (w,t%, +,) is £®-approach linear space;

2)  The operation of multiplicative defined on w satisifies the conditions for
allx,y,z Ewanda € F:i) a.(x.y) = (a.x).y = x.(a.y) , ii)
(x.y).z=x.(y.2);

3) (x+y)z=@xz+y.z)andx.(y+2)=x.y+x.z

If any x,y € w satisifies £¢ ({x.y}, A) = t® ({y.x}, A), then (W, £?, +,¢)
is called commutative £®-approach linear algebra

Definition2.7:1“-approach linear space w believed to be £“-A- app- normed
linear algebra if :

1) wis t“-A- approach normed space,
2)  wis t“-app- linear algebra;
3) ForalL,bbew,l|lab|l < |la|l ||b ]|, 4) If w with identity, then |le || = 1.
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Definition 2.8: Let w be a £“ approach -linear space, then w is called a
symmetric £ -approach linear algebra if satisfying the following conditions:

1) wis ¢®-approach linear algebra;

2)  An operation is defined on w, which assigns to each element x,y € w the
element x*,y* € w satisfies the following conditions: 1) (ax + fy)* =
ax* + By, 2)x™ =x, 3)(xy)" =y'x",

4) The function *:x — x* is £“-contraction.

Definition2.9 (symmetric £“- A- approach normed algebra) : Let w be a £“—
approach - linear space, then w has been defined as symmetric £“- A- approach
normed algebra if it satisfies the conditions:

1) yxist“-A- approach normied algeibra,
2)  x is a symmetric £“-approiach linear algebra,
3) I xTla=lx IV x €w.

Definition 2.10: Let w be a £“-A- approach normed algebra, then w is a
complete £“-A-approach algebra if every £“-Cauichy sequence is convergent.

Remark 2.1: A complete £“-A- approach normed algebra is called a £“- A-
Banach algebra.

Remark 2.2: A completely symmetric £“- A- approach normed algebra is
called symmetric £“- A- Banach algebra

3. New Result of Symmetric £®-A- Banach Algebra.

Definition3.1:Let w be a symmetric £¢- A- approach Banaich algebra, Vx,y €
w,o € Fand 6 > 0, a function ¥ is - a character from w into the complex
field F if satisfies the conditions:

D YpE+y) =9 +9O);

2)  Y(x) = W(x);

3) M pCy) =P @) Ia< 6 x all y 11a)
4) P =1,

5) P = @)

6) The function Y defined over w is satisfiedt “—contraction.

If = C, then it is said that ¥ is a complex §- character and dch(w) denotes
the set of all complex §- characters.

Theorem 3.1: Let w be a symmetric £*- A- Banaich algebra with identity such
that every non-zero element has an inverse. Then 6ch(y) is a symmetric £®-A-
Banaich algebra if || f, Ia= sup |fm(g)|, and Y is a 5- character.
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Proof: Let yY:w — Sch(w) defined asyp(m) = f,,, such that f,(g) =
g(m), with t®-approach the usual distance #: 25" x 25¢hC) - [0, 0]
defined on &ch(w), where 6ch(w) = {f,,|f:w — C}, such that, for all
w < 0, fn,fa € 6ch(w), m,n € w,A,B € 25¢h00
ey = [MUneanalf@ @] 120 20,
o0 T #0,Y=20

+,. are addition and multiplication binary operations such that

Um + ) (@) = fm(9) + 1(9); (- f)(9) = fin(D)- fr(9).

First:

(a) (Sch(w),£®)ist®-app-apace by[13].

(b) That is very clear ( 5ch(w), +) belongs to a group of items.

(¢) Now we have proof +: §ch(w) @ Sch(w) = Sch(W): (fin, fu) = fu +
fn is £® — contraction for all w < oo,f,,, fu, fr, fs € 6ch(w),A,B,C,D €
28¢hC0. £ € A, f, € B,f.- €C,f, €D.

t*'(e(t,y),0(C, D))
= infmeA ,fneB,frEC,fseDl(fm + ) (@) — (i + 1))l

< infrea frec Ufm(9) — (@D + infrep ren(fa(9) — £(@)D)
= t®(A4,C) + t“(B,D).

@ 2°'(e(A),0(B)) = ' (=t,~y) = infyca pesl—fin(9) —
(=fu(@)| = infy ea freslfm(9) — fu(g)l = £*(t,¥). Then,
(6ch(w), %, +) is £“- app- group.

Second:(8ch(y), ¢, +,.) is £“-app- linear algebra.

Third: Now, to prove J&ch(w) is t“-A- approach normed algebra must be
proved is [I. ll,, is the norm on Sch(w).

1) Let f, € §ch(w) such that f,, # 0,thenf,, > 0and |f,,(g)| = |g(m)| >
0 for all m € y.Therefore, sup|f;,(g)| = sup |g(m)| > 0.Hence, |l f;, lI,> 0.

2) Letfi, € 6ch(w) and la | <1, |allfn(g)] = lafn(g)| = |ag(m)| <
lg(m)| = |fin(g)|, thensup |afpn(g)| < sup|fn(g)] . Thus, we get that
Il af Ia<Il fin Nla.

3) Letf, € dch(y),
limgoo Il fin la= limg_osuplfm(g)| = limy_osuplag(m)| =
suplimg_,o|lag(m)| = suplimyolafn(g)| = 0.

4)  Let fin, fn € 6ch(yw). Then,|l fir, + fr 1a< 2max{ll f;, lla, |l
fo Ia}, for allfy, fr € 6ch(x),

5)  t.AB) = infr caren | fn = fu lla

= SupA,Bez&h(x)SupfneBinffmeA I fn = falla-
6) For all fmﬁfn € 6Ch(W) > Il fm-fn ”AS” fm ”A [ fn ”A
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7)  If Sch(y) with identity, then Il £, (1) lla = sup |fn (D] =111 ll,= 1.
8)  to({infr,; ealfo i)} B) = £ ({infy. ea (Uf)}, B)
= t*({infrea (fin)}, B)

Therefore, dch(w) is £®-A-approach normied space so it is £®-A-
approach normied linear algebra.

Fourth: *:8ch(y) = 8ch(y) defined by * (fin(9)) = (fin(g)),is satisfying
involution axioms such that || [l,= sup |f»(g)].

Fifth: Now, to prove The function *:d&ch(w) — Sch(w)such that f,, —
fmist®- contraction for all

w < o, fn, f, € Sch(w),A, B € 25" and for allf,, € A, f, € B.
t*'(e(4),0(B))

= infr eareslfm(9) — fa (D] < infr capeslfin(9) — fu(9) =
t®(A, B). Therefore, Sch(w)is £%-A-approich- normied space.

Sixth: Let A,, B € 2%¢"®) | and let B be a cluster point in (§ch(w),£%), we
denoted the sum of all cluster points in £“-approach space by I (5ch(w)),
B € r(8ch(x))t°(An B) =
{inffmieAi,fseBVmi(g) - fs(g)|An # @,forall n€ Z*,m,s€ y,B+ 0
w© A, # @,forsome n€eZ*,B= 0

Let {A,,}o-, be a £“-Cauchy sequence in (5ch(x), £®). Then,

By def. 2.4{A,,};=; is convergent in (Sch(y),**)
and(8chCQO, I 1la <141,

This leads to (Sch(), |- [|a, £%|11,)1s @ symmetric ¢“-A- Banach algebra.

The second part is to prove P is a &- character. Let w < oo, f,,f, €

dch(y),m,n € y

) Ypim+ n) = fmnsuch thatfm+n(g) = g(m +n)= g(m) + g(n) =
fm(g) + fn(g) =fmt = lp(m) + 1l1(m),

2)  p(am) = fom such that fo,, = g(am) = ag(m) = afn(9) = afn =
ap(m);

3) I 1P(mn) - Eb(m)l/)(n) ”AZII fmn - fmfn ”AZII fmn(g) - fm(g)fn(g) ”A
=l g(mn) — g(m)g(n) la< 5l m llall nllp);

4)  Y(m") = f- such that fr-(g) = g(m") = (g(M))" = (fin(9))" =
()™ = @W(m))*;

5)  y(e) = f, such that f,(g) = g(e) = 1; 6) Now, to prove that 1 ist®-
contraction for all w < oo,f,, f, € 6ch(y),m,n € y,and A, B € 2%,

' ((A),Y(B)) = t*({(fn(D} (@} < (4, B).
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Proposition 3.1: Let y be a symmetric #“-A- Banach algebra, and let the set
g ={f € x": f(m"m) = 0 for allm € y}.Then, (g,%®) is £“- app- cone space
and (g, |l la,£°yy,) a symmetric £®- A- Banach algebra ifll f ll,=

|f (m™m)|
Su * .
Pm #0,m=0 Im* il

Proof: We define t®-app- distance £¢: 2% x 2¢ — [0, ] on g, such that for all
w<ow, feEy " mey,f,€Af,€B,andA,B € 2?9

£9(A,B) = {infﬁeA,szB I fi—falle A+Q,B # 0 ’

o0 A#0,B=0

with

+,. are addition and multiplication binary operations such that for all
fufz€gmey.
(i + )(m'm) = fi(m'm) + f,(m'm); (fi. L)(m"'m) = fy(m"m). f,(m"m).

By the same way in Theorem 3.1we prove that g is a £“-app-symmetric
cone and (g, £, +,.) is £“-approach linear algebra.

1.4 B) = infreapes | f — fi lla
|f (m™m) — fi(m"m)|
[l ™ I m I
|[f(m™m) — fi(m"m)|

Fm= i ml

= lnffEA,fleB SUPm*£0,m=0

< SupA,BezgsupfleBinffEA SUPm*£0,m=0

= SUPA,BezgsquleBinffeA I f=filla

Therefore, g is £“-A- approach normed space so it is £“-A- approach
normed linear algebra.

Also, *:g - g defined by = (f(m*m)) = (f(m*m)) is satisfying
involution axioms such that |.ll,=sup|f(x)| and the function #*:g —
g: f = frist®-contraction for all w < oo.f;,f, € g,A,B €2%: f, €A f, €EB.

Now, let A,, B € 29, and let B is a cluster point in (g,£%), we denoted
the set of all cluster points in £ -approach space by I'(¢), B € I'(2%).

t9(A4,,B)
_ inffiEAi,fEB ” fl - f ”C An * ¢P vn € Z+;B * Q)
o Ap # @,forsomen € Z*,B= @

Let {A,}n=; be a £®-Cauchy sequience in (g, £®). Thus, in the same way
in Theorem 3.1, we prove (g, . [, £“ |, )@ symmetric #“-A- approach Banach
algebra.

The proof is clear.

Conclusion

In this paper, we defined a new function §- character and proved that it is a
symmetrict ®-A- Banach Algebra. We introduced £ - approach dual cone space
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and also proved that it is a symmetric £“- A- Banach algebra. We put some
important definitions, results and properties.
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