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Abstract

Let R be a commutative ring with 1 and M be a (left) unitary R — module. This essay
gives generalizations for the notions prime module and some concepts related to it. We
termed an R — module M as semi-essentially prime if ann, (M) = ann, (N) for every non-zero
semi-essential submodules N of M. Given some of their advantages characterizations and
examples, and we study the relation between these and some classes of modules.
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1. Introduction

Let R be a commutative ring with 1 and M be a (left) unitary R — module.
A non-zero submodule K is termed an essential submodule of M if KNL # 0
for every non-zero submodule L of M [1]. In [2] Ali S. Mijbass and Nada K.
Abdullah introduced and studied the notion of semi-essential submodules, where
a non-zero submodule N of an R —module M is termed semi-essential
submodule (N <;, M) if N N P # 0 for every non-zero prime submodule P of
M. And a submodule P of M is termed prime if P is a proper and whenever
rx € P for every r€R,x €M up to either x € P or r € [P: M], where
[P:M] ={r € R:vM < P}[3].

An R — moduleM is termed an R — module M is semi-essentially prime
if anng(M) = anng(N) for every non-zero semi-essential submodules N of
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M. This essay introduced and studied the notion of the semi-essentially prime
module as a generalization of prime module, and given some of their
advantages characterizations and examples. Also, we view that below definite
terms semi-essentially prime, semi-uniform, essentially prime, and prime
modules are equivalent. In this work we define semi-essentially prime, an
R —module M is termed a semi-essentially prime module ifanngy(M) =
anng(N) for every non-zero semi-essential submodules N of M. Moreover
studied the relations between semi-essentially prime modules and some of
modules .

2. Semi-Essentially Prime Modules
An R — moduleM is termed primemodule if anng(M) = anng(N), for
every non-zero submodules N of M[4].

Definition 2.1: An R — module M is termed a semi-essentially prime module
ifanng (M) = anngz(N), for every non-zero semi-essentially submodules N of
M.

Remarks and Examples 2.2:

1. Every prime module is semi-essentially prime module, conversely is not
true in general for exampleZ, as Z — module is semi-essentially prime
module because Zgis the only semi-essential submodule of Z,, but not
prime.

2. Z and Q asZ — moduleis semi-essentially prime modules, because
anny(nZ) = anng(Z), forallnZ <., Z,n € Z*. Similarly for Q .

3. Every semi-simple R — module is semi-essentially prime module but not
conversely because Z as Z — module is a semi-essentially prime module
but not simple.

4. Z,asZ —moduleis not semi-essentially prime module. (Because
anng(Z,;) # anng((2)) ; (2) < Z4)-

5. A homomorphic image of a semi-essentially prime module need not be
semi-essentially prime in general for example Z as Z — module is a semi-
essentially compressible module and é =~ Zg iS not a semi-essentially
compressible module, by (4).

6. If M is a simple module, then M is a semi-essentially prime module because
M is the only semi-essential submodule of M.

7. The direct sum of a semi-essentially prime module need not be semi-
essentially prime. Consider the following example let Z, =~ Z,®Z, as
Z —module . Z, is semi-essentially prime see remarks and examples
(2.2)(1), but Z, is not semi-essentially prime see remarks and examples

(2.2)(4)

Proposition 2.3: A semi-essential submodule of a semi- essentially prime
module is also semi- essentially prime module.
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Proof: Let 0 # K <;, M and M be a semi-essentially prime module. Let
0+L <,, K<, M,by[5] L <;, M.Because M is semi- essentially prime
module, then anng(N) = anng(M) = anngx(K). Therefore N is a semi-
essentially prime module.

An R — module M is termed a semi-essentially compressible module if M
can be embedded in every of it is a nonzero semi-essentially submodule.
Equivalently, M is semi-essentially compressible if found a monomorphism
f:M — N whenever N is a non-zero semi-essential submodule of M[6].

Proposition 2.4: If M is a semi-essentially compressible —module, then M is
semi-essentially prime module

Proof: Let 0 # N <;, M. We have to show that anng(M) = anng(N). Let
r € anng(N), then rN =0, but M is a semi-essentially compressible R —
module, f:M — N is a monomorphism, then f(rM) =rf(M) SrN =0,
so rM = 0 , thus r € anng(M). Thereforeanny (M) = anng(N) and is semi-
essentially prime module

Comparison with the proposition (2.15) [7]

Proposition 2.5: Let M =M;®M, be an R —module such that
anngM,@annyM, = R. If M; and M, are semi-essentially
compressible modules, then M is semi-essentially module

Proof: By proposition (2.15) [7] and above proposition, we have done.
An R —module M is called prime if,anng(M) = anngz(N) for each
nonzero submodule N of M [8]

Remark 2.6: Every semi-essentially prime module 1is essentially
prime module, conversely is not true in general

Proposition 2.7: Let M be a fully prime R — module, then M is a semi-
essentially prime module if and only if M is an essentially prime module,
where an R — module M is termed fully prime if every proper submodule of M
is a prime submodule[9].

Proof: Since M is fully prime, then by[7] every semi-essential submodule is an
essential submodule, hence every essential prime module is semi-essentially
prime. Conversely, view remark (2.5).

The recollection that a non-zero R — module M is termed semi-uniform if
every non-zero submodule of an R — module is semi-essential [2].

Proposition 2.8: If M is a semi- uniform R — module, then M is prime if and
only if M is semi-essentially prime.
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Proof: Suppose that M is semi-essentially prime module. Let N be a non-zero
submodule of M because M is semi- uniform, then N is a semi-essential
submodule in M. But M is semi-essentially prime module, then annz(M) =
anng(N) for all 0 # N <;, M. Thus Mis prime module. Conversely, it is
obvious, from remarks and examples (2.2) (1).

Proposition 2.9: Let M, and M, be isomorphic R — modules. Then M;is a
semi-essentially prime if and only if M,is a semi-essentially prime.

Proof: Suppose that M;is a semi-essentially prime module and let 0 #
L <. M,. We want to show that annz(M,) = anng(L) for all 0 # L <, M.
By [7] f (L) <;, M; and M, is a semi-essentially prime module, then
anng(My) = anng(f~1(L)). Let 7' € anng(L), then 'L = 0, thus f~*(r'L) =
0, then f71(r")f71(L) =0, so f~1(r") € anng(f~1(L)) = anng(M,), thus
f~Y(r"YM; = 0, then v'M, = 0. Therefore anngy(M,) = anng(L) and M,is a
semi-essentially prime module .

The recollection that an R — module M subisomorphism to an R —
module M’ if there exist R —monomorphism ¢: M — M’ and 6: M’ — M, in
this case, we say the R — module M and M'are subisomorphic[10].

Proposition 2.10: The following statements are equivalent for R — module M:

1. M is a semi-essentially compressible module.

2. Mis a semi-essentially prime module.

3. M is a subisomorphic to a semi-essentially prime module

4. M contains a semi-essentially prime submodule N such that 3 a
monomorphism f:M — N.

Proof: (1) = (2) It is clear by Proposition (2.4).

(2) = (3) Itis clear by Proposition (2.9).

(3) = (4) Suppose that M is subisomorphic to a semi-essentially prime
module C and found monomorphisms Y: M — Cand ¢:C — M. Let K =
PY(C) <s;. M, then by Proposition (2.3)

K is a semi-essentially prime submodule of M, since by (3) 3 a monomorphism
f*M — K.

(4) = (1) Let 0 # L be any semi-essential submodule of R — module M,
then LN N < N, so by (4) 3 monomorphisms f:N —- LNN and g:M — N
also i: L N N — L is the inclusion monomorphism, thus ie fog:M — L isa
monomorphism. Therefore M is a semi-essentially compressible module.

Definition 2.11: An R — module M is termed semi-essentially uniform if every
nonzero semi-essential submodule of M is essential in M.
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Remark 2.12: Every uniform is semi-essentially uniform, but the converse need
not be true in general for example Z, as Z — module is semi-essentially uniform
module, but not uniform.

Proposition 2.13: If M is a semi-essentially compressible R — module , then M
is a semi-essentially uniform module.

Proof: Let 0+ N <,, M and 0 # x € N < M, then by Proposition (2.5)[6],
3f:M —> R, by f(x) =rx €N, Vx €M, therefore N is an essential
submodule in M.

Proposition 2.14: Let M be an R —module. M is a semi-essentially
compressible module if and only if there exists a monomorphism ¢ €
Endg (M) such that Im¢g < N for each a nonzero semi-essential submodule N
of M.

Proof: Suppose that M is a semi-essentially compressible module. Let 0 #
N <;. M, then f:M — N is a monomorphism, so there exists ¢ =iof €
Endgr(M) where i: N — M is the inclusion monomorphism and Im@ =io
f(M) = f(M) € N. Conversely, let 0 # N <,, M, by assumption there exists a
monomorphism ¢ € Endg(M) and @(M)S N. Thus ¢:M — N is a
monomorphism. Therefore M is a semi-essentially compressible dule .

Corollary 2.15: Let M be a semi-essentially compressible R — module, then a
homomorphic image is a subisomorphic to a semi-essentially compressible
submodule N of M.

Proof: Since M is a semi-essentially compressible R — module, then by above
proposition f(M) € N for each nonzero semi-essential submodule Nof M and
by proposition (2.7)[6]. Then N is a semi-essentially compressible
submodule of M. i: f(M) — N, j:N — M are the inclusion monomorphisms
and f:M — f(M), thus i:f(M) >N and foji:N— f(M) are
monomorphism.

Therefore f(M) is a subisomorphic to a semi-essentially compressible
submodule N of M.

Lemma: Let M be a semi-essentially prime R — module, then anng(N) is a
prime ideal of R for each nonzero semi-essential submodule N of M.

Proof: Leta,b € R such that .b € anng(N) , then abN = 0. Suppose bN #
0. But 0#N <,, M and bN S N, then bN <;, M, since M is a semi-
essentially prime and a € anng(N) and hence anngz(N) is a prime ideal of R.
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3. Conclusion

The present work provides new information. A semi-essentially
compressible module is semi-essentially prime. It is subisomorphic to a semi-
essentially prime module. Also if a module is semi-essentially prime then the
annihilator of any nonzero semi-essential submodule is a prime ideal of a ring R.
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