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Abstract
Assume that G is a finite group and X = tG where t is a non-identity element with t3 

= 1. The simple graph with a node set being X such that a, b ∈ X, are adjacent if ab-1 is an 
involution element, is called the A4-graph, and designated by A4(G, X). In this article, the 
construction of A4(G, X) is analyzed, where G is the twisted group of Lie type 3D4(3). 
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1.  Introduction

One of the most beneficial approaches to investigating a group 
structure is by examining the action of the group on a graph. This method 
has proven its effectiveness in many recent studies, see for example [2, 3 
and 5]. Suppose that  X = tG where G is a finite group and t in G satisfy 
1≠t and t3 = 1. Aubad in [1] has established a graph containing the node 
set X where vertices a, b ∈ X, are adjacent if ab-1 is an involution element. 
This simple graph is defined as an A4-graph, and is specified as A4(G, 
X). The construction of A4(

3D4(2), Y) where Y is a conjugacy class in 3D4(2) 
with representative of order equal to 3 has been analyzed in full detail 
as mentioned in [1]. The A4-graphs for tits group T and Mathieu group 
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M20 are provided with full information in [8]. Moreover, analyzing the 
complete sets for the simple Mathieu groups are provided in [4].

In this article, we will let G to be the exceptional group of Lie 
type 3D4(3) and X = tG such that 1 ≠ t and t3 = 1. Hence, in G,  X being 
a G-conjugacy class of representative t. The purpose of this study is to 
characterize various A4-graph features for the group G. The work entails 
describing the discs structure and calculating the diameters for the A4-
graph.

Take an element x in X and i be a positive integer. Thus the ith disc 
of x, is represented as ∆i(x),  and define as a set of all elements of X that 
has distance from x equal to i. It is important to note that G is transitive 
on A4-graph vertices and that G is embedded in the group of A4-graph 
automorphisms once G acts on X by conjugation. Moreover, the diameter 
of the A4-graph may be specified by Diam A4(G, X).

The structure of this article is as follows. In section 2, we present 
overall findings and give a tools to analyse the A4-graph. Section 3 gives 
a computational analysis of the A4-graph of the twisted group of Lie type 
3D4(3). Finally, in section 4 we establish conclusions and set the future 
vision.

2.  A4-Graph General Properties

The A4-graph offers several useful characteristics, such as simple, 
undirected, and regular graphs. Also, in the A4-graph, any two adjacent 
vertices generated the alternating group of degree 4. For the disc structures 
of the A4-graph, we should note that Di(t) breaks out into a collection of 
specific CG(t)-orbits. Moreover, z ∈ ∆1(t) only if tz has order 3. First we will 
use the set below as a starting point:

{ | } (1)CX z X tz X= ∈ ∈

For any G-class C, where certain CG(t)-orbits of the class X are 
combined to form the non-empty set XC. To determine whether or not the 
ith disc contains nodes inside the set XC, it is critical to comprehend how 
the set XC decomposes into CG(t)- orbits. The following formula yields the 
size of the set XC:
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Where w∈C and χr,  for i = 1, .., r are the complex irreducible characters 
of G. As a result, using the computer mathematical programming GAP 
[7], particularly the function “Class Multiplication Coefficient”, we can 
efficiently compute the size of XC. We deal with the A4-graph for 3D4(3) 
computationally in this study, and we utilize the Online Atlas [6] to get a 
26572-point permutation representation inside GAP. The major focus of 
our plan is on the computational approach indicated by using GAP and 
the Online Atlas. For the notation in this paper, we may use the notation 
mentioned in [1] and [4].

3.  Main Results 

We fully describe the A4-graph disc structures for the exceptional 
group of Lie type 3D4(3) throughout this section. There are only four 3D4(3)-
conjugacy classes with representative has order 3 namely 3A, 3B, 3C, and 
3D in 3D4(3) and this classes can be offered by using GAP. Thus we deal 
with four different A4- graphs as we can see in the below cases.

3.1 Discs Structure of A4(
3D4(3), 3A)

The first important result about A4(
3D4(3), 3A) is that the A4 graph is 

disconnected. Furthermore, let t ∈ 3A then 3A = tG have size 53144. The 
action of CG(t) on 3A produces 6 orbits. These orbits are separated into XC 
sets as follows [1A(1), 3A(1, 168), 3C(13608), 4A(19683), 6A(19683)].

3.2 Discs Structure of A4(
3D4(3), 3B)

Similar to above the graph A4(
3D4(3), 3B) is disconnected and if t ∈3B 

the class 3B = tG has the size 43524936. There are 446 CG(t)-orbits in the 
next a complete list of XC sets [1A(1), 3A(8, 216), 3B(1, 8, 924, 21637 , 5832), 
3C(21628, 5832), 3D(21651, 5832), 4A(174962), 4B(19683, 1574642), 6B(19683), 
6C(1749612, 1574642), 6D(1749614, 1574642), 7AC (19683), 7D(472392), 
9A(1749612), 9B(1749652, 472392), 12A(1749624), 12B(1574642), 13AF (19683), 
13GK (472392), 14AC (19683), 21DF (1574644, 472392), 26AF (19683), 28AF 
(1574642, 19683), 39AF (1574642), 39GL (1574642, 472392), 42AC (1574644, 
4723922), 52AF (4723922), 73AR (472392), 78AF (1574644), 84AF (1574642)].

3.3 Discs Structure of A4(
3D4(3), 3C)

Let t ∈3C then the class 3C = tG has the size 120530592 and the action 
by conjugation of CG(t) on 3C generates 990 orbits. The A4(

3D4(3), 3C) in 
this case is connected with Diam A4(

3D4(3), 3C) = 4. In the following, we 
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will explain how the XC sets are distributed on the different ith discs of the 
graph A4(

3D4(3), 3C):   ∆1(t) = [3C(6561)], , ∆2(t) = [6A(13122), 6B(170586), 
6C(3159, 28431, 1705864), 7D(1705868), 8A(131222, 1705864), 8B(1705866), 
13GH(131222), 21AC(28431, 85293, 1705862), 21DF(1705869), 26AC(1705863), 
26DF(1705862), 93AC(85293), 39DF(85293, 170586), 42AC(28431, 
568622, 85293, 1705863), 52AC(1705862), 56AC(1705868), 73AE(170586), 
73FJ(1705866), OR(1705862), 78AC(28431, 568622, 1705862), 78DF(28431), 
104JL(1705862)], ∆3(t) = [2A(6561), 3A(6), 3B(783, 2106), 3C(396, 786, 2106, 
131224), 3D(396, 789, 2106), 4A(4862, 131223), 4B(28431, 568622, 170583), 
6A(4862, 131223), 6B(568622, 1705863), 6C(31596), 6D(31596, 63182, 568622, 
1705868), 7D(17058628), 8A(131226, 1705868), 8B(17058614), 9A(631812), 
9B(631830, 17058616), 12A(315912, 63182, 1705866), 12B(568622, 1705866), 
13AF(28431), 13GH(131223, 1705864), 14AC(568622, 852932, 1705862), 
21AC(1705862), 21DF(568624, 1705867), 26AC(568622), 26DF(568622, 
170586), 28AF(28431, 568622, 1705863), 39AC(568622, 170586), 39DF(568622), 
39GL(568622, 170586), 42AC(1705863), 52AC(85293), 52DF(85293, 
1705862), 56AC(17058612), 56DF(17058620), 73AE(1705868), 73FJ(1705863), 
73KN(1705869), 73OR(1705867), 78AC(1705864), 78DF(568622, 1705866), 
84AF(568622, 1705866), 104AI(1705862)], ∆4(t) = [1A(1), 3A(2), 3B(3912, 7812), 
3C(2, 7810), 3D(786), 4A(3159)].

3.4 Discs Structure of A4(
3D4(3), 3D)

The class 3D has a size of 223842528 and for t ∈3D the action by 
conjugation of CG(t) on 3D produces 3006 orbits. Also, the A4-graph, in 
this case, is connected with Diam A4(3D4(3), 3D) = 4. Next we separate 
the sets XC into the A4-graph discs:∆1(t) = [3D(6561)], ∆2(t) = [4A(13122), 
4B(91854), 6D(1701, 15309, 918544), 7D(131222), 8A(918546), 8B(131222, 
918544), 9B(918544), 12AB(918542), 13GK(91854), 21AC(15309, 45927), 
21DF(306182), 26DF(91854), 28AC(918542), 28DF(91854), 28GH(918544), 
39AC(45927), 39DF(45927, 91854), 39GI(918546), 42AC(15309, 45927, 
9185411), 52AC(918548), 52DF(9185411), 56AC(918548), 73AC(918544), 
73DF(918548), 73GI(918546), 73JL(918549), 73MO(918545), 73PR(91854), 
78AC(15309, 918546), 78DF(15309), 84AC(918542), 84DF(918544), 
104AC(918548), 104JL(918544)], ∆3(t) = [2A(6561), 3B(423, 1134), 3C(216, 
4220, 1134), 3D(6, 216, 4216, 1134, 131224), 4A(34022, 131222), 4B(13122, 
15309, 306182, 91854), 6A(34022, 131224), 6B(306182, 918544), 6C(17014, 
340226, 306182, 918548), 6D(17016, 340226), 7D(131229, 9185425), 8A(9185414), 
8B(131226, 918548), 9A(340212), 9B(340277, 9185412), 12A(170112, 340250, 
918544), 12B(131224, 306182), 13AF(15309), 13GK(918548), 14AC(306182, 
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459272, 918545), 21AC(918547), 21DF(306182, 9185449), 26AC(306182, 
918546), 26DF(306182, 918545), 28AC(15309, 306182, 918544), 28DF(15309, 
306182, 918545), 28GH(9185416), 39AC(306182, 918544), 39DF(306182, 
918543), 39GI(306182, 9185410), 39JL(306182, 9185416), 42AC(306182, 9185419), 
52AC(45927, 9185412), 52DF(45927, 918549), 56AC(9185448), 56DF(9185456), 
73AC(9185432), 73DF(9185428), 73GI(9185430), 73JL(9185427), 73MO(9185431), 
73PR(9185435), 78AC(306182, 9185424), 78DF(306182, 9185430), 84AC(306182, 
9185428), 84DF(306182, 9185426), 104AC(9185412), 104DI(9185420), 
104JKL(9185416)], ∆4(t) = [ 1A(1), 3A(2, 42), 3B(2112, 4260), 3C(4231 ), 3D(2, 62, 
4257), 4A(1701), 6C(17012), 9B(3402)].

The following theorem can be formed from the aforementioned 
findings:

Theorem 1: Suppose that G≅ 3D4(3) then we have the following results:
1.	 A4(

3D4(3), 3A) and A4(
3D4(3), 3B) are totally disconnected.

2.	� Diam A4(
3D4(3), 3C) = 4. And for t ∈3C we have |∆1(t)| = 6561 with 

1 CG(t)-orbits,  |∆2(t)| = 28611306 with 200 CG(t)-orbits, |∆3(t)| = 
91906908 with 744 CG(t)-orbits, and |∆4(t)| = 5816 with 44 CG(t)-orbits.

3.	� Diam A4(
3D4(3), 3D) = 4. And for t ∈3D we have |∆1(t)| = 6561 with 

1 CG(t)-orbits,  |∆2(t)| = 33884892 with 395 CG(t)-orbits, |∆3(t)| = 
189936042 with 2439 CG(t)-orbits, and |∆4(t)| = 15032 with 170 CG(t)-
orbits.

4.  Discussion and Conclusion

Study alternating group A4 inside the 3D4(3) has been acquired. 
For this target, we have analyzed the A4-graph by using computational 
approaches. In addition, the work that has been achieved, opens the door 
to studying more complicated groups such as Monster Group M and Baby 
Monster Group B. 
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