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derivation and right generalized B-reverse derivation on semi-prime near-ring. We generalize

some useful results by using these notions.

Subject Classification: (2010) 16Y30, 16N60, 16W20, 16 W25.

Keywords: Generalized (o, B)-reverse derivations, Semi prime near rings, Generalized dependent
element.

1. Introduction

Near rings are generalization of rings. Dikson initiated the research
on near-rings in 1905. In 1987, the derivations of near ring was studied by
Bell and Mason and proved some commutativity theorem for near rings
[1]. Numerous researchers have studied commutativity of prime and semi
prime rings, accepting sufficiently constrained derivations [2, 3, 5, 6,7, 8,
11,13, 15, 16, 17].

Herstein introduced the concept of reverse derivation [9]. Later, the
idea of reverse derivation and some properties of reverse derivation were
studied by Bresar and Vukman [4]. The reverse derivation on semi prime
rings have been studied in [12]. Recently Sirivoravit and Leerawat have
generalized the idea of reverse derivation to a reverse f-derivation on
generalized I' -ring and obtained some conditions which concludes that
the zero map is the only reverse f-derivation on M [14]. In this paper, we
prove some useful results by using the idea of generalized («, f) -reverse
derivations on semi prime near-rings. We also prove some results by using
the notion of generalized f -reverse derivations on semi prime near-rings.

2. Preliminaries
In this section, we present some basic definitions.

"

Definition 2.1: Let W # {} with binary operations “.” (multiplication) and
“+” (addition) if:

(@) (W,+) agroup.
(b) (W,.) a semi-group.
(©) Im+n)y=Im+In (m+n)l=ml+nl) VI, mneWw,

are satisfied then it is a left(right) near ring.
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Definition 2.2 : The mapping k : W—W is known to be (&, ) -derivation
if k(Im)=k(D)a(m)+ B(1)k(m) hold for all I,meW, where ¢ and g are
mappings.

Definition 2.3 : A near ring W is known as semi prime if [WI =0 for all
I eW implies [ =0.

Definition 2.4 : The Jordan product or anti-commutator is defined as
lom=Im+ml for all I,meW and the Lie product or commutator is
defined as [I,m]=Im—ml.

Definition 2.5 : Some identities are defined as below for any I,m,n e W :

(@) [I,mn]=m[l,n]+[l,mln
(b) [Im,n]=I[m,n]+[l,nlm
(c) lo(mn) = (lom)n—m[l,n]=m(lon)+[l,mn
(d) (Im)on = I(mon)—[l,njm = (lonym+1[m,n].

Definition 2.6 : A near ring W is called a 2-torsion free if 2/=0, with
leW, then [=0.

Definition 2.7 : An additive subgroup L of W satisfying [I,n] €L for all
lelL,n eW issaid to be a lie ideal of W.

Definition 2.8 : A lie ideal L of W is called square closed lie ideal of W.
If PeL forall I eL. Moreover, if L is a square closed lie ideal of W, then
2lm eL forall I,m L.

Definition 2.9 : The multiplicative center of W is defined as:
Z(W)={leW :Im=ml, forallmeW}.

Definition 2.10 : The derivation k will be commuting if 0=[I,k(l)], for all
leW.

3. Generalized («, ) -Reverse Derivations on Semi Prime Near Rings

In this section, we prove some results on generalized («, f) -reverse
derivations on semi prime near rings.
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Definition 3.1 : An additive mapping k:W—W is known as («, )
-reverse derivation if k(Im)=k(m)a(l)+ g(m)k(l), for all I,m e W, where
a and S are mappings on W.

(0 1 m
Example 1: Let S be any near ringand W=4|0 0 n|:,mneS;.
000
Then W is a near ring under addition and multiplication. We define
the following mappings on W:

Let o : W — W is a mapping defined by:
(o 1 m) (1 0 0

ato 0 nJ=L0 0 OJ,
000 looo
Let f:W — W is a mapping defined by:

(0 1 m) (00 0)

ﬂto 0 nJ=L0 0 mJ,
000 loo0mn
and let k: W — W is a mapping defined by:

(o1 m) (0 1 ni)
k{o 0 HJZLO 0 —nJ.
00 0 00 O
Then k is a nonzero («,f) -reverse derivation on W.

Definition 3.2 : An additive mapping H:W —» W is a right (resp.,

left) generalized («,B)-reverse derivation if there exist (a, f)-reverse

derivation k on W such that H(Im)=H(m)a(l)+ g(m)k()(H(Im)=

k(m)a(l)+ S(m)H(I)) for all [,m e W, where o and g are mappings on W.
(0 1 m)

Example 2 : Let S be any near ring and Wz{ 00 nl:l,mn GS}. Then W
000

is a near ring under addition and multiplication. We define the following
mappings on W:
Let o : W — W is a mapping defined by:
fo 1 m) (100

aLo 0 nJ=LO 0 OJ,
000 00 0

Let f:W — W is a mapping defined by:
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(01 ml (00 0)
,BLO 0 ngto 0 mJ,
000 00 n

Let k:W > W is a mapping defined by:
(o 1 m) (0 1 n)

k{o 0 nJ={O 0 nJ,
000 00 0
and let H:W — W is a mapping defined by:
(01 m\ (00 I
Hto 0 nJ=LO 0 OJ.
000 000
Then H is a nonzero generalized («,f)-reverse derivation on W
associated with a nonzero («, ) -reverse derivation k.

Theorem 3.3 : Let L be a square closed commutative lie ideal of a semi prime
near ring W such that L & Z(W). Suppose that W admits a right generalized
(e, B) -reverse derivation H associated with a nonzero map k, where a,f are
automorphism. If

(@) H(l,m])=0, forall leL,meW,
(b) H(l,m])=%[l,m], forall leL,meW,

then kisa f-commuting map on L.

Proof:
(a) Suppose that
H([l,m])=0, forall I eL,meW 3.1

Substituting Im for m in (3.1) alongwith the definition (2.5)(a), we get
H([l,Im])=0, forall leL,meW

By definition (3.2) and alongwith equation (3.1), we obtain
Pl mlk(l)=0,forall  eL,m eW (3.2)

This gives
[B(D), Bm)k()=0, forall I eL,meW

Replacing m by mr in last relation, we get
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[BQ), p(m)]B(r)k(D) =0

Since A is automorphism replacing r by B7'(r) and m by g7'(m) in
last equation, we have

[B(), mrk(l)=0

Replacing m by k(l) in last relation, we get

(B, kDIrk()=0 (3.3)
Right multiplying the equation (3.3) by £(I), we have
[BM), k(D]rk(D) (D) =0 (34)
Replacing r by rf(l) in equation (3.3), we obtain
B, k(D]rp(Dk(I) =0 (3.5)

Subtracting equation (3.4) from equation (3.5), we get
[BMD), kDI ), k(D]=0, forall I,r eW
This implies
(A1), kOIWLAD), k(D] =0

Since W is semi prime near ring, we have

[B(),k(D]=0, forall l eL

Hence k is S -commuting map on L.

(b) Suppose that
H[l,m]=4[l,m], foralll eL,m eW (3.6)

Substituting Im for m in equation (3.6) and alongwith the definition
(2.5)(a), we get
H(I[l, m]) = %[, m]

By definition (3.2) and alongwith equation (3.6), we obtain
(1, mla(l) + BII, mlk(l) = 1[I, m]

Since @ is automorphism replacing I by a'(I) in last equation, we
have

[, m]l+ pII, mlk(l) = 1[I, m]

Since L is commutative, we obtain
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1B, Bm)]k() =0

Replacing m by mr in last equation and alongwith definition (2.5)(a),
we get

[BWD), p(m)]B(r)k() =0

Since f is automorphism replacing m by B~'(m) in last equation, we
obtain

(B, m]B(r)k()=0
Replacing m by k(I) in last relation, we get
(B, k(D]B(rk()=0

Since f is automorphism replacing r by B7'(r) in last equation, we
have

A1), k(DIrk() =0 (3.7)
Right multiplying the last equation by f(I), we obtain
LB, kDIk(1) () =0 (3.8)
Replacing r by rf(I) in equation (3.7), we get
(B0, kDI f(Dk(D) =0 (3.9)

Subtracting equation (3.8) from equation (3.9), we haves

[B(), kDI B, k()] =0, forall ] eW
This implies
[BD), k(HIWLAI), k()] =0

Since W is semi prime near ring, we get

[B(D),k(D]=0, forall [ eL
Hence kis f -commuting map on L. O

Theorem 3.4 : Let L be a square closed commutative lie ideal of a semi prime near
ring W such that L & Z(W). Suppose that W admits a right generalized (a, )
-reverse derivation H associated with a nonzero map k, where f is automorphism.
If Hlom)=0,VIeL,meW, thenkis f-commuting map on L.

Proof: Suppose that
H(lom)=0, forallleL,meW (3.10)
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Replacing Im for m in equation (3.10) and by definition (2.5)(c), we get
H(l(Iom))=0
By definition (3.1) and alongwith equation (3.10), we have
Plomk()=0
Replacing m by r in last relation, we have
Blor)k()=0

Replacing r by mr in last equation and alongwith definition (2.5)(c),
we obtain

Bm)(BDo (kD) + A1), B(m)]B(r)k(I) =0
From equation (3.11), we obtain

[BD), ()] p(r)k(D) =0

Since B is automorphism put r by B7'(r) and m by B7'(m) in last
equation, we have

[B(1), mlrk(l) =0
Replacing m by k(I) in the last relation, we obtain
A1), k(DIrk() =0 (3.12)
Right multiplying the last equation by (), we have
B0, kDk1) () =0 (3.13)
Replacing r by r () in equation (3.12), we get
(B, kDl k(1) = 0 (3.14)

Subtracting equation (3.13) from equation (3.14), we obtain

[B(), kDI B0, k()] =0, forall I,r eW
This gives
(B, kWA, k()] =0
Since W is semi prime near ring, we have
[B(D),kD]=0

Hence kis f -commuting map on L. O
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Theorem 3.5 : Suppose that W is a semi prime near ring and H:W - W
is a right generalized (a,f)-reverse derivation associated with (a,f)
-reverse derivation k, where [ is automorphism and k(fS(s))= p(k(s)), then
k(t)eZ(W)forevery t eW.

Proof: Suppose that

H(*m)=H(m)a(I*)+ B(m)k(I*), forall I,m eW (3.15)
This implies
H(I*m) = Hm)a(I*) + B(m)k(De (1) + B (m) B(Dk(D) (3.16)

Also
H(*m) = H(I(Im)) = H(Im)a (1) + S(Im)k(I)

We arrive at

H(*m) = H(m)a (e (1) + pm)k(Dec(l) + B f(m)k(1) (3.17)

From equations (3.16) and equation (3.17), we get
H(m)a(I*) + pm)k(De (1) + S(m) BDK(1)
= H(m)a(Da(l)+ p(m)k(Da (D) + S(1) B(m)k(1)
By simplifying the last relation, we have

[BD), pm)Jk(l) =0

Replacing m by ml in last equation alongwith definition (2.5)(a), we
obtain

(B, p(m)]1 (k) =0
Replacing B()k(I) by t in last equation, we have
[BM), pm)]t=0

Putting ¢ by k(t) in last equation, we obtain
[B(0), B(m)]k(t)=0, forall I,m,t eW (3.18)

Replacing [ by [w in last relation and alongwith equation (3.18), we
get
(B, Bm)]B(w)k(t) =0 (3.19)

Replacing m by k(s) in relation (3.19), we have
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[BQ), Bk(s)]B(w)k(t) =0

By using hypothesis, we obtain
[BMD), k(BN B(w)k(t) =0

Since f is automorphism replacing w by 7' (w) and s by S7'(s) in
last relation, we get

[B1), k(s)Jwk(t) =0

Replacing s by ¢ in last relation, we obtain

[B(0), k(t)]wk(t) =0 (3.20)
Replacing w by 7f(I) in equation (3.20), we get
[B), kBl fDk(E) =0 (3.21)
Right multiplying the equation (3.20) by A(t), we have
LB, kOIrk#)A() =0 (3.22)

Subtracting equation (3.22) from equation (3.21), we obtain
[BM), kM S, k@#)] =0, forall It,r eW
This implies
[BM), kOIWIB(), k()] =0
Since W is semi prime near ring, we get

[B(),k(t)]=0, forall I,t eW

This gives
k(t) e Z(W), forall t eW.
O
Theorem 3.6 : Suppose that W is a semi prime near ring and H:W > W is

a right generalized (a, f3)-reverse derivation associated with (a, f)-reverse
derivation k, where o is automorphism, then H(m) € Z(W), foreverym eW.

Proof: Suppose that
H(Im*)= Hm*»)a(l)+ p(m*)k(l), forall [,m eW
This gives
H(lm®) = H(m)a(m)a (1) + p(m)k(m)e (1) + B(m* k(1)



REVERSE DERIVATIONS IN SEMI PRIME NEAR RINGS 1649

By Theorem 3.5, we have

H(Im*) = H(m)a(m)a:() + p(m)a (D)k(m) + f(m* k(1) (3.23)
Also

H(lm*) = H(lmm) = H(m)a(Im)+ p(m)k(lm)

This implies
H(Im*) = H(lmm) = H(m)ex(I)ex(m) + B(m)k(m)ee (1) + B(m) f(m)k(D)
By Theorem 3.5, we obtain

H(lm*) = H(m)a(Da:(m) + p(m)e (k(m) + (m* k(D) (3.24)

Comparing equation (3.23) and equation (3.24), we get
H(m)er(m)a(l) + f(m)a (Dk(m) + B(m* k(D)
= H(m)a(a(m)+ p(m)a(Dk(m)+ p(m* k(1)

By simplifying the last relation, we have
H(m)[a(l),a(m)]=0, forall I,meW (3.25)

Replacing I by mt in equation (3.25)and alongwith definition (2.5)(b),
we obtain

H(m)a(m)[a(t),a(m)]=0

Replacing H(m)a(m) by n in last relation, we have
nla(t),a(m)]=0, forall n,t,m eW (3.26)

Replacing t by rt in last relation, we get
na(r)la(t),a(m)]=0 (3.27)

Since « is automorphism replacing t by ' (f) in equation (3.27), we
have

na(r)[t,a(m)]=0

Replacing t by H(m) in last equation, we obtain
na(r)[H(m),a(m)]=0 (3.28)

Replacing r by mr in last relation, we get
na(mya(r)[H(n), a(m)] =0
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Since a is automorphism replacing r by «'(r) in last relation, we
have

na(m)r[H(m),a(m)]=0 (3.29)

Replacing a(m)r by w in last relation, we obtain
nw[H(m), a(m)] =0

Replacing n by H(m) in last relation, we obtain
H(m)w[H(m), a(m)] =0

Left multiplying the last equation by a(m), we get
a(m)H(m)w[H(m),a(m)]=0 (3.30)

Replacing r by w and n by H(m) in equation (3.29), we have
H(m)a(m)w[H(m),a(m)]=0 (3.31)

Subtracting equation (3.30) from equation (3.31), we obtain
[H(m), a(m)]w[H(m),a(m)] =0, forall m,w e W

This implies
[H(m), a(m)W[H(m),a(m)] = 0
Since W is semi prime near ring, we get
[H(m),a(m)]=0, forallm eW

This implies
H(m)eZ(W), forallmeW.

O

Lemma 3.7 : Suppose W is a semi prime near ring with no nonzero divisor of zero.
Let k be a commuting (e, B) -reverse derivation of W, where f is automorphism.
Then [a(l), B(m)[Wk(w) =0, forall I,m,weW.

Proof:
Given that
[a (), k()]=0 (3.32)

By linearizing the last relation and alongwith definition (2.4), we
obtain
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(a(l)+a(m)(k(D) + k(m)) = (k(I) + k(m))(a (1) + a(m))

By simplifying the last relation, we have

[ee(D), k(m)] = [k(), ()] (3.33)
Replacing m by Im in last relation, we obtain
[ (D), k(Im)] = [k(0), a(Im)]
By simplifying the last equation, we get
lae (), k(m)a () + p(m)k(D] = a(Dlk(D), e (m)] + [k(D), a()]e (m)
In view of equation (3.32) and alongwith equation (3.33), we have
k(D) a(m)]e(l) + [ (1), B(m)]k(D) = [k(1), ax(m)]ec (1)
This implies
[a(D), Bm)lk()=0 (3.34)
Replacing m by mn in last relation, we get
[ (D), p(m) f(m)]k(1) = O
By using the definition (2.5)(a) and alongwith equation (3.34), we get
[ee(D), B(m)] p(n)k(D) = O

Since B is automorphism replacing n by B7'(n) in the last relation,
we obtain

[a (D), p(m)]nk(l) =0 (3.35)
Replacing [ by w in equation (3.35), we have
[a(w), p(m)nk(w) =0 (3.36)

Replacing ! by [+w in equation (3.5), we get
[ee(D), p(m)Ink(1) + [ex(w), B (m)]nk(I)
Ha (D), B(m)Ink(w) +[a(w), B(m)]nk(w) =0

In view of equation (3.5), we obtain
[a (D), p(m)Ink(w) +[a(w), B(m)]nk(D) +[a(w), B(m)]nk(w) = 0
From equation (3.6), we have

(D), p(m)lnk(w) +[ex(w), B(m)Ink(l) = 0
This implies
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[a (1), B(m)lnk(w) = [ (w), B(m)Ink(l) (37)
Left multiplying on both side of the last equation by [a(l), #(m)]
nk(w)r, we get
[a (D), p(m)Ink(w)r(a (D), B(m)Ink(w) = —{a (1), f(m)lnk(w)r(a(w), B(m)]nk(l)
From equation (3.37), we obtain
[a(D), p(m)Ink(w)r[a (D), B(m)Ink(w) = [a (1), p(m)]nk(w)r(a(l), B(m)Ink(w)
This gives
la (D), (m)Ink(w)W]a(l), B(m)lnk(w) = [a (), B(m)Ink(w)Wla (1), B(m)]nk(w)
The last relation alongwith (3.35), we get
[a(D), B(m)Ink(w)W]a(l), p(m)lnk(w) < [a(l), f(m)]Wk(D) = 0
This gives
[a (D), B(m)Ink(w)W[a(l), p(m)]nk(w) =0
Since W is semi prime near ring, we have
[a(]), B(m)nk(w) =0, forall I,m,n,w e W

This gives
[a (D), B(m)]Wk(w) =0, forall I,m,w e W.

O

4. Generalized Dependent Element of Right Generalized [ -Reverse
Derivations on Semi Prime Near Ring

In this section, we prove some results about generalized dependent
element and right generalized g -reverse derivations on semi prime near
ring. By taking a = # in Theorem 3.5, Theorem 3.6 and Lemma 3.7 we
obtain the following results:

Theorem 4.1: Suppose that W is a semi prime near ringand H :W — W isaright
generalized [ -reverse derivation associated with [ -reverse derivation k, where
B is automorphism and k(f(s)) = p(k(s)), then k(t)eZ(W) forevery t eW.

Theorem 4.2 : Suppose that W is a semi prime near ring and H:W - W isa
right generalized [ -reverse derivation associated with [ -reverse derivation k,
where f is automorphism, then H(m) € Z(W), forevery m e W.
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Lemma 4.3 : Suppose W is a semi prime near ring with no nonzero divisor of
zero. Let k be a commuting [ -reverse derivation of W, where [ is automorphism.
Then [B(1), p(m)IWk(w) =0, forall |,m,w eW.

Theorem 4.4 : Suppose W is a semi prime near ring with no nonzero divisor
of zero and w be a p -inner derivation of W and if w is f -commuting on W,
where f is a automorphism on W, then y = 0.

Proof: Let a €W, since y isa f -inner derivation of W, defined by
y(l)=[B(@), B())], forall I eW

By using Lemma 4.3 the last relation implies

[B@a), BOIW[B(a), B(D]=0, forall I eW.

Since W is semi prime near ring, we get
[5(a), B(H]=0
This gives
w()=0, forall [ eW.

Hence
v =0.
O

Definition 4.5 : [10] Let H:W—W be a map, if there exist an element
g €W such that H(l)g=[l,glg, hold for every [ €W, then g is called
generalized dependent element of H and GD(H) is the collection of all
generalized dependent elements of H.

Definition 4.6 : An additive mapping k:W—W is known as f -reverse
derivation if k(Im)=k(m)B()+ p(m)k(l), forall [,m eW, where g is
mapping.

m n 0

(0 0 0
Example 3 : Let S be any near ring and let W = { 10 ofl:lmn ES}.

We define the following mappings on W:
Let f:W —> W is a mapping defined by:
(0 00 (00 0)

ﬁLloo=oooJ,

m n 0 00 m
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Let k:W > W is a mapping defined by:
(o 00 (00 0

ktz 0 0J=Ll 0 oJ.
m n 0 000
Then k is a nonzero f -reverse derivation on W.

Definition 4.7 : An additive mapping H:W—W is a right (resp., left)
generalized g -reverse derivation if there exist f -reverse derivation k on
W such that H(Im)= H(m)B()+ S(m)k(l)(H(Im) = k(m)B(1)+ S(m)H(I)) for
all I,m eW, where f is mapping on W.

(0 0 0
Example 4 : Let S be any near ring and let Wz{ 1 0 o|:l,mmn GS}.

m n 0
We define the following mappings on W:
Let f:W —> W is a mapping defined by:
(o 00 (00 0)

,Btl 0 0/=/0 0 OJ,
m n Q 00 m
Let k:W — W is a mapping defined by:
(000 (00 0

k{l 0 OJ:LI 0 OJ,

mn0) Lo 00

Let H:W —» W is a mapping defined by:

(0 0 0) (0 0 0
H{l 00J=000.

m n 0 n 0 0

Then His anonzero generalized f -reverse derivation on W associated
with g -reverse derivation k.

Theorem 4.8 : Suppose W is a semi prime near ring with no nonzero divisor of
zero. If H:W—W s a right generalized [ -reverse derivation associated with
B -reverse derivation k, where [ is automorphism, then [(g) € GD(H) if and
only if B(g) € Z(W) and H()A(g)=0, forall 1 €W.

Proof: Let p(g) eGD(H), forall leW

H(NA(g) =1801), B(8)1B(g) (4.1)
Replacing I by Im in equation (4.1) alongwith definition (4.7), we get
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H(m)B()A(g)+ B(mk()B(g) = FDS(m), B()1B(&)+ A1), B()1B(m)B(Q)

By Theorem 3.6, we have
BOHm)(g)+ fmk() () = LDLAm), BN +[1), B(IAm)B(S)

From equation (4.1), we obtain

Bk p(g) =150), BIB(m)(g) (4.2)
Right multiplying the last equation by f(n), we obtain
Bk (8)(n) =1B1), BNS(m)(8)B(n) (4.3)

Replacing m by mn in equation (4.2), we have

pm) k() (&) =181, BB L) B(E)
By Theorem 4.1, we get

Bmk(D) p(n) B(8) = A1), B1B(m)B(1n)B(8) (4.4)
Subtracting equation (4.3) from equation (4.4), we obtain
Bk B(n), BN =1B1), BN B(n), f(Q)] (4.5)

Left multiplying the last relation by £(r), we have
B kD), (@)1= BMILWD), B(IBm) A1), B(8)] (4.6)

Replacing m by rm in equation (4.5), we get

BN BmkDIA (), BN =181, BIST) S(m)[B(n), f(Q)] (47)

By comparing the relation (4.6) and (4.7), we obtain
BB, BN B(n), (=181, B(NB(1) B(m) B(n), B(Q)]

By simplifying the last equation, we have

LB, LBWM), BN B(m)[(n), f()]=0

Replacing r by I in last equation, we get

(B, 1AW, BONBIS(), f(g)]=0 (4.8)
Replacing m by mr in last equation, we obtain
LB, 1B0), BB S 5(n), f(8)]=0 (4.9)

Right multiplying the equation (4.8) by £(r), we have
LB, 15D, BNBI A1), f(8)1B(r) =0 (4.10)



1656 A.R.KHAN, R. NAZ, M. K. MAQBOOL, Z. AHMAD AND K. P. SHUM

Subtracting equation (4.10) from equation (4.9), we get
LB, 18D, BNBLA(r), [5(n), B(I]=0

Since f is automorphism replacing m by B7'(m) in last equation, we
obtain

LB, 1B, BNmMLB(1),[B(n), (1] =0

Replacing 1 and 7 by ! in last relation, we have

L8O, LBM), UL B, A1), B(8)]] =0 forall [m eW
This implies
LBD, 1AM, BOIWLAWD), 15D, (1] =0

Since W is semi prime near-ring, we get

(B, 1D, B(@N=0, forall leW

Let v : W — W is an inner derivation defined by:

w(g)=180), B(9)]

If w(g) is commuting then by Theorem 4.4, we get =0
This implies

w(g)=0,geW
This gives
[B(), B(8)]=0, forall leW

Then £(g) €Z(W). From equation (4.1), we obtain
H()p(g)=0, forall I eW

Conversely assume that
H()p(g)=0, forall I eW (4.11)

and B(g) € Z(W)
[B(), B()]=0, forall I eW (4.12)

Right multiplying equation (4.12) by £(g), we obtain
[B(1), B(£)1B(g)=0 (4.13)

From equation (4.11) and equation (4.13), we get
H(D)p(g)=0=[8(1), B()1B(Q)
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This implies
H)B(@) =181), B(8)1B(g), forall I,g eW.
O

Theorem 4.9 : Suppose W is a semi prime near ring with no nonzero divisor of
zero. If H:W—W is a right generalized [ -reverse derivation associated with
B -reverse derivation k. Then S(g) e GD(H) if and only if p(g) € Z(W) and
B(H()=0, forall [ eW.

Proof: Let
B(8) eGD(H)
By Theorem 4.8, we have
p(g)eZ(W) and H()p(g)=0,foralll eW
This gives
B eZW)cW
This implies
p(g) eW
Since by Theorem 4.2, we obtain
B(gH()=0, foralll eW
Conversely assume that S(g)H(I)=0. Then by Theorem 4.2, we get
H()p(g)=0, forall IeW (4.14)
Assume that B(g) € Z(W). This gives
[5(), f(9)]=0, forall I eW (4.15)

Right multiplying equation (4.15) by £(g), we have
[B(1), B(QIB(g) =0, forall [eW (4.16)

From equation (4.14) and (4.16), we obtain
H)p(g)=0=[B1), B(1B(g)
This gives
H()B(g)=18(1), B(8)1B(g), forall I eW
This implies
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B(g) eGD(H).
O

Theorem 4.10 : Suppose W is a semi prime near ring with no nonzero divisor
of zero. Let H:W —>W be a right generalized [ -reverse derivation associated
with p -reverse derivation k, where [ is automorphism and [(k(r)) = k(B(r)).

If B(g)<GD(H), then k(A(g))=0.

Proof : Given that f(g) eGD(H) then by Theorem 4.9, we have
P(gH(I)=0, forall I eH (4.17)

Replacing I by #l in equation (4.17), we obtain
B(QH(r1)=0, forall eH

By definition (4.7) and alongwith equation (4.17), we get
B@)LDk(r) =0 (4.18)

Replacing I by k(w)lg in relation (4.18) and using the hypothesis, we
obtain

B(Qk(B(w))B(1)B(gk(r) =0

Since B is automorphism replacing w by B (w) and I by B7'(I) in
last equation, we get
L(QOk(w)p(g)k(r)=0, forall I,r, weW

Replacing w by r in last relation, we obtain
B@k(r)W B()k(r) =0

Since W is semi prime, we get
B(Qk(r)=0, forall r eW (4.19)

Replacing r by k(r) in equation (4.19), we have
B(&k(k(r))=0 (4.20)
Right multiplying the equation (4.18) by £(g), we obtain
BQ)BDk(r) () =0

Left multiplying the last relation by k(r), we get
k() () BDk(r)5(g) =0
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Since S is automorphism replacing I by B7'(I) in last equation, we
have

k(r)p(g)Ik(r)p(g) =0, forall I,r eW
This implies
k(r)B(§)Wk(r)B(g) =0
Since W is semi prime, we obtain
k(r)p(g)=0

This gives
k(k(r)p(g))=0, forall r eW

By definition (4.6) and alongwith equation (4.20), we have
k(B(8) B (k(r))=0

By hypothesis, we get
k(B(@K(B(r)) =0

Since B is automorphism replacing r by B7'(r) in last equation, we
get

k(B(g)k(r)=0 (4.21)

Replacing r by f(g)r in equation (4.21), we have
k(B(Nk(B(8)r)=0

By definition (4.6) and alongwith equation (4.21), we obtain
k(B(8)Bk(B(8) =0

Sine B is automorphism replacing r by B7'(r) in last equation, we
have

k(B(g)rk(p(g))=0,forall r eW
This implies
k(B(£)IWk(B(g))=0

Since W is semi prime near ring, we obtain

k(5())=0.
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Theorem 4.11 : Suppose W is a semi prime near ring with no nonzero divisor of
zero. If H:W—W be a right generalized [ -reverse derivation associated with
B -reverse derivation k, where B is automorphism and H(S(I))= (H()). If
B(g)eGD(H), then H(g)=0.

Proof: Suppose that B(g¢) e GD(H) then by Theorem 4.8, we get
f: Supp 8 y g
H()p(g)=0, forall I eW (4.22)

By definition (4.7) and alongwith the last relation, we have
H(p(g)pHD)+ B(B(@NK(H(D) =0
Since f is automorphism replacing ¢ by £7'(g) in last relation, we
get
H(e)p(H(D) + B()k(H(D) =0 (4.23)
By definition (4.6) and alongwith the equation (4.22), we have
k(B()pHD)+ B(BNH(D) =0
By Theorem 4.10, we get
B(B@NK(H(1)) =0

Since B is automorphism replacing g by f7'(g) in last equation, we
have

B(QK(H(D) =0 (4.24)
Substituting equation (4.24) in equation (4.23) and by hypothesis, we
obtain
H(g)H(B()=0, forall ,reW

Since B is automorphism replacing [ by S7'(I) in last equation, we
get
H(g)H(I)=0, forall ,reW

Right multiplying the last relation by r, we have
H(g)H(r=0
By Theorem 4.2, we obtain
H(g)rH()=0, forall ,r eW

Replacing I by g in the last equation, we get
H(g)rH(g)=0, forall l,reW
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This implies
H(g)WH(g)=0

Since W is semi prime near ring, we have
H(g)=0.
O
Theorem 4.12 : Suppose W is a semi prime near ring with no nonzero divisor of
zero. If H:W—W is a right generalized [ -reverse derivation associated with

3 -reverse derivation k, where [ is automorphism, then GD(H) is commutative
semi prime sub near ring of W.

Proof: Assume that $(g) e GD(H). By Theorem 4.8, we get £(g) € Z(W)

B()BN)= BNA), forall 1eW (4.25)
Let p(b) e GD(H) then by Theorem 4.8, we obtain
BB)BI) = p)BM), forall beW (4.26)

Subtracting equation (4.25) and equation (4.26), we get
(B(g)=pONL1) = pU)(B(Q) - Bb))

This implies
(B(&)— B(b)) eZ(W) (4.27)
Since f(g), f(b) eGD(H), then by Theorem 4.8, we have
H()B(8)=0 and H()p(b)=0

We arrive at

H()(B(8)-pb)=0 (4.28)
From equation (4.27) and equation (4.28), we obtain
(B(8)— p(b)) eGD(H) (4.29)

Since f(b)eGD(H) by Theorem 4.9, we get
POL)H()=0, forall I eW

Left multiplying the last equation by £(g), we have
B(Q)BMBH() =0, forall leW (4.30)

Right multiplying the equation (4.25) by £(b), we obtain
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B()BN)AD) = (1)B(8)B(b) (4.31)
Left multiplying the equation (4.26) by A(g), we get
B BB = p()B(1)AD), forallbeW (4.32)
By comparing the equation (4.31) and equation (4.32), we obtain
B()Bb)eZ(W) (4.33)

From equation (4.30) and equation (4.33) with Theorem 4.9, we have
B(8)B(b) eGD(H) (4.34)

Now from equation (4.29) and (4.34), we obtain GD(H) is sub near
ring of W. Since p(g)B(b)cZ(W)cW, we get £(g)5()=L1b)B(3).
Therefore GD(H) is a commutative sub near ring of W.

Let us take B(g)GD(H)pB(g)=0, forall f(g)eGD(H)

This implies

BEPWA(Z)=0, forall f() <GD(H),l €W

Since B is automorphism replacing I by B7'(I) in last equation, we

have
B()1p(g)=0, forall p(I)eGD(H),l eW
This gives
BEWL(8)=0
This implies
B(g)=0.

Since W is semi prime, hence GD(H) is a commutative semi prime
sub near ring of W. O
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