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Abstract

Let ]Fq be a finite field with g elements, and n a positive integer with n>2, where
g=p" (p:a prime, m : a positive integer). It is natural to ask under which conditions a
semilinear group over F, is a proper subgroup of the alternating group Alt(F,'). In this
paper, we provide necessary conditions for semilinear groups over F, to be subgroups of
the alternating group Alt(F,') on the n-dimensional linear space F,'. We shall show that if
g=2 and n23, or p=2 and n>2, then the affine semilinear group Al"Ln(IE‘q) (resp. the
general semilinear group T'L (F,)) is a proper subgroup of the alternating group Alt(F),
respectively. In addition, we shall also prove that if one of the following five conditions holds:
(i) =2 and n>3, (ii) p=2 and n>2, (ili) p=1mod 4 and n>3, (iv) p=3 mod 4 and
m :odd, (v) p=3mod 4, m, n : even, then the affine special semilinear group AXL,(F,)
(resp. the special semilinear group XL, (F,)) is a proper subgroup of the alternating group
Alt(IFq”), respectively. Our results are generalizations and improvements of several known
results. These results can be derived from the formula of the sign of the permutation induced
by the p* -th Frobenius maps on ]Fp,,, 1<k <m).

Subject Classification: (2010) Primary 15A04, Secondary 12E20, 20B25, 20D06.

Keywords: Alternating group, Frobenius automorphism, Semilinear ~group, Semilinear
transformation.

1. Introduction

Let K be a field of characteristic p := char(K), and let n be a positive
integer with n>1. Let X,,...,X denote n indeterminates over K,
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and let x:=(X,,...,X ) denote the n-tuple of indeterminates over the
n-dimensional linear space K". We denote by GL (K) (resp. SL (K)) the
general linear group of degree n over K (resp. the special linear group of
degree n over K). Let AGL (K):=K"xGL, (K) denote the group of all
affine transformations x— Ax+b with A eGL (K) and x,b eK". Let
ASL, (K):= K" xSL, (K) denotethesubgroup of AGL, (K) consistingofthe
affine transformations x = A'x+b with A’ eSL (K). We use the symbol
Aut(K) to denote the group of field automorphisms of K. Let F be the
prime subfield contained in the field K. Remark that Aut(K)= Aut,(K).
The general semilinear group I'L (K) of degree n over K is a semidirect
product of GL (K) with Aut(K) (I'L (K)=GL, (K)xAut(K)). The
special semilinear group XL (K) of degree n over K is a semidirect
product of SL (K) with Aut(K) (2L, (K)=SL, (K)xAut(K)), the affine
semilinear group AI'L (K) of degree n over K is a semidirect product
of K" with TL (K) (AI'L (K)=K"xI'L (K)), and the affine special
semilinear group ASL (K) of degreenover K (AZL (K)=K"xZXZL (K)),
respectively. Each element of AT'L (K) can be written as x> Ax” +b
with A eGL (K), x,beK", and o € Aut(K), where o € Aut(K) acts
componentwise on the vector x =(X,,..., X ) eK" (i.e., x* =(X7,..., X7)).
Similarly, each element of AXL (K) (resp. I'L (K), XL (K)) can be
written as x > A'x” +b (resp. x> Ax°, x> A'x?), respectively, where
AeGL (K), A"eSL (K), x,beK", and o € Aut(K). It is well-known
that

SL (K)<GL, (K)<TL, (K)<ATIL (K), (1.1)
SL (K)< 2L (K)<TIL (K)<AIL, (K), (1.2)

and
SL (K)< 2L (K)< AXL, (K)<ATL, (K), (1.3)

where <, <, and < denote proper subgroup, subgroup, and normal
subgroup, respectively (see, for example, [1]). For a (possibly infinite) set
S, the cardinality of S, the symmetric group on S and the alternating
group on S are denoted by #S, Sym(S), and Alt(S), respectively. Let
sgn : Sym(S) — {£1} be the sign function. The sign function sgn is a group
homomorphism, and Ker(sgn)= Alt(S). When S is an n-dimensional
linear space over K (i.e., S§=K"), there exists a natural injective group
homomorphism

7 :ATL (K)— Sym(K"). (1.4)
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We identify any subgroup G of AT'L (K) with itsimage 7(G) via the
injective group homomorphism 7. Define

AL, (K):={A*x+b| A eGL, (K), x,b K"} < AGL (K) < ATL, (K).

Let F be a finite field with q elements (p =char(F,), g=p", and
m >1). Throughout the paper, we assume that K/F be a finite Galois
extension with Galois group Gal(K /F). Moreover, we focus on the case
where K=F and F=F . Semilinear groups over finite fields or elements
of semilinear groups over finite fields are studied by many authors in
combinatorial group theory, finite geometries, finite group theory, number
theory, and so on (see for instance [1], [2], [3], [4], [8], [10], [19], [21]). Let
7,, ((€AGL(F), xt>yx+5, and let ¢, :F —>F, xi>yx", where
y €F, 6 eF, and k>1.

One of the most interesting results in permutation polynomials over
finite fields is a theorem which proved by Carlitz [3]:

Theorem 1 ([3, Theorem]) : Assume that q> 2. Then we have
(AGL,(F),¢,, ,)=Sym(F)).

Theorem 1 ([3, Theorem]) was generalized by Fryer in [12, Theorem]
when g is a prime (see also [11]).

Theorem 2 ([3, Theorem]) : If y is a square of ¥, and p=4n+1, or y isa
nonsquare of F and p=4n+3, then

(r1,1,¢y’p72> = Sym(IE"p).

If y is a square of ¥ and p=4n+3, or y is a nonsquare of ¥ and
p=4n+1, then

(t,,,9,,,)=Alt(F).

Berger proved the following result ([2, Theorem 1]) for the case
m 22, and Stafford proved the following result ([21, Theorem 2]) for the
case m > 1. [21, Theorem 2] is a slightly stronger version of [2, Theorem 1].

Theorem 3 ([21, Theorem 2]) : Let G <Sym(F,) be a permutation group. If G
contains the affine group AGL,(F,) then either G is a subgroup of AGL, (F),
or

(i) ifpisodd, G=Sym (IFq).

(ii) if p=2, G=Sym(F,) or G=Alt(F).
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Stafford also proved the following result ([21, Theorem 1]).

Theorem 4 ([21, Theorem 1]) : Assume that q>2. Let 1<k<g—2 be an
integer relatively prime to q—1. Define G =<z, ;, ¢, |y eIE‘;, 6 €F). Then
(i) Ifk=p" and d = ged(m,i), then G, is the semidirect product of AGL,(F)
and the subgroup of order m/d generated by the semilinear map ¢, E
(ii) If p is odd and k is not a power of p, then G, =Sym(F).
(i) If p=2 and k is not a power of 2, then G > Alt(F,). Moreover,
G, =Sym(F,) if and only if ¢, is an odd permutation.

Wells found several sets of generators for the alternating group
Alt(IFq) ([22, Theorem 4.7] and [22, Theorem 4.8]).

Theorem 5 ([22, Theorem 4.7]) : The following equation holds :
Alt(F ) =(AL (F), 4, ,°7,;°¢,,,16 €F).

Theorem 6 ([22, Theorem 4.8) : The alternating group Alt(F,) is generated
by t, , t,,, and any one of the elements in the following list:
p°,0 "

(1) ¢1,q72 ° 11,1 ° ¢1,,772 (all Q)/
(i) ¢,,, (9=3mod4),
(iii) ¢7,H (9=1mod4, y notsquare; or g=3mod4, y square).

For other results on permutation polynomials over F, see, for
example, [4], [5], [6], [7], [9], [11], [13], [14], [15], [16], [22], and [23].
Permutation polynomials have applications in coding theory and
cryptography (cf. [18]).

On the other hand, Mortimer consider permutation groups on the
n-dimensional linear space F' over F, with n>2.

Theorem 7 ([19, Main Theorem]) : If AGLn(IFq) <G< Sym(IFq") with n> 2,
then either

(i) G=Al(E") or G=Sym(E) or
(ii) there exist integers r and b with q=r1" such that
ASL, (F)<G<ATL, (F)

or
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(iii) AGL,(F,) <G < AGL,(F,) and G = Alt(F,) (G, is the stabilizer of a
point a of F).

The results [19, Main Theorem], [21, Theorem 1], and [22, Theorem

4.8] lead us to raise to the following question:

Question : Suppose that n > 2. Set
G :=TL,(F )G, = ATL, (F),G, = ELn(}Fq )G, = AZL"(IFq) < Sym(IFq").
Under which condition G < Alt(IFq”) holds for each i (1 <i < 4)?

The paper answers the above question. The main result of this paper

is as follows:

Main Theorem : Suppose that n is a positive integer with n > 2.
(1) If g=2 and n>3, or p=2 and n 22, then
I'L,(F,) < Alt(E,"). (1.5)

(2) If g=2 and n=3, or p=2 and n 22, then
AI'L, (F)) < Alt(F)"). (1.6)

(3) We assume that one of the following five conditions holds :
(i)g=2 and n>3, (ii) p=2 and n>2, (ili) p=1mod 4 and n >3,
(iv)p=3mod4 and m : 0dd, (v) p=3mod4, m,n:even.
Then we have

SL, (F,) < AIt(F"). 1.7)

(4) We assume that one of the following five conditions holds :
(i) g=2 and n>3, (ii) p=2 and n>2, (iii) p=1mod4 and n >3,
(iv) p=3mod4 and m:odd, (v) p=3mod4, m,n:even.
Then we have

ASL, (F ) < Alt(F"). (1.8)
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2. Intermediate Results

Let o:F —F, xt>x" be the p-th Frobenius map on F = IF
In Propos1t1on 1, we derive the formula of the sign of the permutatlon
induced by the Frobenius maps ¢* : F,->F, x— x" (1<k<m) over the
finite field Fpm.

Proposition 1 (Sign of Frobenius maps) Let k be a positive integer
satlsfymg 1<k < m. Thenthesignofthe p*-th Frobenius map o* :F, > F,
x> x" s as follows:
-1, (p,m,k)=(2,2,1)or
sgn(ak) = p=3mod4,m :even,k:odd, (2.1)

1, otherwise.

In other words, we have
Sym(IFq) \ Alt(IFq ), (p,m,k)=(2,2,1)or

o' € p=3mod4, mm : even, k : odd, (2.2)
Alt(F, ), otherwise.

Proof : For any prime p and for any integer m =1, Fq =F, and IF’:" are
F -linear isomorphc to each other. Let {f,,..., ,} be an ﬁ‘p -basis of the
m-dimensional F -linear space F,. Then there always exists a normal basis
(cf. [17, Theorem2 35]) If{p,,... /:’ } is a normal basis, there ex1sts a e]F
such that g, =qa" foralli (1<i<m). Assume that " ,a”,..a""} 1s
an F -normal basis of the m-dimensional F -linear space F,. We define
the 1Fp -linear isomorphism y :IF:’ - IB‘pm as follows:

viE SF,, (a..0,)5 aa” +--+a o,
where a, €F foreach i (1<i<m). Thenthemap y isobviously bijective,
and the inverse of the map y is given by

_ 0 m-1
y ' :F,>F, aa” +-+a.a" —@,..a,)

Set
T(”.’):z(X X X Xigra X X, X, ...,Xm)eAGLm(]Fp)

i,j i-17 [ S Ky £ 4

for each 1<i,j<m with i# j. Since {a”o,a”l,...,a”mfl} isthe F -normal
basis of I, the equation
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(v 'oooy)a,,...,a,)=(a,,a,..,4,)
holds for each (a,,...,a,) € IF;". Therefore, we have
p ooy =T o T, orrro T o T, 23)
By taking sign of both sides of Equation (2.3), we obtain

Sgl’l(o’) = Sgn(l// 1o oo l//)
= Sgn(Tl(,'Z) o Tl('r';)_] 0-4+0 Tl(}:) o ’Tl(’;)

= sgn(T")sgn(T{"))--sgn(T%")sgn(T;2) (24)
=[Tsgn(@?).
i=2 '
From [14, Lemma 1], sgn(Tl(,:,")) is given by the following formula:
1, p=2and m=3,
sgn(Tl(,:.")) =)-1, p=2and m=2, (2.5)
p-1

(-1)2, p:odd,

for each i (2 <i <m). Substituting Equation (2.5) into Equation (2.4) yields

1, p=2and m=3,
sgn(o)={(-1)"", p=2and m=2, (2.6)
Pm-1

17", p:odd.

By rewriting Equation (2.6), we get

sgn(c) = -1, (p,m) =.(2, 2) or p=3mod4, m: even, @7
1, otherwise.
Since the map sgn is a group homomorphism, we have
sgn(c*)=sgn(go--00) =sgn(c)". (2.8)

k times

Hence by Equation (2.7) and Equation (2.8), we obtain Equation (2.1).
This completes the proof. O

Example 1: We demonstrate Proposition 1 on the following three examples.
Let f(T) €F [T] be an irreducible polynomial, & a root of f. We represent
F, as the quotient ring IFp[T]/ (f(T)), where (f(T)) is the ideal of F, [T]
generated by f(T).
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(1) Set p=2, m=2, and f(T)=T>+T+1. Then we have
F,={0,1,a,a+1}. It is easy to verify that o(0)=0, o(1)=1,
o(@)=a+1, and o(a+1)=a. Thus, o is a transposition, and
o eSym(F,)\ Alt(F,).

(2) Set p=3, m=2, and f(T)=T>+T+2. Then we have
F,={0,1,2, a,a+1, a+2,2a, 2a +1, 2a +2}. It is easy to verify
that ¢(0)=0, o(1)=1, o(2)=2, o(a)=2a+2, o(a+1)=2«,
ola+2)=2a+1, ocQa)=a+1, oQRa+1)=a+2, and
0(2a+2)=a. Thus, o is a product of three transpositions, and
o €Sym(F,)) \ Alt(F,).

(3) Set p=2, m=3, and f(T)=T°+T+1. Then we have
F,={0,1, @, a+1,a% a*+1, &’ +a, a’ +a +1}. 1t is easy to verify
that 5(0)=0, c(1)=1, o(a)=a’, o(a+1)=a’+1, o(a’)=a’ +a,
cla@*+l)=a’+a+1, o(@*+a)=a, and o(@’+a+1l)=a+1.
Thus, o is a product of two 3-cycles, and o e Alt(IF,).

For a positive integer k with 1<k <m, define the polynomial map
o, € ATL,(F) as follows:

of (X, X,)=(X",...,X"") e ATL (F).

Remark that ¢ =id

n *
]F‘I

Proposition 2 (Sign of o' with n>2): Suppose that n>2 and 1<k <m.
Then the sign of the surjective polynomial map o €AIL (F)) is as
follows:

sgn(of) _ {—1, p= 3mf)d 4,m:even, n, k: odd, 2.9)
1, otherwise.
In other words, we have
- Sym(]Fq )\Alt(]Fq ), p=3mod4, m:even, n, k:odd, (2.10)
Al &), otherwise.

Proof : We define the polynomial map 0'1"’ . - F, > F as follows:

of (XX )= (X, X,,..,X).

1,n

Remark that o}, eSym(F,'). Since
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O': = (Tl(:z) o O-lkn o Tl(,';)) 0+++0 (Tl(;) o O-lk,n o Tl(;’)) ° o'fn
and the map sgn is a group homomorphism, we have
sgn(o,) =sgn((T)) ooy, o T N)o--o (T} o0y, o T,)00)
=sgn(T) ooy, o T})) - osgn(T}) o oy o T7)) esgn(oy )

1,n ,2
n
= sgn(afn)” % Hizz sgn(Tl(/’j))2

=sgn(o;,)". (2.11)
By Equation (2.11) and the equation Gf , =00 00, , weobtain
k times
k kn
sgn(o,) = (sgn(o-lln ) . (2.12)

We choose an arbitrary element x©:=(xy,...,x;”) eF'~". For

x? =, 1) eIE‘q”’l, we define the map o g as follows:
o o F - F
(x,...x,) B &,x,..x) if(x,..x)=x2, (2.13)
(x,-0x,) = (x,%,,...,x,), otherwise.
The map o s obviously bijective, and the following equation
holds: o
o, = o o (2.14)
X0 cprt /X
Substituting Equation (2.14) into Equation (2.12) yields
kn
sgn (o) =[ [T sgn(o,, w )j . (2.15)
X(m G]FI;PI

The right-hand side of Equation (2.14) is a composition of disjoint
permutations on Fq”. By the definition of the map (2.13), we have

sgn(o, ) =sgn(o) (2.16)
for each x© :=(xY,...,x") e ]Fq”’l. Finally, combining Equation (2.15) and
Equation (2.16) yields

sgn(ct) = sgn(o)™" (2.17)
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Hence, by Equation (2.17) and Proposition 1, we obtain Equation
(2.9). O

Example 2 : We demonstrate Proposition 2 on the three examples in
Example 1.

(1) o,0.= id]F42 e Alt(F})
(2) o, eSym(F))\AI(F,), and o] = idIF93 e Alt(F)).
(3) 02,022, 0'23 = id]FSZ € Al’c(IF‘g2 ).

Proposition 3 (Sign of o*): Suppose that n>1 and 1<k <m. Then the
sign of the surjective polynomial map o = (ka ,...,X;’k) €AIL,(F) isas
follows:
_1/ (p/ m,n, k) = (21 21111) or
sgn(O':) = p=3mod4, m:even, n, k :odd, (2.18)

1, otherwise.

In particular, if p= Char(IFq) =2 and n>2, then o-ﬁ € Alt(Fq”) for
each k(1 <k <m).

Proof : This is a direct consequence of Proposition 1 and Proposition 2. [

3. Proof of Main Theorem

We are now in a position to prove Main Theorem.

Proof of Main Theorem.

We first remark that by [14, Main Theorem 1], the containment (1.5)
follows immediately from the containment (1.6). Similarly, by [14, Main
Theorem 1], the containment (1.7) can be derived from the containment
(1.8). Therefore, it suffices to consider assertion (2) and assertion (4). We
prove assertion (2). Assertion (2) follows immediately from [14, Corollary
2] and Proposition 2 (or Proposition 3). Next we prove assertion (4).
Assertion (4) follows immediately from [20, Theorem 8.8], [14, Main
Theorem 2], and Proposition 2 (or Proposition 3). This concludes the proof
of Main Theorem. O
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