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Abstract
Let q  be a finite field with q elements, and n a positive integer with 2,n ≥  where 

= mq p  (p : a prime, m : a positive integer). It is natural to ask under which conditions a 
semilinear group over q  is a proper subgroup of the alternating group Alt ( ).n

q  In this 
paper, we provide necessary conditions for semilinear groups over q  to be subgroups of 
the alternating group Alt ( )n

q  on the n-dimensional linear space .n
q  We shall show that if 

= 2q  and 3,n ≥  or = 2p  and 2,n ≥  then the affine semilinear group A L ( )n qΓ   (resp. the 
general semilinear group L ( ))n qΓ   is a proper subgroup of the alternating group Alt( ),n

q  
respectively. In addition,  we shall also prove that if one of the following five conditions holds: 
(i) = 2q  and 3,n ≥  (ii) = 2p  and 2,n ≥  (iii) 1 mod 4p ≡  and 3,n ≥  (iv) 3 mod 4p ≡  and 
m : odd, (v) 3 mod 4,p ≡  m, n : even, then the affine special semilinear group A L ( )n qΣ   
(resp. the special semilinear group L ( ))n qΣ   is a proper subgroup of the alternating group 
Alt( ),n

q  respectively. Our results are generalizations and improvements of several known 
results. These results can be derived from the formula of the sign of the permutation induced 
by the kp -th Frobenius maps on mp

  (1 ).k m≤ ≤  
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1.  Introduction

Let K  be a field of characteristic := char( ),p K  and let n be a positive 
integer with 1.n ≥  Let 1 , , nX X  denote n indeterminates over ,K  
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and let 1:= ( , , )nX Xx  denote the n-tuple of indeterminates over the 
n-dimensional linear space .nK  We denote by GL ( )n K  (resp. SL ( ))n K  the 
general linear group of degree n over K  (resp. the special linear group of 
degree n over ).K  Let AGL ( ) := GL ( )n

n nK K K  denote the group of all 
affine transformations A b+x x  with GL ( )nA ∈ K  and , .nb ∈Kx  Let 
ASL ( ) := SL ( )n

n nK K K  denote the subgroup of AGL ( )n K  consisting of the 
affine transformations A b+′x x  with SL ( ).nA ∈′ K  We use the symbol 
Aut( )K  to denote the group of field automorphisms of .K  Let   be the 
prime subfield contained in the field .K  Remark that Aut( ) = Aut ( ).K K  
The general semilinear group L ( )nΓ K  of degree n over K  is a semidirect 
product of GL ( )n K  with Aut( )K  ( L ( ) = GL ( ) Aut( )).n nΓ K K K�  The 
special semilinear group L ( )nΣ K  of degree n over K  is a semidirect 
product of SL ( )n K  with Aut( )K ( L ( ) = SL ( ) Aut( )),n nΣ K K K  the affine 
semilinear group A L ( )nΓ K  of degree n over K  is a semidirect product 
of nK  with L ( )nΓ K  (A L ( ) = L ( )),n

n nΓ ΓK K K  and the affine special 
semilinear group ASL ( )n K  of degree n over K (A L ( ) = L ( )),n

n nΣ ΣK K K  
respectively. Each element of A L ( )nΓ K  can be written as A bσ +x x  
with GL ( ),nA ∈ K  , ,nb ∈Kx  and Aut( ),σ ∈ K  where Aut( )σ ∈ K  acts 
componentwise on the vector 1= ( , , ) n

nX X ∈ Kx  (i.e., 1= ( , , )).nX Xσ σ σ
x  

Similarly, each element of A L ( )nΣ K  (resp. L ( ),nΓ K  L ( ))nΣ K  can be 
written as A bσ +′x x  (resp. ,A σ

x x  ),A σ′x x  respectively, where 
GL ( ),nA ∈ K  SL ( ),nA ∈′ K  , ,nb ∈Kx  and Aut( ).σ ∈ K  It is well-known 

that 
SL ( ) GL ( ) L ( ) < A L ( ), (1.1)n n n nΓ Γ K K K K

SL ( ) L ( ) L ( ) A L ( ), (1.2)n n n nΣ Γ < Γ K K K K

and 
SL ( ) L ( ) A L ( ) A L ( ), (1.3)n n n nΣ < Σ ≤ ΓK K K K

where <,  ,≤  and   denote proper subgroup, subgroup, and normal 
subgroup, respectively (see, for example, [1]). For a (possibly infinite) set 

,  the cardinality of ,  the symmetric group on   and the alternating 
group on   are denoted by # ,  Sym( ),  and Alt( ),  respectively. Let 
sgn : Sym( ) { 1}→ ±  be the sign function. The sign function sgn is a group 
homomorphism, and Ker(sgn) = Alt( ).  When   is an n-dimensional 
linear space over K  (i.e., = ),nK  there exists a natural injective group 
homomorphism 

: A L ( ) Sym( ). (1.4)n
nπ Γ →K K
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We identify any subgroup G of A L ( )nΓ K  with its image ( )Gπ  via the 
injective group homomorphism .π  Define 

2AL ( ) := { | GL ( ), , } < AGL ( ) A L ( ).n
n n n nA b A b+ ∈ ∈ ≤ ΓK K K K Kx x

Let q  be a finite field with q elements ( = char( ),qp   = ,mq p  and 
1).m ≥  Throughout the paper, we assume that /K   be a finite Galois 

extension with Galois group Gal( / ).K   Moreover, we focus on the case 
where = qK   and = .p   Semilinear groups over finite fields or elements 
of semilinear groups over finite fields are studied by many authors in 
combinatorial group theory, finite geometries, finite group theory, number 
theory, and so on (see for instance [1], [2], [3], [4], [8], [10], [19], [21]). Let 

,γ δτ  ( 1( AGl ( )),q∈   ,γ δ+x x  and let , : ,k q qγφ →   ,kγx x  where 
* ,qγ ∈  ,qδ ∈  and 1.k ≥

One of the most interesting results in permutation polynomials over 
finite fields is a theorem which proved by Carlitz [3]:

Theorem 1 ([3, Theorem]) : Assume that > 2.q  Then we have 

1 1, 2AGL ( ), = Sym( ).q q qφ −〈 〉 

Theorem 1 ([3, Theorem]) was generalized by Fryer in [12, Theorem] 
when q is a prime (see also [11]).

Theorem 2 ([3, Theorem]) : If γ  is a square of p  and = 4 1,p n +  or γ  is a 
nonsquare of p  and = 4 3,p n +  then 

1,1 , 2, = Sym( ).p pγτ φ −〈 〉 

If γ  is a square of p  and = 4 3,p n +  or γ  is a nonsquare of p  and 
= 4 1,p n +  then 

1,1 , 2, = Alt ( ).p pγτ φ −〈 〉 

Berger proved the following result ([2, Theorem 1]) for the case 
2,m ≥  and Stafford proved the following result ([21, Theorem 2]) for the 

case 1.m ≥  [21, Theorem 2] is a slightly stronger version of [2, Theorem 1].

Theorem 3 ([21, Theorem 2]) : Let Sym( )q≤   be a permutation group. If   
contains the affine group 1AGL ( )q  then either   is a subgroup of AGL ( ),m p  
or 

(i)	 if p is odd, = Sym ( ).q  
(ii)	 if = 2,p  = Sym( )q  or = Alt( ).q  
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Stafford also proved the following result ([21, Theorem 1]).

Theorem 4 ([21, Theorem 1]) : Assume that > 2.q  Let 1 < < 2k q −  be an 
integer relatively prime to 1.q −  Define *

, 1,:= , | , .k k q qγ δτ φ γ δ〈 ∈ ∈ 〉   Then 
(i)	� If = ik p  and = gcd( , ),d m i  then k  is the semidirect product of 1AGL ( )q  

and the subgroup of order /m d  generated by the semilinear map 
1,

.dp
φ  

(ii)	 If p is odd and k is not a power of p, then = Sym( ).k q  
(iii)	�If = 2p  and k is not a power of 2, then Alt( ).k q≥   Moreover, 

= Sym( )k q  if and only if 1,kφ  is an odd permutation. 

Wells found several sets of generators for the alternating group 
Alt ( )q  ([22, Theorem 4.7] and [22, Theorem 4.8]).

Theorem 5 ([22, Theorem 4.7]) : The following equation holds : 

1, 2 1, 1, 2Alt( ) = AL ( ), | .q n q q q qδφ τ φ δ− −〈 ∈ 〉   

Theorem 6 ([22, Theorem 4.8]) : The alternating group Alt( )q  is generated 
by 2 ,0

,
ρ

τ  1,1 ,τ  and any one of the elements in the following list: 
(i)	 1, 2 1,1 1, 2q qφ τ φ− −   (all q), 
(ii)	 1, 2qφ −  ( 3mod 4),q ≡  
(iii)	 , 2qγφ −  ( 1mod 4,q ≡  γ  not square; or 3mod 4,q ≡  γ  square). 

For other results on permutation polynomials over ,q  see, for 
example, [4], [5], [6], [7], [9], [11], [13], [14], [15], [16], [22], and [23]. 
Permutation polynomials have applications in coding theory and 
cryptography (cf. [18]).

On the other hand, Mortimer consider permutation groups on the 
n-dimensional linear space n

q  over q  with 2.n ≥

Theorem 7 ([19, Main Theorem]) : If AGL ( ) Sym( )n
n q q≤ ≤   with 2,n ≥  

then either 
(i)	 = Alt( )n

q  or = Sym( )n
q  or

(ii)	 there exist integers r and b with = bq r  such that 

ASL ( ) A L ( )bn r bn r≤ ≤ Γ 

	 or
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(iii)	� 2 4 4 2AGL ( ) < < AGL ( )   and 7Alt( )α ≅   ( α  is the stabilizer of a 
point α  of ).n

q  

The results [19, Main Theorem], [21, Theorem 1], and [22, Theorem 
4.8] lead us to raise to the following question:

Question : Suppose that 2.n ≥  Set 

1 2 3 4:= L ( ), := A L ( ), := L ( ), := A L ( ) Sym( ).n
n q n q n q n q qΓ Γ Σ Σ ≤       

Under which condition < Alt ( )n
i q  holds for each i (1 4)?i≤ ≤  

The paper answers the above question. The main result of this paper 
is as follows:

Main Theorem : Suppose that n is a positive integer with 2.n ≥

(1)	 If = 2q  and 3,n ≥  or = 2p  and 2,n ≥  then 

L ( ) < Alt ( ). (1.5)n
n q qΓ  

(2)	 If = 2q  and 3,n ≥  or = 2p  and 2,n ≥  then 

A L ( ) Alt ( ). (1.6)n
n q qΓ ≤ 

(3)	 We assume that one of the following five conditions holds : 

	 (i) = 2q  and 3,n ≥  (ii) = 2p  and 2,n ≥  (iii) 1 mod 4p ≡  and 3,n ≥  

	 (iv) 3mod 4p ≡  and m : odd, (v) 3 mod 4,p ≡  ,m n : even. 

	 Then we have 

SL ( ) < Alt( ). (1.7)n
n q q 

(4)	 We assume that one of the following five conditions holds : 

	 (i) = 2q  and 3,n ≥  (ii) = 2p  and 2,n ≥  (iii) 1mod 4p ≡  and 3,n ≥  

	 (iv) 3mod 4p ≡  and m : odd, (v) 3 mod 4,p ≡  ,m n : even. 

	 Then we have 

A L ( ) Alt( ). (1.8)n
n q qΣ ≤ 
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2.  Intermediate Results

Let : ,q qσ →   px x  be the p-th Frobenius map on = .mq p
   

In Proposition 1, we derive the formula of the sign of the permutation 
induced by the Frobenius maps : ,k

q qσ →   
kpx x  (1 )k m≤ ≤  over the 

finite field .mp


Proposition 1 (Sign of Frobenius maps) : Let k  be a positive integer 
satisfying 1 .k m≤ ≤  Then the sign of the kp -th Frobenius map : ,k

q qσ →   
kpx x  is as follows: 

1, ( , , ) = (2, 2,1) or
sgn( ) = 3mod 4, : even, : odd, (2.1)

1, otherwise.

k

p m k
p m kσ

−
 ≡



In other words, we have 

Sym( )\Alt( ), ( , , ) = (2, 2,1) or
3mod 4, m : even, : odd, (2.2)

Alt( ), otherwise.

q q
k

q

p m k
p m kσ




∈ ≡



 



Proof : For any prime p and for any integer 1,m ≥  = mq p
   and m

p  are 
p -linear isomorphc to each other. Let 1{ , , }mβ β  be an p -basis of the 

m-dimensional p -linear space .q  Then there always exists a normal basis 
(cf. [17, Theorem 2.35]). If 1{ , , }mβ β  is a normal basis, there exists qα ∈  
such that 

1

=
ip

iβ α
−

 for all i (1 ).i m≤ ≤  Assume that 
0 1 1

{ , , , }
mp p pα α α
−

  is 
an p -normal basis of the m-dimensional p -linear space .q  We define 
the p -linear isomorphism : m

m
p p

ψ →   as follows: 
0 1

1 1: , ( , , ) ,
m

m
p pm

p m mp
a a a aψ α α

−

→ + +   

where i pa ∈  for each i (1 ).i m≤ ≤  Then the map ψ  is obviously bijective, 
and the inverse of the map ψ  is given by 

0 11
1 1: , ( , , ).

m

m
p pm

p m mp
a a a aψ α α

−− → + +   

Set 
( )
, 1 1 1 1 1:= ( , , , , , , , , , , ) AGL ( )m

i j i j i j i j m m pT X X X X X X X X− + − + ∈   

for each 1 ,i j m≤ ≤  with .i j≠  Since 
0 1 1

{ , , , }
mp p pα α α
−

  is the p -normal 
basis of ,q  the equation 
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1
1 1 1( )( , , ) = ( , , , )m m ma a a a aψ σ ψ−

−   

holds for each 1( , , ) .m
m pa a ∈   Therefore, we have 

1 ( ) ( ) ( ) ( )
1, 1, 1 1,3 1,2= . (2.3)m m m m

m mT T T Tψ σ ψ−
−    

By taking sign of both sides of Equation (2.3), we obtain 
1

( ) ( ) ( ) ( )
1, 1, 1 1,3 1,2
( ) ( ) ( ) ( )

1, 1, 1 1,3 1,2

( )
1,

=2

sgn( ) = sgn( )
= sgn( )

(2.4)= sgn( )sgn( ) sgn( )sgn( )

= sgn( ).

m m m m
m m
m m m m
m m

m
m
i

i

T T T T
T T T T

T

σ ψ σ ψ−

−

−

∏

 

  



From [14, Lemma 1], ( )
1,sgn( )m

iT  is given by the following formula: 

( )
1,

1
2

1, = 2 and 3,
sgn( ) = 1, = 2 and  = 2, (2.5)

( 1) , : odd,

m
i

p

p m
T p m

p
−

 ≥
−

−

for each i (2 ).i i m≤ ≤  Substituting Equation (2.5) into Equation (2.4) yields 

1
2

1

( 1)

1, = 2 and 3,
sgn( ) = ( 1) , = 2 and = 2, (2.6)

( 1) , :odd.
p

m

m

p m
p m

p

σ
−

−

−

 ≥ −

−

By rewriting Equation (2.6), we get 

1, ( , ) = (2, 2) or 3mod 4, : even,
sgn( ) = (2.7)

1, otherwise.
p m p m

σ
− ≡



Since the map sgn is a group homomorphism, we have 

sgn( ) = sgn( ) = sgn( ) . (2.8)k k

k times
σ σ σ σ





Hence by Equation (2.7) and Equation (2.8), we obtain Equation (2.1). 
This completes the proof.	  

Example 1 : We demonstrate Proposition 1 on the following three examples. 
Let ( ) [ ]pf T T∈  be an irreducible polynomial, α  a root of f. We represent 

q  as the quotient ring [ ]/( ( )),p T f T  where ( ( ))f T  is the ideal of [ ]p T  
generated by ( ).f T  
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(1)	� Set = 2,p  = 2,m  and 2( ) = 1.f T T T+ +  Then we have 
4 = {0,1, , 1}.α α +  It is easy to verify that (0) = 0,σ  (1) = 1,σ  
( ) = 1,σ α α +  and ( 1) = .σ α α+  Thus, σ  is a transposition, and 

4 4Sym( )\Alt ( ).σ ∈    
(2)	� Set = 3,p  = 2,m  and 2( ) = 2.f T T T+ +  Then we have 

9 = {0, 1, 2, , 1, 2, 2 , 2 1, 2 2}.α α α α α α+ + + +  It is easy to verify 
that (0) = 0,σ  (1) = 1,σ  (2) = 2,σ  ( ) = 2 2,σ α α +  ( 1) = 2 ,σ α α+  

( 2) = 2 1,σ α α+ +  (2 ) = 1,σ α α +  (2 1) = 2,σ α α+ +  and 
(2 2) = .σ α α+  Thus, σ  is a product of three transpositions, and 

9 9Sym( )\Alt ( ).σ ∈    
(3)	� Set = 2,p  = 3,m  and 3( ) = 1.f T T T+ +  Then we have 

2 2 2 2
8 = {0, 1, , 1, , 1, , 1}.α α α α α α α α+ + + + +  It is easy to verify 

that (0) = 0,σ  (1) = 1,σ  2( ) = ,σ α α  2( 1) = 1,σ α α+ +  2 2( ) = ,σ α α α+  
2 2( 1) = 1,σ α α α+ + +  2( ) = ,σ α α α+  and 2( 1) = 1.σ α α α+ + +  

Thus, σ  is a product of two 3-cycles, and 8Alt ( ).σ ∈   

For a positive integer k with 1 ,k m≤ ≤  define the polynomial map 
A L ( )k

n n qσ ∈ Γ   as follows: 

1 1( , , ) := ( , , ) A L ( ).
k kp pk

n n n n qX X X Xσ ∈ Γ  

Remark that = id .n
q

m
nσ



Proposition 2 (Sign of k
nσ  with 2).n ≥  : Suppose that 2n ≥  and 1 .k m≤ ≤  

Then the sign of the surjective polynomial map A L ( )k
n n qσ ∈ Γ   is as 

follows: 

1, 3mod 4, : even, , : odd,
sgn( ) = (2.9)

1, otherwise.
k
n

p m n k
σ

− ≡



In other words, we have 

Sym( )\Alt( ), 3mod 4, :even, , :odd,
(2.10)

Alt ( ), otherwise.

n n
q qk

n n
q

p m n k
σ

 ≡∈


 


Proof : We define the polynomial map 1, :k
n q qσ →   as follows: 

1, 1 1 2( , , ) := ( , , , ).
kpk

n n nX X X X Xσ  

Remark that 1, Sym( ).k n
n qσ ∈   Since 



ALTERNATING GROUP ON A FINITE-DIMENSIONAL LINEAR SPACE� 1059

( ) ( ) ( ) ( )
1, 1, 1, 1,2 1, 1,2 1,= ( ) ( )k n k n n k n k

n n n n n nT T T Tσ σ σ σ     

and the map sgn is a group homomorphism, we have 
( ) ( ) ( ) ( )

1, 1, 1, 1,2 1, 1,2 1,
( ) ( ) ( ) ( )

1, 1, 1, 1,2 1, 1,2 1,

( ) 2
1, 1,=2

1,

sgn( ) = sgn(( ) ( ) )
= sgn( ) sgn( ) sgn( )

= sgn( ) sgn( )

= sgn( ) . (2.11)

k n k n n k n k
n n n n n n

n k n n k n k
n n n n n

nk n n
n ii

k n
n

T T T T
T T T T

T

σ σ σ σ

σ σ σ

σ

σ

×∏

     

     

By Equation (2.11) and the equation 1, 1, 1,
times

= ,k
n n n

k

σ σ σ


  we obtain 

( )1,sgn( ) = sgn( ) . (2.12)
knk

n nσ σ

We choose an arbitrary element (0) (0) 1
2:= ( , , ) .n

n qx x −∈(0)x    For 
(0) (0) 1
2:= ( , , ) ,n

n qx x −∈(0)x    we define the map 
1, ,n

σ (0)x
 as follows: 

1, ,

1 1 2 2

1 1 2

:

( , , ) ( , , , ), if( , , ) = , (2.13)
( , , ) ( , , , ), otherwise.

n n
q qn

p
n n n

n n

x x x x x x x
x x x x x

σ →(0)x
(0)x   

  

 

The map 
1, ,n

σ (0)x
 is obviously bijective, and the following equation 

holds: 

1
1, 1, ,

= . (2.14)
n
q

n n
σ σ

−∈
∏

(0)
(0)x

x 

Substituting Equation (2.14) into Equation (2.12) yields 

1
1, ,

sgn( ) = sgn( ) . (2.15)
n
q

knk
n n

σ σ
−∈

 
  
∏ (0)

(0)
x

x 

The right-hand side of Equation (2.14) is a composition of disjoint 
permutations on .n

q  By the definition of the map (2.13), we have 

1, ,
sgn( ) = sgn( ) (2.16)

n
σ σ(0)x

for each (0) (0) 1
2:= ( , , ) .n

n qx x −∈(0)x    Finally, combining Equation (2.15) and 
Equation (2.16) yields 

1

sgn( ) = sgn( ) . (2.17)
nknqk

nσ σ
−
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Hence, by Equation (2.17) and Proposition 1, we obtain Equation 
(2.9). 	 

Example 2 : We demonstrate Proposition 2 on the three examples in 
Example 1. 

2
4

3
9

2
8

2 2
2 2 4

3 3 2 3
3 9 9 3 9

2 3 2
2 2 2 8

(1) , = id Alt ( )

(2) Sym( )\Alt( ), and = id Alt ( ).

(3) , , = id Alt( ).

σ σ

σ σ

σ σ σ

∈

∈ ∈

∈









  



Proposition 3 (Sign of ) :k
nσ  Suppose that 1n ≥  and 1 .k m≤ ≤  Then the 

sign of the surjective polynomial map 1= ( , , ) A L ( )
k kp pk

n n n qX Xσ ∈ Γ   is as 
follows: 

1, ( , , , ) = (2, 2,1,1) or
sgn( ) = 3mod 4, : even, , : odd, (2.18)

1, otherwise.

k
n

p m n k
p m n kσ

−
 ≡



In particular, if = char( ) = 2qp   and 2,n ≥  then Alt ( )k n
n qσ ∈   for 

each k (1 ).k m≤ ≤  	

Proof : This is a direct consequence of Proposition 1 and Proposition 2. 	

3.  Proof of Main Theorem

We are now in a position to prove Main Theorem.

Proof of Main Theorem.

We first remark that by [14, Main Theorem 1], the containment (1.5) 
follows immediately from the containment (1.6). Similarly, by [14, Main 
Theorem 1], the containment (1.7) can be derived from the containment 
(1.8). Therefore, it suffices to consider assertion (2) and assertion (4). We 
prove assertion (2). Assertion (2) follows immediately from [14, Corollary 
2] and Proposition 2 (or Proposition 3). Next we prove assertion (4). 
Assertion (4) follows immediately from [20, Theorem 8.8], [14, Main 
Theorem 2], and Proposition 2 (or Proposition 3). This concludes the proof 
of Main Theorem. 	 
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