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Abstract
An edge labeling of a connected graph = ( , )G V E  is said to be local antimagic if it is a 

bijection : {1, ...,| |}f E E→  such that for any pair of adjacent vertices x and y, ( ) ( ),f x f y+ +≠  
where the induced vertex label ( ) = ( ),f x f e+ ∑  with e ranging over all the edges incident to 
x. The local antimagic chromatic number of G, denoted by ( ),la Gχ  is the minimum number 
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of distinct induced vertex labels over all local antimagic labelings of G. In this paper, we 
first show that a d-leg spider graph has 1 2.lad dχ+ ≤ ≤ +  We then obtain many sufficient 
conditions such that both the values are attainable. Finally, we show that each 3-leg spider 
has = 4laχ  if not all legs are of odd length. No 3-leg spider with all odd leg lengths and 

= 5laχ  is found. This provides partial solutions to the characterization of k-pendant trees T 
with ( ) = 1la T kχ +  or 2.k +  We conjecture that almost all d-leg spiders of size q that satisfy 

( 1) 2(2 1)d d q+ ≤ −  with each leg length at least 2 has = 1.la dχ +

Subject Classification:  (2010) 05C78, 05C69.

Keywords: Local antimagic labeling, Local antimagic chromatic number, Spiders.

1.  Introduction

A connected graph = ( , )G V E  is said to be local antimagic if it admits 
a local antimagic (edge) labeling, i.e., a bijection : {1, ,| |}f E E→   such 
that the induced vertex labeling :f V+ →   given by ( ) = ( )f x f e+ ∑  
(with e ranging over all the edges incident to x) has the property that any 
two adjacent vertices have distinct induced vertex labels. The number 
of distinct induced vertex labels under f is denoted by ( ),c f  and is 
called the color number of f. Also, f is called local antimagic ( )c f -labeling 
of G. The local antimagic chromatic number of G, denoted by ( ),la Gχ  is 
min{ ( ) : is a local antimagic labeling of }c f f G  (see [1, 3-6]). For integers 

< ,a b  we let [ , ] = { , 1, 2, , }.a b a a a b+ +   In [2], most of the k-pendant trees 
considered have = 2.la kχ +  The following problem was posed.

Problem 1.1 : Characterize k-pendant trees T with ( ) = 1la T kχ +  or 2.k +  
We provide partial solutions to the above problem.
For 1 ,i t≤ ≤  , 1i ia n ≥  and 

=1
= 3,

t

i
i

d n ≥∑  a spider of d legs, denoted 
1 2 [ ][ ] [ ]

1 2( , , , )tnn n
tSp a a a  (or 1 2( , , , )dSp y y y  for convenience), is a tree 

formed by identifying an end-vertex of in  path(s) of length .ia  The vertex 
u of degree d is the core of the spider. Note that, [ ](1 )dSp  is the star graph 
of d pendant vertices with [ ]( (1 )) = 1.d

la Sp dχ +
In this paper, we first show that 1 21 ( ( , , , )) 2.la dd Sp y y y dχ+ ≤ ≤ +  

We then obtain many sufficient conditions such that both the values 
are attainable. Finally, we show that 1 2 3( ( , , )) = 4la Sp y y yχ  if not all 

1 2 3, ,y y y  are odd. We also obtain many sufficient conditions so that 
1 2 3( ( , , )) = 4la Sp y y yχ  when all 1 2 3, ,y y y  are odd. We conjecture that each 

d-leg spider of size q that satisfies ( 1) 2(2 1)d d q+ ≤ −  with each leg length at 
least 2 has = 1la dχ +  except [ ] [ ](2 , 3 )n mSp  for ( , ) {(4, 0),(5, 0),(6, 0),(0,10),(1, 8),(1, 9),(2,7),(2, 8),n m ∈  

( , ) {(4, 0),(5, 0),(6, 0),(0,10),(1, 8),(1, 9),(2,7),(2, 8),n m ∈ (3, 5),(3, 6),(4, 4),(4, 5),(5, 3)}.  
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2.  General Results

In [6], the authors gave a family of d-leg spiders to have > 1.la dχ +

Theorem 2.1 : For 3,d ≥  

[ ] 2 if 4
( (2 )) =

1 if = 3.
d

la

d d
Sp

d d
χ

 + ≥


+

The following two results in [5] are needed.

Lemma 2.2 : Let G be a graph of size q containing d pendants. Let f be a local 
antimagic labeling of G such that ( ) = .f e q  If e is not a pendant edge, then 

( ) 2.c f d≥ +

Theorem 2.3 : Let G be a graph having d pendants. If G is not 2 ,K  then 
( ) 1la G dχ ≥ +  and the bound is sharp.

Theorem 2.4 : Let G be a graph of size q with 1k ≥  pendant vertices. Suppose G has 
only one vertex of maximum degree ∆  which is not adjacent to any pendant vertex 
and all other vertices of G has degree at most < .m ∆  If ( 1) > (2 1),m q m∆ ∆ + − +  
then ( ) 2.la G kχ ≥ +  

Proof : Let f be a local antimagic labeling of G. If q is assigned to a non-
pendant edge, by Lemma 2.2, ( ) 2.c f k≥ +  Assume q is assigned to a pendant 
edge that has a non-pendant end-vertex x. Now, all the k pendant vertex 
labels of G are distinct and at most q. Suppose u is the vertex of degree ,∆  
then ( ) ( 1)/2f u+ ≥ ∆ ∆ +  and that 1 ( ) (2 1)/2.q f x m q m++ ≤ ≤ − +  By the 
given hypothesis, ( ) > ( ) > ( )f u f x f y+ + +  for every pendant vertex y. Thus, 

( ) 2.c f k≥ +  The theorem holds. 	 

Note that if G has at least two vertices of maximum degree ,∆  the 
condition ( 1) > (2 1)q∆ ∆ + ∆ − ∆ +  implies that > ,q∆  which is impossible. 
Also note that the conditions of Theorem 2.4 is not necessary to have 

( ) 2.la G kχ ≥ +  A counterexample of non-tree graph is 3 2( ) = 9,la K Oχ   
and counterexamples of trees are [ ](2 ), = 4, 5,6.nSp n

Theorem 2.5 : A spider of 3d ≥  legs that has at least a leg of length 1  has 
= 1.la dχ +  

Proof : Let [ ]
1 2= ( , , , ,1 )t

rG Sp a a a  such that 1,r ≥  1,t ≥  2,ia ≥  and 
= 3.d r t+ ≥  Thus, G is of size =1= .r

i iq a t+∑  Arrange all the paths of lengths 
1 2, , , ra a a  horizontally from left to right, and name the edges from left 
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to right as 1 2, , , .q te e e −  Let = { |1 }.jE e j q t≤ ≤ −  Define : [1, ]f E q t→ −  
such that ( ) = /2jf e j  for even j and ( ) = ( ) ( 1)/2jf e q t j− − −  for odd j. 
Finally, label the edges of the remaining t path(s) of length 1 by 1q t− +  to 
q bijectively.

Identify all the r t+  right end-vertices of the paths as the core. We now 
have the graph G with an induced edge labeling given by : ( ) [1, ].f E G q→  
Observe that 

(i)	� each degree 2 vertex has induced label /2 ( ) /2 =j q t j q t+ − − −  or 
( ) ( 1)/2 ( 1)/2 = 1.q t j j q t− − − + + − +  

(ii)	� each of the t pendant vertices of paths length 1 has induced label 
1, ,q t q− +   respectively. 

(iii)	�the pendant vertex of path length 1a  has induced label q t−  while 
all remaining 1r −  pendant vertices have mutually distinct induced 
label at most 1.q t− −  

(iv)	the core has induced label larger than q. 	

Thus, f is a local antimagic labeling with ( ) = 1 = 1c f r t d+ + +  and 
( ) 1.la G dχ ≤ +  By Theorem 2.3, ( ) 1.la G dχ ≥ +  The theorem holds. 	 

Example 2.1 : In the following figure, we give the above defined labeling 
for (4, 2, 3, 5,1).Sp

(37,15,14,12,11,5)

The right vertex of each path are identified as the core u. We use the 
right table to denote this labeling. The numbers in the parenthesis are the 
induced vertex labels in decreasing order and the label of the core is in 
bold. We shall also use such kind of table to represent a labeling for a 
spider in the rest of the paper. 	 

Call the labeling of the paths of length 2,1ia i r≥ ≤ ≤  in Theorem 2.5 
the fundamental labeling of spider. By using this labeling, it is easy to get 
the following result:
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Corollary 2.6 : Suppose G is a d-leg spider with 3,d ≥  then 1 ( ) 2.lad G dχ+ ≤ ≤ + 
1 ( ) 2.lad G dχ+ ≤ ≤ +  

In what follows, we assume every leg of spider is of length at least 2.

Theorem 2.7 : Suppose 1 2, , , 2dy y y ≥  and 3.d ≥  If ( 1) > 2(2 1),d d q+ −  
then 1 2( ( , , , )) = 2.la dSp y y y dχ +  

Proof : Let g be a local antimagic labeling of 1 2= ( , , , ).dG Sp y y y  Under 
the hypothesis, by Theorem 2.4, we know ( ) 2.c g d≥ +  By Corollary 2.6, 
the theorem holds. 	 

Corollary 2.8 : There are infinitely many spiders of 3d ≥  legs with = 2.la dχ +  

Theorem 2.9 : For 0, 1n m≥ ≥  and 3,n m+ ≥  [ ] [ ]( (2 , 3 )) = 2n m
la Sp n mχ + +  

if ( , ) ,n m A∈  where

0 0 1 1 2 2

3 3 4 4

= {(0, )| [3,10]} {(1, )| [2,9]} {(2, )| [1,8]}
{(3, )| [1,6]} {(4, )| [1, 5]} {(5,1),(5, 2),

(5, 3),(6,1)}.

A i i i i i i
i i i i

∈ ∪ ∈ ∪ ∈

∪ ∈ ∪ ∈ ∪

Proof : Let [ ] [ ]= (2 , 3 ).n mG Sp  Now, = 2 3q n m+  and = .d n m+  The inequality 
( )( 1) 2(4 6 1)n m n m n m+ + + ≤ + −  is equivalent to 7 412

2 4( ) 4 .n m m+ − ≤ +

If 11,m ≥  then 7 7 49 412 2 2
2 2 4 4( ) ( ) = 7 > 4 .n m m m m m+ − ≥ − − + +

If 7,n ≥  then 7 49 412 2
2 4 4( ) 7 > 4 .n m m m m+ − ≥ + + +

So we have to deal with 1 10m≤ ≤  and 0 6.n≤ ≤  It is routine to 
check that ( )( 1) 2(4 6 1)n m n m n m+ + + ≤ + −  if and only if ( , ) .n m A∈  In 
other word, ( , )n m A∈  if and only if ( 1) > 2(2 1).d d q+ −  By Theorem 2.7, 
we know that ( ) = 2la G n mχ + +  if ( , ) .n m A∈  Thus, the theorem holds. 

Let us analyze the graph [ ] [ ]= (2 , 3 ),n mG Sp  where ( , )n m A∈  and A is 
defined in Theorem 2.9. By Appendix, it suffices to consider ( , ) {(0,10),n m ∈
(1, 8), (1, 9), (2,7), (2, 8), (3, 5), (3, 6), (4, 4), (4, 5), (5, 3)}.

Denote the legs of length 2 as ( )
3 1 2 3= ,i

i i iP x x x  1 i n≤ ≤  and those 
of length 3 as ( )

4 1 2 3 4= ,j
j j j jP y y y y  1 .j m≤ ≤  Also the core 3 4= =i ju x y  

for all , .i j  Let f be a local antimagic ( 1)m n+ + -labeling. Note that, 
1
2( ) ( )f u n m+ ≥ + ( 1) 4n m n+ + ≥ + 4 4 >m + 2 3 = .n m q+
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By Lemma 2.2, q is labeled at a pendant edge. Suppose = 2 3q n m+  
is labeled at a pendant edge of a leg of length 2 ( 1).n ≥  Without loss of 
generality, we may assume 11 12( ) = .f x x q  Since 12( ) 1f x q+ ≥ +  and 1( )if x+  
and 1( )jf y+  are at most q for 1 i n≤ ≤  and 1 ,j m≤ ≤  13( ) = ( )f x f u q+ + ≤  
which is a contradiction. So q must be labeled at a pendant edge of a 
leg of length 3. By symmetric we may assume that 11 12( ) = .f y y q  Then, 

11( ) = ,f y q+  12( ) 1f y q+ ≥ +  and the other induced vertex colors are less 
than q. Thus 12( ) = ( ).f u f y+ +  Let 12 13( ) = .f y y x  Then 12( ) = ( ) = .f u f y q x+ + +  

Then 
=1

1
2= ( )( 1).

m n

i
q x i m n m n

+
+ ≥ + + +∑  So 

1 ( )( 1) (2 3 ), 2 3 1 . (2.1)
2

x n m n m n m n m 
∈ + + + − + + − 
 

(A)	�Suppose = 0.n  Only the case ( , ) = (0,10).n m  From (2.1) we have 
[25, 29].x ∈  Following table lists all the possible labels assigned at 

the edges incident to the core: 

( ) labels incident to the core
25 55 1, 2, 3, 4, 5,6,7,8,9,10
26 56 1, 2, 3, 4, 5,6,7,8,9,11
27 57 1, 2, 3, 4, 5,6,7,8,10,11
27 57 1, 2, 3, 4, 5,6,7,8,9,12
28 58 1, 2, 3, 4, 5,6,7,8,9,13
28 58 1, 2, 3, 4, 5,6,7,8,10,12
28 58 1, 2, 3, 4, 5,6,7,9,10,11

x f u+

29 59 1, 2, 3, 4, 5,6,7,8,9,14
29 59 1, 2, 3, 4, 5,6,7,8,10,13
29 59 1, 2, 3, 4, 5,6,7,9,10,12
29 59 1, 2, 3, 4, 5,6,8,9,10,11

	� Note that integers in [1,6]  are labeled to edges incident to the core 
(we shall say that the labels are incident to the core). So, the edge 
with label 24 must be adjacent to an edge with label s, ,7 29.s s≤ ≤  
Thus the incident vertex of these two labels must have label .q x+  
This means = 24 = 6 31s q x x+ − + ≥  which is impossible. Thus 

[10]( (3 )) = 12.la Spχ
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(B)	� Suppose = 1.n  There are two cases ( , ) = (1,8), (1, 9).n m  Consider 
( , ) = (1,8).n m  From (2.1) we have [19, 25].x ∈  It is easy to check that 
labels in [1, 28 ]x−  are incident to the core. Since there is only one 
leg of length 2, there exists { 1, 2}y x x∈ − −  is labeled at an edge of 
the leg of length 3. Since labels in [1, 28 ]x−  are incident to the core, 
similar to Case (A), we get that 1.q x y q+ − ≥ +  So, there is no local 
antimagic 10-labeling for [8](2, 3 ).Sp  Thus, [8]( (2, 3 )) = 11.la Spχ

	� When ( , ) = (1,9).n m  From (2.1) we have [26, 27].x ∈  By a similar 
argument as above, we get that [9]( (2, 3 )) = 12.la Spχ

(C)	Suppose = 2.n  There are two cases ( , ) = (2,7),(2, 8).n m
	� Consider ( , ) = (2,7).n m  From (2.1) we have [20, 24].x ∈  It is easy to 

check that labels in [1, 29 ]x−  are incident to the core. Since there 
is only two legs of length 2, there exists { 1, 2, 3}y x x x∈ − − −  is 
labeled at an edge of the leg of length 3. Since labels in [1, 29 ]x−  are 
incident to the core, similar to Case (A), we get that 1.q x y q+ − ≥ +  
So, there is no local antimagic 10-labeling for [2] [7](2 , 3 ).Sp  Thus, 

[2] [7]( (2 , 3 )) = 11.la Spχ
	� Consider ( , ) = (2,8).n m  From (2.1) we have = 27.x  By a similar 

argument, we have [2] [8]( (2 , 3 )) = 12.la Spχ
(D)	�For the case ( , ) {(3, 5),(3, 6),(4, 4),(4, 5),(5, 3)}.n m ∈  The proof is 

similar to the above cases. So we omit here. 
Hence we have,

Theorem 2.10 : For 0,n ≥  1m ≥  and 3,n m+ ≥  [ ] [ ]( (2 , 3 )) = 1n m
la Sp n mχ + +  

if and only if ( , ) ,n m B∈  where

0 0 1 1 2 2

3 3 4 4

= {(0, )| [3,9]} {(1, )| [2,7]} {(2, )| [1,6]}
{(3, )| [1, 4]} {(4, )| [1, 3]} {(5,1),(5, 2),(6,1)}.

B i i i i i i
i i i i

∈ ∪ ∈ ∪ ∈

∪ ∈ ∪ ∈ ∪

Theorem 2.11 : Let 1 , , 2dy y ≥  be evens such that 2 3 2 1= 2 ( 3) ( 2) .d d dy y y d y d y− −+ + + − + −  
2 3 2 1= 2 ( 3) ( 2) .d d dy y y d y d y− −+ + + − + −  Then 1( ( , , )) = 1,la dSp y y dχ +  where d > 2. 

Proof : Let 1 2= ( , , , )dG Sp y y y  that satisfies the given conditions. Note 

that, the size of G is 
=1

=
d

i
i

q y∑  and the condition can be rewritten as 

=1
( 1) = 0.

d

i
i

d i y− −∑  Apply the fundamental labeling of spider to G. Identify 

all the right end-vertices (with label 1
12 ( ))iy y+ +  for path of length .iy  

We now have the graph G with an induced edge labeling : ( ) [1, ]f E G q→  
such that 
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(i)	� each degree 2 vertex has induced label /2 /2 =i q i q+ −  or 
( 1)/2 ( 1)/2 = 1.q i i q− − + + +  Moreover, the induced label of the 

second or the last second vertex of each path is 1.q +  

(ii)	� the end-vertex incident to edge 1e  has induced label q and the 
remaining 1d −  end-vertices have mutually distinct induced labels 
at least /2 1q +  and at most 1.q −  

(iii)	the core has induced label 

1 1 2 1 2 3 1 2

=1 =1

( ) = /2 ( )/2 ( )/2 ( )/2
1 1= ( 1) = ( 1) (2.2)
2 2

= .

d
d d

i i
i i

f u y y y y y y y y y

d i y d i y q

q

+ + + + + + + + + + +

− + − − +∑ ∑

 

Thus, f is a local antimagic labeling with ( ) = 1c f d +  and ( ) 1.la G dχ ≤ +  
Hence, the theorem holds by Theorem 2.3. 	 

Example 2.2 : Consider (2, 4,6, 4, 20)Sp  which satisfies the hypothesis of 
Theorem 2.11. According to the fundamental labeling we have:

36, 1;
35, 2, 34, 3;
33, 4, 32, 5 ,31 ,6;
30, 7, 29, 8;
28, 9, 27, 10, 26, 11, 25, 12, 24, 13, 23, 14, 22, 15, 21, 16, 20, 17, 19, 18.
(37, 36, 35, 33, 30, 28)	 

Corollary 2.12 : Let 1 , , 2dy y ≥  be evens. If 
1

=1 = 1
( ) = ,

d d

i i
i i k

d i y y
−

+
−∑ ∑  where 

0 1,k d≤ ≤ −  then 1( ( , , )) = 1.la dSp y y dχ +  

Proof : Keep the notation in the proof of Theorem 2.11. From the labeling 

f, we have known that each pendant vertex has induced label 1
2

=1
,

k

i
i

q y− ∑  

0 1.k d≤ ≤ −  Note that when = 0k  the empty summation is treated as zero. 

Thus, 1( ( , , ) = 1la dSp y y dχ +  if 1
2

=1
( ) =

k

i
i

f u q y+ − ∑  for some 0   £  k  £  d  –  1. 

From (2.2), we have 1 1
2 2

=1 =1
( 1) = .

d k

i i
i i

d i y q q y− − + −∑ ∑  It is equivalent to 

=1 =1 =1
( ) =

d d k

i i i
i i i

d i y y y− −∑ ∑ ∑  or 
1

=1 = 1
( ) = .

d d

i i
i i k

d i y y
−

+
−∑ ∑  
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Corollary 2.13 : Let 1 , , 2dy y ≥  be evens. If 
1

=1 = 1
( ) = ,

d d

i i
i i k

d i y y
−

+
−∑ ∑  where 

1 1,k d≤ ≤ −  then 1( ( , , 1)) = 1.la dSp y y dχ + +  

Example 2.3 : Consider 1 = 4,y  2 = 2,y  3 = 4,y  4 = 2.y  
(1)	� By Theorem 2.11 or Corollary 2.12 with = 0,k  we get 5 = 20y  and so 

( (4, 2, 4, 2, 20)) = 6.la Spχ  According to the fundamental labeling we 
get the following labeling of each leg:

	 32, 1, 31, 2;
	 30, 3;
	 29, 4, 28, 5;
	 27, 6;
	 26, 7, 25, 8, 24, 9, 23, 10, 22, 11, 21, 12, 20, 13, 19, 14, 18, 15, 17, 16.

	 (33, , 30, 29, 27, 26)32  
2.	� By Corollary 2.12 with = 1,k  we get 5 = 24y  and so 

( (4, 2, 4, 2, 24)) = 6.la Spχ  According to the fundamental labeling we 
get the following labeling of each leg:

	 36, 1, 35, 2, ;
	 34, 3;
	 33, 4, 32, 5;
	 31, 6;
	� 30, 7, 29, 8, 28, 9, 27, 10, 26, 11, 25, 12, 24, 13, 23, 14, 22, 15, 21, 16, 20, 

17, 19, 18.

	 (37, 36, , 33, 31, 30)34  
3.	� By Corollary 2.13, from Case 2, ( (4, 2, 4, 2, 25)) = 6.la Spχ  According to 

the fundamental labeling we get the following labeling of each leg:
	 37, 1, 36, 2, ;
	 35, 3;
	 34, 4, 33, 5;
	 32, 6;
	� 31, 7, 30, 8, 29, 9, 28, 10, 27, 11, 26, 12, 25, 13, 24, 14, 23, 15, 22, 16, 21, 

17, 20, 18, 19.

	 (38, 37, , 34, 32, 31)35  

By Corollary 2.13 with = 4,k  we also get ( (4, 2, 4, 2, 33)) = 6.la Spχ  	
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Example 2.4 : Let 1 = 4y  2 = 6.y  Using = 1,k  1 2 2 32 = 14 =y y y y+ +  gives 
3 = 8.y  So, we get (4, 6, 8)Sp  with the following labeling.

18, 1, 17, 2;
16, 3, 15, 4, 14, 5;
13, 6, 12, 7, 11, 8, 10, 9
(19,18, ,13)16  
By Corollary 2.13, we also obtain ( (4,6,13)) = ( (4,6,19)) = 4.la laSp Spχ χ  



Corollary 2.14 : If , 2a b ≥  are even, then ( ( , , ))la Sp a b aχ
= ( ( , , 2 ))la Sp a b aχ = ( , , 2 ))laSp a b a bχ + = ( ( , , 1))la Sp a b aχ + = ( ( , , 2 1))la Sp a b aχ +
= ( , , 2 1))laSp a b a bχ + + = 4.  

3.  Spiders with 3 legs

Before considering some labelings of spider of 3 legs, we show some 
useful labelings for a path first.

Lemma 3.1 : Suppose 2N ≥  and 

{1}, = 2;
{2 |1 /2 1} {1, 1}, even 4;
{2 1|1 ( 1)/2} { 1}, odd .

N
r j j N N N

j j N N N


∈ ≤ ≤ − ∪ − ≥
 − ≤ ≤ − ∪ −

There is a circular permutation =1( )N
i ia  of [1, ]N  such that the sum of two 

consecutive terms 1 { , 1, 2}i ia a N N N++ ∈ + +  for 1 i N≤ ≤  and 1| |= ,Na a r−  
where the indices of ia ’s are taken modulo N. 

Proof : We separate into 4 cases. 
(a)	 = 4 ,N k  1.k ≥  

	� The set of difference of two consecutive terms of the obtained 
sequence is 1{| |: 1 4 } = {2 |1 2 1} {1, 4 1}.i ia a i k j j k k+− ≤ ≤ ≤ ≤ − ∪ −  
When we shift suitably the subscripts of ia  we will obtain that 

1| |= .Na a r−  For the remaining cases, we will not point out this 
arrangement again.
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(b)	 = 4 1,N k +  1.k ≥  

	 2

1 2 3 4 2 2 2 1 2 2 1
2 2 2 1 2 4 2 3 3 4 1
4 1 2 4 1 4 2 2 2 3 2 2 1

i

k i

i k k k k
a k k k k k

a k k k k k k+

− − +
+ − + − ∅
+ − − + +







	� The set of difference of two consecutive terms of the obtained 
sequence is 1{| |: 1 4 1} = {2 1|1 2 } {4 }.i ia a i k j j k k+− ≤ ≤ + − ≤ ≤ ∪

(c)	 = 4 2,N k +  0.k ≥  

2 1

1 2 3 4 2 1 2 2 1
2 1 2 3 2 1 2 5 3 4 1 1
4 2 2 4 4 2 4 2 2 2

i

k i

i k k k
a k k k k k

a k k k k k+ +

− +
+ + − + +
+ + +







	� The set of difference of two consecutive terms of the obtained 
sequence is 1{| |: 1 4 2} = {2 |1 2 } {1, 4 1},i ia a i k j j k k+− ≤ ≤ + ≤ ≤ ∪ +  
where 1.k ≥  When = 0,k  this set is {1}.  

(d)	 = 4 3,N k +  0.k ≥  

2 1

1 2 3 4 2 1 2 2 1 2 2
2 1 2 4 2 1 2 6 3 4 2 1
4 3 2 4 1 4 2 5 2 2 3 2 2

i

k i

i k k k k
a k k k k k

a k k k k k k+ +

− + +
+ + − + + ∅
+ + + + +







	� The set of difference of two consecutive terms of the obtained sequence 
is 1{| |: 1 4 3} = {2 1|1 2 1} {4 2}.i ia a i k j j k k+− ≤ ≤ + − ≤ ≤ + ∪ +  

Suppose 1| |= .j ja a r+−  We may choose the circular permutation 
starting at 1ja +  and ending at .ja  This is a required sequence. 	 

Actually, these labelings induce local antimagic 3-labelings of cycles 
accordingly.

Adding each term of the circular permutation above by ,a ∈  we 
have

Corollary 3.2 : Suppose 2,N ≥  a ∈  and 

{1}, = 2;
([2, 2] ) {1, 1}, even 4;
([1, 2] ) { 1}, odd ,

N
r N N N

N N N


∈ − ∩ ∪ − ≥
 − ∩ ∪ −



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where   and   are the set of even and odd integers, respectively. All integers 
in [ 1, ]a a N+ +  can be arranged as a sequence =1( )N

i ia  of length N such that the 
sum of two consecutive terms 1 {2 , 2 1, 2 2}i ia a a N a N a N++ ∈ + + + + +  for 
1 1i N≤ ≤ −  and 1| |= .Na a r−  

In this section, we consider 1 2 3( , , ),Sp n n n  spider graphs with 3 
legs. Let the three legs be 

1 1 11 1 1= ,n n nP x x x+ +

2 2 21 1 1=n n nP y y y+ +  and 

3 3 31 1 1= ,n n nP z z z+ +  where 
1 2 31 1 1= = = .n n nx y z u+ + +

Let 1= nP x x  and 1= ,mQ y y  , 2.n m ≥  The graph PQ  is the path 
obtained from P and Q by identifying nx  with 1.y

Lemma 3.3 : Let 1 1 1=n nP x x+ +  be a path of length 2.n ≥  Let 
{0,1}.a ∉  There is an edge labeling 1: ( ) [ , 1]nf E P a a n+ → + −  such that 

f +  is a coloring of 1nP +  and 1( ) = 2,f x a n+ + −  1( ) = 1nf x a n+
+ + −  

and ( ) {2 1, 2 2, 2 3}if x a n a n a n+ ∈ + − + − + −  for 2 .i n≤ ≤  Moreover, 

2( ) = 2 1 = ( ).nf x a n f x+ ++ −  

Proof : Suppose = 2n k  for some 1.k ≥  Label the edges by 

1

1 2 3 4 2 3 2 2 2 1 2
2 2 1 2 4 3 2 2 3 2 1i i

i k k k k
x x a k a a k a a a k a a k+

− − −
+ − + + − + + + − + −





Precisely, 

1

2 1 if is odd;
( ) =

1 if is even.i i

a k i i
f x x

a i i+

 + − −


+ −

It is easy to see that 1( ) = 2 2,f x a k+ + −  2 1( ) = 2 1,kf x a k+
+ + −  

( ) = 2 2 1if x a k+ + −  for even i, ( ) = 2 2 3if x a k+ + −  for odd [3, 2 1].i k∈ −  
Clearly f +  is a 4-coloring.

Suppose = 4 1n k +  for some 1.k ≥  Label the edges by 

1

1 2 3 4 2 1 2 2 1
4 1 1 4 3 3 2 1 2 1 2i i

i k k k
x x a k a a k a a k a k a k+

− +
+ − + + − + + + + − +





1

2 1 2 2 2 3 4 2 4 1 4 4 1
2 2 2 2 2 2 4 2 4i i

i k k k k k k k
x x a k a k a k a a k a a k+

+ + + − − +
+ + − + + + + − +





Precisely, 
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1

4 if is odd and 1 2 1;
2 if = 2 1;

( ) = 1 if is odd and 2 3 4 1;
1 if is even and 2 2 ;

4 if is even and 2 2 4 .

i i

a k i i i k
a k i k

f x x a i i k i k
a i i i k
a k i i k i k

+

 + − ≤ ≤ −
 + +

+ − + ≤ ≤ +
 + − ≤ ≤

+ − + ≤ ≤

It is easy to see that 1( ) = 4 1,f x a k+ + −  4 2( ) = 4 ,kf x a k+
+ +  

( ) = 2 4if x a k+ +  for even [2, 2 ],i k∈  ( ) = 2 4 2if x a k+ + −  for 
even [2 2, 4 ],i k k∈ +  ( ) = 2 4 2if x a k+ + −  for odd [3, 2 1],i k∈ −  

2 1( ) = 2 4 1,kf x a k+
+ + −  ( ) = 2 4if x a k+ +  for odd [2 3, 4 1].i k k∈ + +  Clearly 

f +  is a 5-coloring.
Suppose = 4 3n k +  for some 0.k ≥  Label the edges by 

1

1 2 3 4 2 1 2 2 1 2 2
4 1 1 4 1 3 2 3 2 1 2 1 2i i

i k k k k
x x a k a a k a a k a k a k a k+

− + +
+ + + + − + + + + − + + +





1

2 2 2 3 2 4 4 4 1 4 2 4 3
2 2 2 2 2 2 4 4 2i i

i k k k k k k k
x x a k a k a k a a k a a k+

+ + + + + +
+ + + + − + + + +





Precisely, 

1

4 2 if is odd and 1 2 1;
1 if is odd and 2 3 4 3;

( ) =
1 if is even and 2 2 ;

4 2 if is even and 2 2 4 2.

i i

a k i i i k
a i i k i k

f x x
a i i i k
a k i i k i k

+

 + + − ≤ ≤ +
 + − + ≤ ≤ +


+ − ≤ ≤
 + + − + ≤ ≤ +

It is easy to see that 1( ) = 4 1,f x a k+ + +  4 4( ) = 4 2,kf x a k+
+ + +  

( ) = 2 4 2if x a k+ + +  for even [2, 2 ],i k∈  2 2( ) = 2 4 1,kf x a k+
+ + +  

( ) = 2 4if x a k+ +  for even [2 4, 4 2],i k k∈ + +  ( ) = 2 4if x a k+ +  for odd 
[3, 2 1],i k∈ +  ( ) = 2 4 2if x a k+ + +  for odd [2 3, 4 3].i k k∈ + +  Clearly f +  is 

a 5-coloring.
The last statement is easy to check. 	 

Theorem 3.4 : ( (2, 2 2 , 2 2 )) = 4la Sp m m kχ + + +  for 0m ≥  and 2.k ≥  

Proof : Let f be the required labeling. Now = 6 4 .q m k+ +  Let 
(1)
3 1 2 3= ,P x x x  (2)

3 1 2 3=P y y y  and (3)
3 1 2 3= ,P z z z  (1)

2 1 1 2 2 1= ,m m mQ v v v+ +  
(2)
2 1 1 2 2 1= ,m m mQ w w w+ +  and 1 1 1= .k k kR u u u+ +

We label ( )
3

jP  by 1 2( ) = ,f x x q  2 3( ) = 1,f x x  1 2( ) = 1,f y y q −  2 3( ) = 2,f y y  
1 2( ) = 2,f z z q −  2 3( ) = 3f z z  and ( )

2 1 ,l
mQ +  1 2,l≤ ≤  by 
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1

1

1 2 3 4 2 1 2
3 3 1 3 2 3 3 3 2 2 3 2 1

3 1 3 2 3 3 3 4 3 2 1 3 2
i i

i i

i m m
v v q n n q n n q n m n m
w w q n n q n n q n m n m

+

+

−
− + − − + − − + + −

− − + − − + − − + +







The vertex labels of 1 2mv v  and 1 2mw w  are 1q +  and 1q −  
alternatively.

Let (1)
3 3= ,P P  (2) (1)

3 2 3 2 1=m mP P Q+ +  and (3) (2)
3 2 3 2 1 1= .m k m kP P Q R+ + + +  By 

Lemma 3.3, we may label 1kR +  by [4 2 , 3 2 ]m m k+ + +  such that 
1( ) = 3 2 ,kf u m k+

+ + +  1( ) = 2 2f u m k+ + +  and 2( ) = 7 4 = ( ).kf u m k f u+ ++ +  
Let the combined labeling still be denoted by f. Then 

3 3( ) = ( ) = 1,f z f y q+ + −  2 1( ) = (3 2 ) (2 2 ) = 5 4mf w m m k m k+
+ + + + + + +  and 

( ) = 1 (2 2 ) (3 2 ) = 6 4 .f u m m k m k+ + + + + + + +  	 

Theorem 3.5 : Suppose 1,n ≥  0m ≥  and 2.l m≥ +  ( (2 , 2 2 1, )) = 4.la Sp n n m lχ + + 
( (2 , 2 2 1, )) = 4.la Sp n n m lχ + +  

Proof : Here the number of edges is = 4 2 1.q n m l+ + +  Let 
(1)
2 1 1 2 2 1= ,n n nP x x x+ +  (2)

2 1 1 2 1=n nP y y+ +  and 2 2 1 2 2 2= .m m mQ v v v+ +  Also, let 

the last leg of the spider be 1 1 1= .l lP z z+ +  Let f be a required labeling. 

Firstly, let 1 2( ) = ,f z z q  2 3( ) =f z z x  and 1( ) = .l lf z z y+

We label ( )
2 1

j
nP +  and 2 2 ,mQ +  1 2,j≤ ≤  by 

1

1

1 2 3 4 2 1 2
1 1 3 3 2 1 2 1
2 2 4 4 2 2

i i

i i

i n n
x x q q q n n
y y q q q n n

+

+

−
− − − + −
− − −







1

1 2 3 4 2 2 2 1 2 2 1
2 1 2 1 2 2 2 2 2 1 2 2 2 1i i

i m m m m
v v q n n q n n n m q n m n m q n m+

− − +
− − + − − + + − − − + − − −





Following we shall label all 1l −  unlabeled edges of the path 
1 1 1=l lP z z+ +  by integers in [2 1, 2 1] = [ 1, ],n m n m l a a N+ + + + − + +  where 

= 2a n m+  and = 1.N l −
(a)	� Suppose (mod 2)l m≡  and 4.l m≥ +  Let the first two legs of 

the spider be (2)
2 1 2 1=n nP P+ +  and (1)

2 2 2 2 1 2 2= .n m n mP P Q+ + + +  We require 
2 1= ( ) = ( ) = ( ) (2 ) ( 2 1) = 1l lq x f z f u f z z n q n m y q m+ +

++ + + − − − + − −  
and ( ) { 2, 1, }if z q q q+ ∈ − −  for 3 .i l≤ ≤  It is equivalent to 1 = .x m y+ +

	� Let = 1.r m +  Then = 1 >N l r−  and (mod 2).r N≡  By Corollary 
3.2 with this r, N and a, we can label 2 1lz z +  satisfying the above 
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requirement. Note that 2 = 4 2 1.a N n m l+ + + −  Hence f is a local 
antimagic 4-labeling for (2 , 2 2 1, ).Sp n n m l+ +

(b)	� Suppose (mod 2)l m≡  and 4.l m≥ +  Let the first two legs of the 
spider be (1)

2 1 2 1=n nP P+ +  and (2)
2 2 2 2 1 2 2= .n m n mP P Q+ + + +  Similarly, we require 

2 = .x m y+ +  Let = 2.r m +  Now >N r  and (mod 2).N r≡  By 
Corollary 3.2, we can label 2 1lz z +  satisfying the above requirement. 
Hence f is a local antimagic 4-labeling for (2 , 2 2 1, ).Sp n n m l+ +

(c)	� Suppose = 3.l m +  We use the same labeling as the case (a). We 
require that 1 = .x m y+ +  Let = 1.r m +  Then = 2,N m +  i.e., 

= 1.r N −  By Corollary 3.2, we have a local antimagic 4-labeling for 
(2 , 2 2 1, 3).Sp n n m m+ + +

(d)	 Suppose = 2.l m +  
	 (i)	� Suppose 1.m ≥  We use the labeling defined in the case (a), 

but swap the labels of the edges 2 1 2m mv v−  and 2 1 2 2 .m mv v+ +  
Now, we require that = .x m y+  Let = .r m  Then = 1.r N −  
By Corollary 3.2, we have a local antimagic 4-labeling for 

(2 , 2 2 1, 2).Sp n n m m+ + +

	 (ii)	� Suppose = 0.m  If 2,n ≥  then (2 , 2 1, 2) = (2, 2 2( 1) 1, 2 ).Sp n n Sp n n+ + − + 
(2 , 2 1, 2) = (2, 2 2( 1) 1, 2 ).Sp n n Sp n n+ + − +  Since 2 2,n n≥ +  by the cases (a), (b) or (c) we 

get the result. If = 1,n  then (2, 3, 2) = (2, 2, 3).Sp Sp  A required 
labeling is 7,2; 6,3; 5,4,1 with induced colors 9, 7, 6, 5. 	 

Theorem 3.6 : Suppose 1,n ≥  0m ≥  and 2.l ≥  ( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +  

Proof : When m = 0, (2 1, 2 2 , ) = (2 , 2 1, ).Sp n n m l Sp n n l+ + +  By Theorem 3.5 
we get ( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +  Following we assume 1.m ≥

Suppose = 2.l  (2 1, 2 2 , 2) = (2, 2( 1) 3, 2 2 ).Sp n n m Sp n n m+ + − + +  
Clearly, 2 2 > ( 1) 3.n m n+ − +  By Theorem 3.5 (with = 1)n  we have 

( (2, 2( 1) 3, 2 2 )) = 4.la Sp n n mχ − + +
So we assume 3.l ≥  
A. Suppose .l m≥  Let (1)

2 2 1 2 2= ,n nP x x+ +  (2)
2 2 1 2 2=n nP y y+ +  and 

2 1 2= .m mQ v v  Also, let the last leg of the spider be 1 1 1= .l lP z z+ +  Now 
the number of edges is = 4 2 1.q n m l+ + +

Let f be a required labeling. Firstly, let 1 2( ) = ,f z z q  2 3( ) =f z z x  and 

1( ) = .l lf z z y+

We label ( )
2 2

j
nP +  and 2 ,mQ  1 2,j≤ ≤  by 
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1

1

1 2 3 4 2 1 2 2 1
1 1 3 3 2 1 2 1 2 1
2 2 4 4 2 2 2 2

i i

i i

i n n n
x x q q q n n q n
y y q q q n n q n

+

+

− +
− − − + − − −
− − − − −







1

1 2 3 2 3 2 2 2 1
2 1 2 3 2 2 2 1 2 1 2i i

i m m m
v v n q n n n m q n m n m+

− − −
+ − − + + − − − − +





Similar to the proof of Theorem 3.5, we shall label all 1l −  unlabeled 
edges of the path 1 1 1=l lP z z+ +  by integers in [ 1, ],a a N+ +  where 

= 2a n m+  and = 1.N l −

We assume 3m ≥  first. 
(a)	� Suppose (mod 2)l m≡  and > .l m  Let the first two legs of the 

spider be (1)
2 2 2 2=n nP P+ +  and (2)

2 2 1 2 2 2= .n m n mP P Q+ + +  Similar to the 
proof of Theorem 3.5 we require q x+ 2= ( )f z+ = ( )f u+

1= ( )l lf z z +

( 2 1)q n+ − − (2 )n m+ + = 1.y q m+ + −  It is equivalent to = 1.x y m+ −  
Let = 1r m −  and = 1.N l −  By Corollary 3.2, we have the result.

(b)	� Suppose (mod 2).l m≡  Let the first two legs of the spider 
be (2)

2 2 2 2=n nP P+ +  and (1)
2 2 1 2 2 2= .n m n mP P Q+ + +  Similarly, we require 

= 2.x y m+ −  Let = 2r m −  and = 1.N l −  By Corollary 3.2, we have 
the result. 

(c)	� Suppose = .l m  We use the labeling defined in (b). Now 
= 2 = 1.r m N− −  By Corollary 3.2, we have the result. 

When m = 1, use the labeling of case (b). We require = 1.x y −  That is, 
= 1r  and = 1 2.N l − ≥  By Corollary 3.2, f is a local antimagic 4-labeling 

for (2 1, 2 2 , ).Sp n n m l+ +
When m = 2, use the labeling of case (a). We require = 1.x y +  By 

Corollary 3.2, f is a local antimagic 4-labeling for (2 1, 2 2 , ).Sp n n m l+ +

B.	 Suppose < .l m
	 (a)	� Suppose = 2 2 .l h n≤  Then (2 1, 2 2 , )Sp n n m l+ + = (2 , 2 1, 2 2 )Sp h n n m+ + 

= (2 , 2 1, 2 2 )Sp h n n m+ +  = (2 , 2 2( ) 1, 2 2 ).Sp h h n h n m+ − + +  Clearly, 2 2 ( ) 3.n m n h+ ≥ − + 
2 2 ( ) 3.n m n h+ ≥ − +  By Theorem 3.5, ( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +

	 (b)	� Suppose = 2 2 ,l n s+  where 1.s ≥  (2 1, 2 2 , )Sp n n m l+ +
= (2 1, 2 2 , 2 2 )Sp n n m n s+ + + = (2 1, 2 2 , 2 2 )Sp n n m n s+ + +  = (2 1, 2 2 , 2 2 ).Sp n n s n m+ + +  Clearly, 
2 2 max{3, }.n m s+ ≥  2 2 max{3, }.n m s+ ≥  By the Case A, ( (2 1, 2 2 , )) = 4.la Sp n n m lχ + + ( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +  



CHROMATIC NUMBER OF SPIDER GRAPHS� 319

	 (c)	� Suppose = 2 1.l h +  Since 4,m ≥  we let = 2 , 2m h k k+ ≥  to get 
(2 1, 2 1, 2 4 2 ).Sp n h n h k+ + + +  Now, = 4 6 2 2.q n h k+ + +  Let 

(1)
2 2 1 2 1 2 2= ,n n nP x x x+ + +  (2)

2 2 1 2 1 2 2= ,n n nP y y y+ + +  4 1 1 4 1= ,h hQ z z+ +  
2 1 2=k kS w w  and 2 2 1 2 1 2 2= .h h hR v v v+ + +  Let f be a required 

labeling. Firstly, let 1 2( ) = ,f v v q  2 3( ) =f v v x  and 2 1 2 2( ) = .h hf v z y+ +

		  We label ( )
2 2

j
nP +  by integers in [1, 2 ] [ 2 2, 1] :n q n q∪ − − −  

1

1

1 2 3 4 2 1 2 2 1
1 1 3 3 2 1 2 1 2 1
2 2 4 4 2 2 2 2

i i

i i

i n n n
x x q q q n n q n
y y q q q n n q n

+

+

− +
− − − + − − −
− − − − −







		�  We label 4 1hQ +  by integers in [2 1, 2 2 ] [2 4 2 , 2 6 2 1 = 2 3] :n n h n h k n h k q n+ + ∪ + + + + − − − 
[2 1, 2 2 ] [2 4 2 , 2 6 2 1 = 2 3] :n n h n h k n h k q n+ + ∪ + + + + − − −  

	 1

1 2 3 4 4 3 4 2 4 1 4
2 1 2 3 2 2 2 4 2 2 1 2 4 2 1 2 2 2 4 2i i

i h h h h
z z n q n n q n n h n h k n h n h k+

− − −
+ − − + − − + − + + + + + +





		�  We label 2kS  by integers in [2 2 1, 2 2 ] [2 4 1, 2 4 2 1].n h n h k n h k n h k+ + + + ∪ + + + + + − 
[2 2 1, 2 2 ] [2 4 1, 2 4 2 1].n h n h k n h k n h k+ + + + ∪ + + + + + −  If k is even, we have 

1

1 2 3 4 2 1
2 2 2 2 4 2 2 2 2 4 2 4 2 4 2 4 2 2 2 2 4 1i i

i k k k
w w n h n h k n h n h k n h k n h k n h k+

− −
+ + + + − + + + + − + + + + + + + +





1

1 2 2 4 2 3 2 2 2 1
2 4 1 2 2 1 2 4 3 2 4 2 3 2 2 3 2 4 2 1 2 2 1i i

i k k k k k k k
w w n h k n h k n h k n h k n h n h k n h+

+ + − − − −
+ + + + + − + + + + + − + + + + − + +





		  If k is odd, we have 

1

1 2 3 4 2 1
2 2 2 2 4 2 2 2 2 4 2 4 2 4 2 2 1 2 4 1 2 2i i

i k k k
w w n h n h k n h n h k n h k n h k n h k+

− −
+ + + + − + + + + − + + − + + + + +





1

1 2 2 4 2 3 2 2 2 1
2 2 2 4 2 2 2 2 2 4 2 3 2 2 3 2 4 2 1 2 2 1i i

i k k k k k k k
w w n h k n h k n h k n h k n h n h k n h+

+ + − − − −
+ + + + + + + − + + − + + + + − + +





	�	�  We now have (1)
2 4 2 1 2 2 4 1 2= .n h k n h kP P Q S+ + + + +  Moreover, (2)

2 2 2 2= .n nP P+ +  
We shall now label the remaining 2h  edges of 2 2hR +  using 
integers in [2 2 1, 2 4 ].n h k n h k+ + + + +  Similar to the proof of 
the case A, we require = 2 1.x y h+ −  That is, = 2 1r h −  and 

= 2 .N h  By Corollary 3.2, we have a local antimagic 4-labeling 
for (2 1, 2 1, 2 4 2 ).Sp n h n h k+ + + +  	 

Theorem 3.7 : For 1n ≥  and 2 1,l m≤ ≤ +  ( (2 , 2 2 1, )) = 4.la Sp n n m lχ + +  

Proof : 
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(a)	� Suppose = 2 1l h +  with < .h n  Then (2 , 2 2 1, 2 1)Sp n n m h+ + +
= (2 1, 2 , 2 2 1)Sp h n n m+ + + = (2 1, 2 2( ), 2 2 1).Sp h h n h n m+ + − + +  
Clearly, 2 2 1 max{ , 3}.n m n h+ + ≥ −  By Theorem 3.6, 

( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +  
(b)	� Suppose = 2 1l h +  with .h n≥  Then (2 , 2 2 1, 2 1)Sp n n m h+ + +

= (2 , 2 1, 2 2 1)Sp n h n m+ + + = (2 , 2 2( ) 1, 2 2 1).Sp n n h n n m+ − + + +  
Since 2 1 1,h m+ ≤ +  2 2 1 ( ) 2.n m h n+ + ≥ − +  By Theorem 3.5, 

( (2 1, 2 2 , )) = 4.la Sp n n m lχ + +

(c)	� Suppose = 2 ,l h  1.h ≥  Since 1,l m≤ +  we let = 2 1 2 ,m h k− +  0,k ≥  
to get (2 , 2 , 2 4 4 1).Sp n h n h k+ + −  Now, = 4 6 4 1.q n h k+ + −

Suppose 3.h ≥  Similar to the proof of Theorem 3.5, let 
(1)
2 1 1 2 2 1= ,n n nP x x x+ +  (2)

2 1 1 2 1= ,n nP y y+ +  4 4 1 4 4 1 4 4=h k h k h kQ v v v+ + − +  and 
2 1 1 2 1= .h hP z z+ +  Let f be a required labeling. Firstly, let 1 2( ) = ,f z z q  

2 3( ) =f z z x  and 1( ) = .l lf z z y+

We label ( )
2 1 ,j

nP +  1 2,j≤ ≤  by 

1

1

1 2 3 4 2 1 2
1 1 3 3 2 1 2 1
2 2 4 4 2 2

i i

i i

i n n
x x q q q n n
y y q q q n n

+

+

−
− − − + −
− − −







We label 4 4h kQ +  by 

1

1 2 3 4 2 2 3 2 2 2 2 2 1 2 2
2 1 2 1 2 3 2 3 2 4 2 2 2 2 2 3 2 4 2 2 2 2 1i i

i h k h k h k h k
v v q n n q n n n h k n h k n h k n h k+

+ − + − + − +
− − + − − + + + + + + − + + + + −





1

2 2 1 2 2 2 2 2 3 2 2 4 4 4 3 4 4 2 4 4 1
2 4 2 1 2 2 2 2 2 4 2 1 2 2 2 4 2 4 2 2 2 2i i

i h k h k h k h k h k h k h k
v v n h k n h k n h k n h k q n n q n+

+ + + + + + + + + − + − + −
+ + − + + − + + + + + − − − + − −





Let (1)
2 1 2 1=n nP P+ +  and (2)

2 4 4 2 1 4 4= .n h k n h kP P Q+ + + +  We require 
= (2 1) ( 2 2) = 3q x y n q n y q+ + − + − − + −  so that 3 = .x y+  Similar to 

the proof of Theorem 3.4, we require = 3,r  = 2 2 2 1a n h k+ + −  and 
= 2 1 5.N h − ≥  By Corollary 3.2, we have a local antimagic 4-labeling for 
(2 , 2 , 2 4 4 1).Sp n h n h k+ + −

Suppose = 1h  or = 1.n  By Theorem 3.4, ( (2 , 2 , 2 4 4 1)) = 4.la Sp n h n h kχ + + − 
( (2 , 2 , 2 4 4 1)) = 4.la Sp n h n h kχ + + −

Suppose = 2h  and 3.n ≥  We get (4, 2 , 2 4 7).Sp n n k+ +  Let 
(1)
5 1 5= ,P x x  (2)

5 1 5= ,P y y  2 4 4 1 2 4 4=n k n kQ v v+ + + +  and 2 1 1 2 1= .n nP z z+ +  
Label the edges according to the steps above, we can get a similar 
conclusion.
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If = = 2,n h  we have (4, 4, 4 11),Sp k +  0.k ≥  Let (1)
5 1 2 5= ,P x x x  

(2)
5 1 2 5=P y y y  and (3)

5 1 2 5= .P z z z  Also let 4 8 1 2 4 8= .k kQ v v v+ +  We label 
( )
5 ,jP  = 1, 2, 3j  by 

1

1

1

1 2 3 4
4 18 1 4 16 3
4 17 2 4 15 4
4 19 2 8 2 9 2 10

i i

i i

i i

i
x x k k
y y k k
z z k k k k

+

+

+

+ +
+ +
+ + + +

Label 4 8kQ +  using integers in [5, 2 7] [2 11, 4 14]k k k+ ∪ + +  by 

1

1 2 3 4 2 1 2 2 2 3 2 4
4 14 5 4 12 7 2 14 2 5 2 12 2 7i i

i k k k k
v v k k k k k k+

+ + + +
+ + + + + +





1

2 5 2 6 2 7 2 8 4 5 4 6 4 7
2 11 2 6 2 13 2 4 4 11 6 4 13i i

i k k k k k k k
v v k k k k k k+

+ + + + + + +
+ + + + + +





Let (1)
4 12 5 4 8=k kP P Q+ +  and the two paths of length 5 be ( )

5 , = 2, 3.jP j  It is 
easy to check that (4, 4, 4 11)Sp k +  admits a local antimagic 4-labeling with 
vertex labels in {4 17, 4 18, 4 19,6 27}.k k k k+ + + +  

Combining Theorems 3.5, 3.6 and 3.7, we have 

Theorem 3.8 : For , , 2a b c ≥  with even a and odd b, ( ( , , )) = 4.la Sp a b cχ  

4.  Spider with three even legs

Now we are going to consider the case for three even legs.

Theorem 4.1 : For 1,h m n≥ ≥ ≥  ( (2 , 2 , 2 )) = 4.la Sp n m hχ  

Proof : By Corollary 2.12 and Theorem 3.4, we may assume > > > 1.h m n  
Let : ( (2 , 2 , 2 )) [1, 2 2 2 ]f E Sp n m h n m h→ + +  be a bijection. Note that 

= 2 2 2 .q n m h+ +  Let = /2 = .r q n m h+ +  Let 2 1 1 2 2 1= ,n nP x x x+ +  
2 1 1 2 2 1= ,m mP y y y+ +  2 1 1 2 2 1= .h hP z z z+ +  We first consider ( , ) ( 1, 2).m h n n≠ + + 

( , ) ( 1, 2).m h n n≠ + +  Let 1 2( ) = 1,f x x q −  1 2( ) = 2f y y q −  and 1 2( ) = .f z z q
Label the remaining edges of 2 1nP +  as: 

1

2 3 4 5 2 3 2 2 2 1 2
2 2 4 2 4 2 4 2 2 2 2i i

i n n n n
x x r r r r r n r n r n r n+

− − −
− + − − + + − − + + −





For 2 1 ,hP +  we label the subpath 2 3 2 2nz z z +  as: 
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1

2 3 4 5 2 2 2 1 2 2 1
1 1 3 3 2 3 2 3 2 1 2 1k k

k n n n n
z z r r r r r n r n r n r n+

− − +
− + − + − + + − − + + −





For odd m, label the remaining edges of 2 1mP +  as: 

1

1

2 3 4 5 3 2 1 1
1 3 3 5 4 2 2

1 1 1 3 6 4 4 2
i j

m j m j

j m m m m m
y y q q m q m m q m m

y y q m m q m m q q
+

+ + +

− − − +
− − − − + − −

− − − − + − − −







For even m, label the remaining edges of 2 1mP +  as: 

1

1

2 3 4 5 3 2 1 1
1 3 3 5 3 3 1 1 1

2 2 6 4 4 2
i j

m j m j

j m m m m m
y y q q q m m q m m q m

y y m q m m q m q q
+

+ + +

− − − +
− − − + − − + − − −

− − − + − −







Up to now, [1, ] [ 2 1, 2 1] [ 1, ]m r n r n q m q∪ − + + − ∪ − −  are used. 
Note that, 2 1 2r n m− + ≥ +  and 2 1 2 2 3 3.r n n m h q m+ − ≤ + + − = − −  
So no label is used twice. Now we shall assign the labels in 
[ 1, 2 ] [ 2 , 2]m r n r n q m+ − ∪ + − −  to the unlabeled edges of 2 1.hP +

For (mod 2),n h≡  we label the remaining edges of 2 1hP +  as:

1

2 2 2 3 2 4 2 5 2 1 1
2 2 2 2 2 2 4 4 2 2k k

k n n n n n h n h n h n h
z z r n r n r n r n m q m m q m+

+ + + + + − + − + + +
− + − − + + + − − + − −





1

3 4 5 6 2 1 1
1 3 3 5 2 3 2 3 2 1 2 1n h k n h k

k h n h n h n h n
z z m q m m q m r n r n r n r n+ − + + +

− − − − − − +
+ − − + − − + + − − + + − −





For (mod 2),n h≡/  we label the remaining edges of 2 1hP +  as:

1

2 2 2 3 2 4 2 5 2 1 1
2 2 2 2 2 4 5 3 3 1k k

k n n n n n h n h n h n h
z z r n r n r n r n q m m q m m+

+ + + + + − + − + + +
− + − − + + − − + − − +





1

3 4 5 6 2 1 1
2 2 4 4 2 3 2 3 2 1 2 1n h k n h k

k h n h n h n h n
z z q m m q m m r n r n r n r n+ − + + +

− − − − − − +
− − + − − + + + − − + + − −





Let 2 1 2 1 2 1.n m hu x y z+ + += = =  Note (2 , 2 , 2 ) (2 , 2 2, 2 4).n m h n n n= + +/  
It is routine to check that ( ) 2 1 1,f u r q+ = − = − 2 2( ) ( ) ,n hf x f z q+ += =

2( ) 2,mf y q+ = − 2 2( ) ( ) 1,f x f z q r+ += = + −  and all other induced vertex 
labels are q – 2, q – 1 and q. Thus, f is a local antimagic 4-labeling.

Consider (2 , 2 2, 2 4), 2.Sp n n n n+ + ≥  Now 6 6.q n= +  Let

1 2 1 2( ) 6 5, ( ) 6 4f x x n f y y n= + = +  and 1 2( ) 6 6.f z z n= +
Label the remaining edges of 2 1nP +  as:
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1

2 3 4 5 2 3 2 2 2 1 2
3 3 3 1 3 5 3 1 7 5 1 5 5 1i i

i n n n n
x x n n n n n n n n+

− − −
+ + + − + − + +





Label the remaining edges of 2 5nP +  as:

1

2 3 4 5 2 1 2 2 1 2 2 2 3 2 4
3 2 3 4 3 3 6 5 4 5 2 2 5 3 3k k

k n n n n n n
z z n n n n n n n n n n+

− + + + +
+ + + + + + + +





Now we have used labels in [ 2, 5 3] {6 4, 6 5,6 6}.n n n n n+ + ∪ + + +
For even n, label the remaining edges of 2 3nP +  as:

1

1

2 3 4 5 1 1 2
2 6 2 4 6 5 6 5 4

1 5 5 1 5 7 6 1 3 6 3 1
j j

n j n j

j n n n n
y y n n n n n

y y n n n n n n
+

+ + +

− + +
+ + +

+ + − + + +







For odd n, label the remaining edges of 2 3nP +  as:

1

1

2 3 4 5 1 1 2
2 6 2 4 6 1 5 5 1

5 4 5 6 2 6 1 3 6 3 1
j j

n j n j

j n n n n
y y n n n n n

y y n n n n n n
+

+ + +

− + +
+ − + +

+ + − + +







It is routine to check that ( ) 6 5,f u n+ = + 2 2 4( ) ( ) 6 6,n nf x f z n+ +
+= = +

2 2( ) 6 4,nf y n+
+ = + 2 2( ) ( ) 9 8,f x f z n+ += = +  and all other induced vertex 

labels are 6n + 4, 6n + 5 and 6n + 6. Thus, f is a local antimagic 4-labeling. 
The theorem holds. 	 

Example 4.1 : Following are labelings for some spiders of 3 even legs 
according to the proof above. 

(4, 6, 8) :Sp

17 9 7 11
16 2 14 3 15 1
18 8 10 6 12 4 13 5

(26, 18, 17, 16) 

(4, 6,12) :Sp

21 11 9 13
20 1 19 3 18 2
22 10 12 8 14 7 15 5 17 4 16 6

(32, 22, 21, 20) 
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(4,8,10) :Sp

21 11 9 13
20 1 19 3 17 4 18 2
22 10 12 8 14 7 15 5 16 6

(32, 22, 21, 20) 

(6, 8,10) :Sp

23 12 10 14 8 16
22 2 20 4 19 3 21 1
24 11 13 9 15 7 17 5 18 6

(35, 24, 23, 22) 

5. Spiders with three odd legs

Theorem 5.1 : For , , 1,m n k ≥  m n k+ +  even and 3 ,k n m≤ +  ( (2 1, 2 1, 3 1)) = 4.la Sp n m n m kχ + + + + + 
( (2 1, 2 1, 3 1)) = 4.la Sp n m n m kχ + + + + +  

Proof : Since 3 ,m n k+ ≥  without loss of generality, we assume that 
> .m k  Let f be an edge labeling of (2 1, 2 1, 3 1).Sp n m n m k+ + + + +  

Let 2 2 1 2 1 2 2= ,n n nP x x x+ + +  2 2 1 2 1 2 2=m m mP y y y+ + +  and 3 2 1 3 1 3 2= .n m k n m k n m kP z z z+ + + + + + + + + 
3 2 1 3 1 3 2= .n m k n m k n m kP z z z+ + + + + + + + +  Let 2 2 2 2 3 2= = = .n m n m ku x y z+ + + + +  Now, = 3 3 3 3.q n m k+ + +  

We label 2 2 ,nP +  2 2mP +  and 3 2n m kP + + +  as:

1

1 2 3
3 3 3 3 2 2 2 1i i

i
x x n m k n m k n m k+ + + + + + + + +

1

4 5 6 7 2 2 1
2 2 2 2 1 2 2 2 3 2 3 2 2 1i i

i n n
x x n m k n m k n m k n m k n m k m k+

+
+ + + + + − + + + + + − + + + +





Used labels: [ 1, ] [2 2 2 1, 3 2 2 ] {3 3 3 3}.m k n m k n m k n m k m n k+ + + + ∪ + + + + + ∪ + + + 
[ 1, ] [2 2 2 1, 3 2 2 ] {3 3 3 3}.m k n m k n m k n m k m n k+ + + + ∪ + + + + + ∪ + + +

1

1 2 3 4 2 1 2 2 1
3 3 3 1 2 3 3 3 1 4 3 3 3 2 3 3 1i i

i k k k
y y n m k n m k n m k k n m k+

− +
+ + + + + − + + + + + +





1

2 2 2 3 2 4 2 5 2 2 1
2 1 3 3 2 2 3 3 1 3 2 2 1i i

i k k k k m m
y y k n m k k n m k m k n m k+

+ + + + +
+ + + + + + − + + + +




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Used labels: ([2, 2 ] )k ∩ [2 1, ]k m k∪ + + [3 2 2 1, 3 3 ]n m k n m k∪ + + + + + 
[3 2 2 1, 3 3 ]n m k n m k∪ + + + + + ([3 3 1, 3 3 3 1] ),n m k n m k∪ + + + + + + ∩  where   and   are the sets 

of even and odd integers, respectively.

1

1 2 3 4 2 1 2 2 1
3 3 3 2 1 3 3 3 3 3 3 4 2 1 3 3 2i i

i k k k
z z n m k n m k n m k k n m k+

− +
+ + + + + + + + − + + +





1

2 2 2 3 2 4 2 5 2 3
3 1 2 2 3 3 2 2 2 2 2 1 3i i

i k k k k n m k n m k
z z n m k n m n m k n m n m n m k+

+ + + + + + − + + −
+ + + + + + + + − + + + +





1

4 5 4 5 3 3 1
2 2 2 3 1 2 2 3 3 2 2 2 2 1i i

i n m k n m k n m k n m k n m k n m k
z z n m n m k n m n m k n m k n m k+

+ + − + + − + + − + + − + + + + +
+ + + + − + + + + − + + + + +





Used labels: ([1, 2 1] ) [ 1, 2 2 2 ] ([3 3 2, 3 3 3 2] ).k n m k n m k n m k n m k− ∩ ∪ + + + + + ∪ + + + + + + ∩  
([1, 2 1] ) [ 1, 2 2 2 ] ([3 3 2, 3 3 3 2] ).k n m k n m k n m k n m k− ∩ ∪ + + + + + ∪ + + + + + + ∩   

Clearly f is a bijection. Now 2 4 2 2( ) = ( ) = ( ) = ( ) = 4 4 4 3kf x f x f z f u n m k+ + + +
+ + + + 

2 4 2 2( ) = ( ) = ( ) = ( ) = 4 4 4 3kf x f x f z f u n m k+ + + +
+ + + +  and ( ) {3 3 3 3, 3 3 3 2, 3 3 3 1}f w n m k n m k n m k+ ∈ + + + + + + + + + 

( ) {3 3 3 3, 3 3 3 2, 3 3 3 1}f w n m k n m k n m k+ ∈ + + + + + + + + +  for other vertex w. Thus, f is a required local antimagic 4-coloring. 	
	 

Example 5.1 : (17,15, 25)Sp  ( = 8, = 7, = 3) :n m k
57 18 37; 38 17 39 16 40 15 41 14 42 13 43 12 44 11
55 2 53 4 51 6 49; 7 48 8 47 9 46 10 45
56 1 54 3 52 5 50; 25 30 27 28 29 26 31 24; 32 23 33 22 34 21 35 20 36 19

( , 57, 56, 55)75

Theorerm 5.2 : For 2, 1m n≥ ≥  and 4m n+ ≥  even, ( (2 1, 2 1, 1)) = 4.la Sp n m n mχ + + + + 
( (2 1, 2 1, 1)) = 4.la Sp n m n mχ + + + +  

Proof : Let f be a bijective edge labeling of (2 1, 2 1, 1).Sp n m n m+ + + +  Let 

2 2 1 2 1 2 2= ,n n nP x x x+ + +  2 2 1 2 1 2 2=m m mP y y y+ + +  and 2 1 1 2= .n m n m n mP z z z+ + + + + +  
Let 2 2 2 2 2= = = .n m n mu x y z+ + + +  Now, = 3 3 3.q n m+ +  We label 2 2 ,nP +  2 2mP +  
and 2n mP + +  as: 

1

1 2 3 4 5 2 2 1
3 3 2 1 3 3 2 3 3 1 2 3 1i i

i n n
x x n m n m n m n n m+

+
+ + + + − + +





1

1 2 3 4 5 6 7 2 2 1
3 3 3 2 2 1 2 2 2 1 2 2 3 2 2 3 1i i

i m m
y y n m n m n m n m n m n m n m n m n+

+
+ + + + + + + + − + + + − + +




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1

1 2 3 4 5 1
3 3 1 2 2 2 1 4 2 2 3 2 2 1i i

i n m n m
z z n m n m n m n m n m n m n m+

+ + +
+ + + + + − + + + − + + +





Now 4( ) = ( ) = 4 4 3f y f u n m+ + + +  and ( ) {3 3 3, 3 3 2,f w n m n m+ ∈ + + + +  
3 3 1}n m+ +  for other vertex w. Thus, f is a required local antimagic 
4-coloring. 	 

Example 5.2 : (9,17,13) :Sp
38 1 36 2 35 3 34 4 33
39 12 25 26 11 27 10 28 9 29 8 30 7 31 6 32 5
37 14 23 16 21 18 19 20 17 22 15 24 13
(51, 39, 38, 37) 		   

By substituting = 2m n +  or = ,m kn  where 1k ≥  and ( 1)k n+  is even, 
in Theorem 5.2, we have 

Corollary 5.3 : For , 1,n k ≥  ( (2 1, 2 3, 2 5)) = ( (2 1, 2 1,( 1) 1)) = 4,la laSp n n n Sp n kn k nχ χ+ + + + + + + 
( (2 1, 2 3, 2 5)) = ( (2 1, 2 1,( 1) 1)) = 4,la laSp n n n Sp n kn k nχ χ+ + + + + + +  where ( 1)k n+  is even. 

Theorem 5.4 : For 0n ≥  and 1,m ≥  ( (2 1, 2 1, 2 1)) = 4.la Sp n m mχ + + +  

Proof : Let f be a required labeling. Let 2 2 1 2 1 2 2= ,n n nP x x x+ + +  
2 2 1 2 1 2 2=m m mP y y y+ + +  and 2 2 1 2 1 2 2= .h h hP z z z+ + +  Let 2 2 2 2 2 2= = = .n m hu x y z+ + + 

2 2 2 2 2 2= = = .n m hu x y z+ + +  We label 2 2nP +  and 2 2mP +  as: 

1

1 2 3 4 2 1 2 2 1
1 1 2 2 1i i

i n n n
x x q q q n n q n+

− +
− − − − −





When = 0.n  The above table has only one column. 

1

1 2 3 4 2 1 2 2 1
1 2 2 3 1 1i i

i m m m
y y n q n n q n n m q n m n m+

− +
+ − − + − − + − − − + +





1

1 2 3 2 1 2 2 1
2 2 1 1i i

i h h h
z z q q n m n m n m h q n m h n m h+

− +
− − − + + + + − − − − + + +





Now ( ) = 2 1 = 3 4 3 4,f u q n m h n m h+ + + + + + + +  2( ) = 2 2 = 3 3 4 4,f z q n m n m h+ − − − + + + 
2( ) = 2 2 = 3 3 4 4,f z q n m n m h+ − − − + + +  1( ) = 1f y n+ +  and ( ) { , 1}f w q q+ ∈ −  for other vertex 

w. Thus, when =m h  we have the result. 	 
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Example 5.3 : (5, 5, 9) (9, 5, 5) :Sp Sp≅

18 1 17 2 16 3 15 4 14
5 13 6 12 7

19 11 8 10 9
(30, 19, 18, 5) 

(7, 9, 9) :Sp

24 1 23 2 22 3 21
4 20 5 19 6 18 7 17 8
25 16 9 15 10 14 11 13 12

(41, 25, 24, 4) 	 

Starting from the labeling of (2 1, 2 1, 2 1)Sp n m m+ + +  defined in the 
proof of Theorem 5.4 for > ,m n  we move the 2 2n +  right most numbers 
of the second leg to the end of first leg. We then can get a required labeling 
for (4 3, 2 2 1, 2 1).Sp n m n m+ − − +

Namely, change the following assignment 

1

1 2 3 2 1 2 2 1
1 1 2 1i i

i n n n
x x q q q n n q n+

− +
− − − − −





1

1 2 2( ) 1 2( ) 2 1 2 2 1
1 2 1 1 1i i

i m n m n m m m
y y n q n m q m n m q n m n m+

− − − − +
+ − − − − + − − − + +

 

 

to 

1

1 2 3 2 1 2 2 1 2 2 4 1 4 2 4 3
1 1 2 1 1 1 1j j

j n n n n n n n
v v q q q n n q n q m n m q n m n m+

− + + + + +
− − − − − − − + − − − + +

 

 

1

1 2 2( ) 1
1 2i i

i m n
w w n q n m+

− −
+ − −





and keep the labeling of the leg 2 2 1 2 2=m mP z z+ +  as 

1

1 2 3 2 1 2 2 1
2 2 2 2 1 2 1j j

j m m m
z z q q n m n m n m q n m n m+

− +
− − − + + + − − − + +




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Hence we have a labeling, say g, for 4 4 1 4 4= ,n nP v v+ +  2 2 1 2 2=m n m nP w w− − 
2 2 1 2 2=m n m nP w w− −  and 2 2 1 2 2= .m mP z z+ +  Now ( ) = 2 4 2 = 1,g u n m q+ + + −  

2 2 2( ) = 2 2 = 3 7 4 = ( ),ng z q n m n m g v+ +
+− − − + +   1( ) = 1g y n+ +  and ( ) { ,g v q+ ∈  

1}q −  for other vertex .v  So we have a local antimagic 4-labeling for 
(2( ) 1, 2 1, 4 3).Sp m n m n− − + + (2( ) 1, 2 1, 4 3).Sp m n m n− − + +  After rewriting the parameters we have 

Theorem 5.5 : For > 0,m n ≥  ( (2 1, 2 1, 4( ) 1)) = 4.la Sp n m m nχ + + − −  

Example 5.4 : Starting from the labeling of (3, 9, 9) :Sp

20 1 19
2 18 3 17 4 16 5 15 6
21 14 7 13 8 12 9 11 10

we get (7, 5, 9) (5,7,9) :Sp Sp≅  

20 1 19 16 5 15 6
2 18 3 17 4
21 14 7 13 8 12 9 11 10

(35, 21, 20, 2)

Starting from the labeling of (7,13,13) :Sp

32 1 31 2 30 3 29
4 28 5 27 6 26 7 25 8 24 9 23 10

33 22 11 21 12 20 13 19 14 18 15 17 16

we get (15, 5,13) (5,13,15)Sp Sp≅ : 

  

32 1 31 2 30 3 29 26 7 25 8 24 9 23 10
4 28 5 27 6

33 22 11 21 12 20 13 19 14 18 15 17 16
    (55, 33, 32, 4) 	 

Theorem 5.6 : For 4,m ≥  ( (2 1, 2 3, 4 3)) = 4.la Sp m m mχ + + −  

Proof : Let f be a bijective edge labeling of (2 1, 2 3, 4 3).Sp m m m+ + −  Let 

2 2 1 2 1 2 2= ,m m mP x x x+ + +  2 4 1 2 3 2 4=m m mP y y y+ + +  and 4 2 1 4 3 4 2= .m m mP z z z− − −  
Let 2 2 2 4 4 2= = = .m m mu x y z+ + −  Now, = 8 1.q m +  We label 2 2 ,mP +  2 4mP +  and 

4 2mP −  as:
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1

1 2 3 4 5 2 2 1
8 1 6 1 2 2 6 2 2 3 5 3 1i i

i m m
x x m m m m m m m+

+
+ − + − + +





1

1 2 3 4 2 2 2 1 2 2 1 2 2 2 3
8 1 8 1 2 1 7 1 7 1 1 7i i

i m m m m m m
y y m m m m m m m m+

− − + + +
− − + − +





1

1 2 3 4 2 5 2 4
6 1 2 1 6 2 2 2 7 2 2i i

i m m
z z m m m m m m+

− −
+ − + − − +





1

2 3 2 2 2 1 2 4 9 4 8 4 7
5 1 3 2 5 2 3 3 4 2 4 1 4 1i i

i m m m m m m m
z z m m m m m m m+

− − − − − −
− + − + + − +





1

4 6 4 5 4 4 4 3
4 2 1 6 2i i

i m m m m
z z m m m m+

− − − −
+

Now 2( ) = ( ) = 14f x f u m+ +  and ( ) {8 1,8 ,6 1}f w m m m+ ∈ + +  for other 
vertex w. Thus, f is a required local antimagic 4-coloring. 	 

Example 5.5 : (11,13,17) :Sp
41 29 12 28 13 27 14 26 15 25 16
40 1 39 2 38 3 37 4 36 34 6 35 5
31 9 32 8 33 7 24 17 23 18 22 19 21 20 11 30 10
(70, 41, 40, 31) 	 

Observe that if we move the last four labels of 2 2mP +  (in the proof of 
Theorem 5.6) to the right end of 2 4mP +  to form a labeling of 2 8 ,mP +  we then 
obtain a local antimagic 4-labeling for (2 3, 2 7, 4 3).Sp m m m− + −  Renaming 
the parameters, we get the following theorem.

Theorem 5.7 : For 2,m ≥  ( (2 1, 2 11, 4 5)) = 4.la Sp m m mχ + + +  

Proof : Let f be a bijective edge labeling of (2 1, 2 11, 4 5).Sp m m m+ + +  
Now, = 8 17.q m +  Let 2 2 2 12 4 6= = = .m m mu x y z+ + +  The labelings of 

2 2 1 2 2= ,m mP x x+ +  2 12 1 2 12=m mP y y+ +  and 4 6 1 4 6=m mP z z+ +  are given as 
follows.

1

1 2 3 4 5 2 2 1
8 17 6 11 2 6 6 10 2 7 5 12 3 5i i

i m m
x x m m m m m m m+

+
+ + + + + + +







330� G. C. LAU, W. C. SHIU AND C. X. SOO

1

1 2 3 4 2 2 2 3
8 16 1 8 15 2 1 7 15i i

i m m
y y m m m m+

+ +
+ + + +





1

2 4 2 5 2 6 2 7 2 8 2 9 2 10 2 11
7 13 3 7 14 2 5 11 3 6 5 10 3 7i i

i m m m m m m m m
y y m m m m m m m m+

+ + + + + + + +
+ + + + + + + +

1

1 2 3 4 2 1 2
6 13 2 3 6 14 2 2 7 12 4i i

i m m
z z m m m m m m+

−
+ + + + + +





1

2 1 2 2 2 3 2 4 4 1 4 4 1
5 9 3 8 5 8 3 9 4 10 4 7 4 9i i

i m m m m m m m
z z m m m m m m m+

+ + + + − +
+ + + + + + +





1

4 2 4 3 4 4 4 5
4 8 2 5 6 12 2 4i i

i m m m m
z z m m m m+

+ + + +
+ + + +

Now, 2 2 4( ) = ( ) = 14 28mf x f y m+ +
+ +  and ( ) {8 17,8 16,6 1}f w m m m+ ∈ + + +  

for other vertex w. Thus, f is a required local antimagic 4-coloring. 	 

Example 5.6 : (9,19, 21) :Sp
49 35 14 34 15 33 16 32 17
48 1 47 2 46 3 45 4 44 5 43 41 7 42 6 31 18 30 19
37 11 38 10 39 9 40 8 29 20 28 21 27 22 26 23 25 24 13 36 12
(84, 49, 48, 37) 	 

Theorem 5.8 : For 0,h ≥  1,m ≥  ( (3, 2 1, 2 2 1)) = 4.la Sp m m hχ + + +  

Proof : Let f be a required labeling. We first consider 2.h ≥  Let 
(1)
2 2 1 2 1 2 2= ,m m mP x x x+ + +  (2)

2 2 1 2 1 2 2=m m mP y y y+ + +  and 4 1 2 3 4= .P w w w w  Firstly, 
let 1 2( ) = .f w w q

We label ( )
2 2

j
mP +  by integers in [1, 2 ] [ 2 2, 1] :m q m q∪ − − −  

1

1

1 2 3 4 2 1 2 2 1
1 1 3 3 2 1 2 1 2 1
2 2 4 4 2 2 2 2

i i

i i

i m m m
x x q q q m m q m
y y q q q m m q m

+

+

− +
− − − + − − −
− − − − −







Suppose = 2h k  and 1.k ≥  Now, we have (3, 2 1, 2 4 1)Sp m m k+ + +  
and = 4 4 5.q m k+ +  Let 2 1 1 2 1=k kQ z z+ +  and 2 1 1 2 1= .k kR v v+ +  We label 

2 1kQ +  by integers in [2 1, 2 ] [2 3 3, 2 4 2 = 2 3] :m m k m k m k q m+ + ∪ + + + + − −  
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1

1 2 3 4 2 3 2 2 2 1 2
2 1 2 3 2 2 2 4 2 1 2 3 4 2 2 3 3i i

i k k k k
z z m q m m q m m k m k m k m k+

− − −
+ − − + − − + − + + + + +





We label 2 1kR +  by integers in [2 2, 2 3 1] :m k m k+ + + +  

1

1 2 3 4 2 3 2 2 2 1 2
2 2 2 3 1 2 3 2 3 2 1 2 2 3 2 2 1 2 2 2i i

i k k k k
v v m k m k m k m k m k m k m k m k+

− − −
+ + + + + + + + − + + + + + +





Let (2)
2 2 2 2 2 2 1 2 1= .m h m k kP P Q R+ + + + +  Lastly, let 2 3( ) = 2 3 2f w w m k+ +  and 

3 4( ) = 2 1.f w w m k+ +  It is easy to check that 2( ) = 2 3 2 = ( )f u q m k f w+ ++ + +  
and each other vertex has induced label in { 2, 1, }.q q q− −  Thus, f is a local 
antimagic 4-labeling.

Suppose = 2 1h k +  and 1.k ≥  Now, we have (3, 2 1, 2 4 3)Sp m m k+ + +  
and = 4 4 7.q m k+ +  Let 2 3 1 2 3=k kQ z z+ +  and 2 1 1 2 1= .k kR v v+ +  We 
label 2 3kQ +  by integers in [2 1, 2 1] [2 3 4, 2 4 4 = 2 3] :m m k m k m k q m+ + + ∪ + + + + − − 

[2 1, 2 1] [2 3 4, 2 4 4 = 2 3] :m m k m k m k q m+ + + ∪ + + + + − −  

1

1 2 3 4 2 1 2 2 1 2 2
2 1 2 3 2 2 2 4 2 2 3 5 2 1 2 3 4i i

i k k k k
z z m q m m q m m k m k m k m k+

− + +
+ − − + − − + + + + + + +





We label 2 1kR +  by integers in [2 3, 2 3 2] :m k m k+ + + +  

1

1 2 3 4 2 3 2 2 2 1 2
2 3 2 3 2 2 4 2 3 1 2 1 2 2 4 2 2 2 2 2 3i i

i k k k k
v v m k m k m k m k m k m k m k m k+

− − −
+ + + + + + + + + + + + + + + +





Let (1)
2 2 2 2 2 2 3 2 1= .m h m k kP P Q R+ + + + +  Lastly, let 2 3( ) = 2 3 3f w w m k+ +  and 

3 4( ) = 2 2.f w w m k+ +  It is easy to check that 2( ) = 2 3 3 = ( )f u q m k f w+ ++ + +  
and each other vertex has induced label in { 2, 1, }.q q q− −  Thus, f is a local 
antimagic 4-labeling.

For = 1,h  let 2 4 1 2 4= ,m mP x x+ +  2 2 1 2 2=m mP y y+ +  and 4 1 2 3 4= .P w w w w  
Now = 4 7.q m +  We label 2 4mP +  and 2 2mP +  as: 

1

1

1 2 3 4 5 6 7 2 1 2 2 1 2 2 2 3
4 7 4 6 1 2 1 2 6 2 1 2 8 5 4 2 3 4 4
4 5 2 4 3 4 4 1 2 7 2 2 5

i i

i i

i m m m m m
x x m m m m m m m m
y y m m m m m m

+

+

− + + +
+ + + + − + + +
+ + + + +



 

  

Let 1 2( ) = 2 2,f w w m +  2 3( ) = 2 3f w w m +  and 3 4( ) = 2 4.f w w m +  Then 
the induced vertex labels are 8 13,m +  4 7,m +  4 5m +  and 2 2.m +  Thus, f 
is a local antimagic 4-labeling.

For = 0,h  let 2 2 1 2 2= ,m mP x x+ +  2 2 1 2 2=m mQ y y+ +  and 
4 1 2 3 4= .P w w w w

We label 2 2mP +  and 2 2mQ +  by 

1

1

1 2 3 4 5 2 2 2 1 2 2 1
4 2 2 4 4 4 2 2 2 2 4 2 2 2
4 5 4 1 3 4 1 5 2 5 2 1 2 3 2 1

i i

i i

i m m m m
x x m m m m m m m
y y m m m m m m m

+

+

− − +
+ − − + +
+ + − + − + +






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Let 1 2( ) = 4 4,f w w m +  2 3( ) = 1f w w  and 3 4( ) = 4 3.f w w m +  Thus, f is a 
local antimagic 4-labeling.

Hence the proof is completed. 	 

Theorem 5.9 : For 2, 3m h≥ ≥  ( (5, 2 1, 2 1)) = 4.la Sp m hχ + +  

Proof : Let 6 1 6= ,P x x  2 2 1 2 2=m mP y y+ +  and 2 2 1 2 2 2=h hP z z z+ +  with 

6 2 2 2 2= = = .m hu x y z+ +  Now, = 2 2 7.q m h+ +  Let f be a required labeling.

The leg 6P  is labeled as follows. 

1
1 1

2 2

1 2 3 4 5

1 1 2i i
q q

i

x x q q+
+ −− −

The leg 2 2mP +  is labeled as follows. 

1
1 13 3 5 5

2 22 2 2 2

1 2 3 4 5 2 2 1

j j
q qq q q q

j m m

y y q m m+

− +− + − +

+

− +





The leg 2 2hP +  is labeled as follows. 

1

1 2 3 4 2 2 1
2 3 3 4 2 2k k

k h h
z z q q q h h+

+
− − − − +





Note that 1
22 = 1qh m−+ − −  and 1

22 = 1.qq h m+− − + +  So f is a bijection. 

Now, 4 2
3 3

2( ) = ( ) = ( ) = ,qf u f x f y+ + + −  1( ) = 2,f z+  and ( ) { , 1}f w q q+ ∈ −  for 

other vertex w. The theorem holds. 

Example 5.7 : (5, 9,11) :Sp

24 1 23 13 12
25 11 14 10 15 9 16 8 17
2 22 3 21 4 20 5 19 6 18 7

(36, 25, 24, 2) 	 

Theorem 5.10 : For , 1,m h ≥  ( (7, 2 1, 2 1)) = 4.la Sp m hχ + +  

Proof : Let 8 1 8= ,P x x  2 2 1 2 2= ,m mP y y+ +  2 1 1 2 2= ,h hP z z+ +  and 

8 2 2 2 2= = = .m hu x y z+ +  Now, = 2 2 9.q m h+ +  Let f be a required labeling.
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The leg 8P  is labeled as follows: 

1

1 2 3 4 5 6 7
2 2 4 1 1 3 3i i

i
x x q q q q+ − − − −

The leg 2 2mP +  is labeled by using all even numbers in [4, 2 4]m +  and 
all odd numbers in [ 2 4, 6] = [2 5, 6]q m q h q− − − + −  as follows: 

1

1 2 3 4 5 2 2 1
4 6 6 8 8 2 4 2 4i i

j m m
y y q q q m m+

+
− − − − +





The leg 2 2hP +  is labeled by using all odd numbers in [5, 2 3] { }h q+ ∪  
and all even numbers in [ 2 3, 5] = [2 6, 5]q h q m q− − − + −  as follows: 

1

1 2 3 4 5 2 2 1
5 5 7 7 2 3 2 3i i

i h h
z z q q q q h h+

+
− − − − +





Clearly, f is a bijection. Now 4 2( ) = ( ) = ( ) = 2 5,f u f x f z q+ + + −  
6 1( ) = 4 = ( ),f x f y+  and ( ) { , 2}f w q q+ ∈ −  for other vertex w. The theorem 

holds. 	 

Theorem 5.11 : For 2,m ≥  ( (9,11, 2 1)) = 4.la Sp mχ +  

Proof : Let f be an edge labeling of (9,11, 2 1).Sp m +  Let 10 1 10= ,P x x  
12 1 12=P y y  and 2 2 1 2 2= .m mP z z+ +  Let 10 12 2 2= = .mx y z +  Now, = 2 21.q m +  

We label 10 ,P  12P  and 2 2mP +  as:

1

1 2 3 4 5 6 7 8 9
2 21 2 14 6 2 15 5 9 12 8 13+ + + + + + + +i i

i
x x m m m m m m m

1

1 2 3 4 5 6 7 8 9 10 11
2 20 1 2 19 2 2 18 2 17 3 11 10 4 2 16+ + + + + + + +i i

i
y y m m m m m m m

1

1 2 3 4 5 6 2 2 2 1 2 2 1
14 7 7 2 13 8 2 12 16 5 15 6+

− − +
+ + + + + + + +



i i

i m m m m
z z m m m m m m m m

Clearly f is a bijection. Now, 2 6( ) = ( ) = ( ) = 4 35f x f y f u m+ + + +  and 
( ) { 14, 2 20, 2 21}f w m m m+ ∈ + + +  for other vertex w. Thus, f is a required 

local antimagic 4-coloring. 	 

Theorem 5.12 : For , 2,m n ≥  ( (13, 2 1, 2 1)) = 4.la Sp m nχ + +  
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Proof : Let f be an edge labeling of (13, 2 1, 2 1).Sp m n+ +  Let 14 1 14= ,P x x  

2 2 1 2 2=m mP y y+ +  and 2 2 1 2 2= .n nP z z+ +  Let 14 2 2 2 2 .m nu x y z+ += = =  Now, 

= 2 2 15.q m n+ +  We label 14 ,P  2 2mP +  and 2 2nP +  as:

1

7 8

1 2 3 4 5 6 7
2 2 13 2 2 2 11 4 3 2 2 12 2 2 10

5 2 2 8 2 2 14 1 6 2 2 9
i i

i i

i
x x m n m n m n m n

x x m n m n m n
+

+ +

+ + + + + + + +
+ + + + + +

1

1 2 3 4 5 2 2 1
2 2 15 2 2 7 8 2 2 5 10 2 9 2 6i i

i m m
y y m n m n m n n m+

+
+ + + + + + + +





1

1 2 3 4 2 1 2 2 1
7 2 2 6 9 2 2 4 2 5 2 8 2 7i i

i n n n
z z m n m n n m n+

− +
+ + + + + + +





Clearly f is a bijection. Now, 7( ) = ( ) = 4 4 22f x f u m n+ + + +  and 
( ) {7, 2 2 13, 2 2 15}f w m n m n+ ∈ + + + +  for other vertex w. Thus, f is a 

required local antimagic 4-coloring. 	 

Example 5.8 : (13,9,15)Sp

35 2 33 4 3 34 32 5 30 36 1 6 31
37 29 8 27 10 25 12 23 14
7 28 9 26 11 24 13 22 15 20 17 18 19 16 21

(66, 37, 35, 7)

6.  Conclusion and Open Problems

In this paper, we obtained a family of trees T of k-pendants such 
that ( ) = 1la T kχ +  or 2.k +  In [5, Theorem 2.5], the authors characterized 
a family of k-pendant non-tree graphs G such that ( ) = 2la G kχ +  if = 1k  
and ( ) = 1la G kχ +  otherwise. We end this paper with the followings.

Conjecture 6.1 : For 3,d ≥  1 2, , , 2dy y y ≥  and ( 1) 2(2 1),d d q+ ≤ −  

1 2( ( , , , )) = 1la dSp y y y dχ +  except [ ] [ ](2 , 3 )n mSp  for ( , ) {(4, 0),n m ∈ (5, 0),
(6, 0), (0,10), (1, 8), (1, 9), (2,7), (2, 8), (3, 5), (3, 6), (4, 4), (4, 5), (5, 3)}.  

Problem 6.1 ; For 1,k ≥  characterize k-pendant(s) non-tree graphs G with 
1 ( ) 2.lak G kχ+ ≤ ≤ +  
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Appendix

Local antimagic ( 1)n m+ + -labelings of the spider [ ] [ ](2 , 3 ),n mSp  for 
some ( , ),n m  are given as follows. 

( , ) = (0, 3) :n m
8 1 7
6 2 4
9 5 3
(14, 9, 8, 6) 

( , ) = (0, 4) :n m
12 5 4
11 6 3
10 7 2
9 8 1

(17, 12, 11, 10, 9) 

( , ) = (0, 5) :n m

15 6 5
14 7 4
13 8 3
12 9 2
11 10 1

(21, 15, 14, 13, 12, 11) 

( , ) = (0,6) :n m

18 8 7
17 9 6
16 10 5
15 11 4
14 12 3
2 13 1

(26, 18, 17, 16, 15, 14, 2) 

( , ) = (0,7) :n m

21 9 8
20 10 7
19 11 5
18 12 4
17 13 3
16 14 2
6 15 1

(30, 21, 20, 19, 18, 17, 16, 6) 

( , ) = (0,8) :n m
24 13 6
23 14 5
22 15 4
21 16 3
20 17 2
19 18 1
10 12 7
8 11 9

(37, 24, 23, 22, 21, 20, 19, 10, 8) 

( , ) = (0,9) :n m

27 18 9
26 19 8
25 20 7
24 21 6
23 22 5
17 10 4
16 11 3
15 12 2
14 13 1
(45, 27, 26, 25, 24, 23, 17, 16, 15, 14) 
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( , ) = (1, 2) :n m
6 2
7 1 5
8 3 4
(11, 8, 7, 6) 

( , ) = (1, 3) :n m
5 4
11 6 3
10 7 2
9 8 1

(17, 11, 10, 9, 5) 

( , ) = (1, 4) :n m
10 1
14 5 9
13 6 4
12 7 3
11 8 2
(19, 14, 13, 12, 11, 10) 

( , ) = (1, 5) :n m
8 7

17 9 6
16 10 5
15 11 4
14 12 3
2 13 1

(26, 17, 16, 15, 14, 8, 2) 

( , ) = (1,6) :n m
7 8
20 9 6
19 10 5
18 11 4
17 12 3
16 13 2
15 14 1
(29, 20, 19, 18, 17, 16 15, 7) 

( , ) = (1,7) :n m
13 6
23 14 5
22 15 4
21 16 3
20 17 2
19 18 1
10 12 7
8 11 9

(37, 23, 22, 21, 20, 19, 13, 10, 8) 

( , ) = (2,1) :n m
6 1
5 2
7 4 3
(11, 7, 6, 5) 

( , ) = (2, 2) :n m
5 4
6 3

10 7 2
9 8 1

(17, 10, 9, 6, 5) 
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( , ) = (2, 3) :n m
12 1
11 2
13 4 6
10 7 5
9 8 3

(17, 13, 12, 11, 10 ,9) 

( , ) = (2, 4) :n m
5 8
6 7

16 9 4
15 10 3
14 11 2
13 12 1
(25, 16, 15, 14, 13, 6, 5) 

( , ) = (2, 5) :n m

7 8
9 6

19 10 5
18 11 4
17 12 3
16 13 2
15 14 1
(29, 19, 18, 17, 16 15, 9, 7) 

( , ) = (2,6) :n m
13 6
14 5
22 15 4
21 16 3
20 17 2
19 18 1
10 12 7
8 11 9

(37, 22, 21, 20, 19, 14, 13, 10, 8) 

( , ) = (3,1) :n m
8 1
2 7
5 4
9 6 3
(15, 9, 8, 5, 2) 

( , ) = (3, 2) :n m
3 8
5 6
7 4
12 9 2
11 10 1
(21, 12, 11, 7, 5, 3) 

( , ) = (3, 3) :n m
5 8
6 7
9 4

15 10 3
14 11 2
13 12 1
(25, 15, 14, 13, 9, 6, 5) 
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( , ) = (3, 4) :n m
7 8
9 6

10 5
18 11 4
17 12 3
16 13 2
15 14 1
(29, 18, 17, 16 15, 10, 9, 7) 

( , ) = (4,1) :n m
3 8
5 6
7 4
9 2
11 10 1
(21, 11, 9, 7, 5, 3) 

( , ) = (4, 2) :n m
5 8
6 7
9 4

10 3
14 11 2
13 12 1
(25, 14, 13, 10, 9, 6, 5) 

( , ) = (4, 3) :n m
7 8
9 6

10 5
11 4
17 12 3
16 13 2
15 14 1
(29, 17, 16, 15, 11, 10, 9, 7) 

( , ) = (5,1) :n m
5 8
6 7
9 4

10 3
11 2
13 12 1
(25, 13, 11, 10, 9, 6, 5) 

( , ) = (5, 2) :n m

7 8
9 6

10 5
11 4
12 3
16 13 2
15 14 1

(29, 16, 15, 12, 11, 10, 9, 7) 
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( , ) = (6,1) :n m
7 8
9 6

10 5
11 4
12 3
13 2
15 14 1
(29, 15, 13, 12, 11, 10, 9, 7) 
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